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Ðàçðàáîòàí ìåòîä ðåøåíèÿ çàäà÷è ñ ïðèìåíåíèåì ïðåîáðàçîâàíèé Ëàïëàñà è Ôóðüå. Ïðåä-
ñòàâëåíû è ïðîàíàëèçèðîâàíû ÷èñëåííûå ðåçóëüòàòû äëÿ ñàìîóðàâíîâåøåííûõ íîðìàëüíûõ
íàïðÿæåíèé, îáóñëîâëåííûõ ëîêàëüíûì èñêðèâëåíèåì óïðóãîãî ñâÿçóþùåãî ñëîÿ ïðè ðàñòÿ-
æåíèè è ñæàòèè ðàññìàòðèâàåìîãî òåëà âäîëü ñâîáîäíîé ëèöåâîé ïîâåðõíîñòè. Âÿçêîóïðóãîå
ïîâåäåíèå ìàòåðèàëîâ îïèñûâàëè ñ ïîìîùüþ äðîáíî-ýêñïîíåíöèàëüíûõ îïåðàòîðîâ Ðàáîòíî-
âà.

Êëþ÷åâûå ñëîâà: ïðîäîëüíàÿ íåóñòîé÷èâîñòü, èçîãíóòûé ñëîé, êðèòè÷åñêîå âðåìÿ, ìåñò-
íûé âáëèçè ïîâåðõíîñòè èçãèá, ñòàáèëüíîñòü, âÿçêîóïðóãèé ñëîé.

A method for solving the problem considered by employing the Laplace and Fourier
transformations is developed. Numerical results for the self-balanced nor mal stresses caused by
a local curving of an elastic bond layer upon tension and compression of the body mentioned along
the free face plane are presented and analyzed. The viscoelasticity of the materials is described by
the Rabotnov fractional-exponential operators.

Key words: buckling instability, curved-layer, critical time, local near-surface buckling, stability,

viscoelastic layer.

Ââåäåíèå. Áîëüøîå êîëè÷åñòâî ýêñïåðèìåíòàëüíûõ èññëåäîâàíèé, îïèñàííûõ â [1�6],
ñâèäåòåëüñòâóåò î òîì, ÷òî ïðè ñæàòèè èëè ðàñòÿæåíèè îäíîíàïðàâëåííûõ óïðóãèõ è âÿç-
êîóïðóãèõ êîìïîçèòîâ â íàïðàâëåíèè óêëàäêè ñëîåâ èëè âîëîêîí èìååò ìåñòî ëîêàëüíîå
ïðèïîâåðõíîñòíîå ðàçðóøåíèå (ðàññëîåíèå). Âî ìíîãèõ ñëó÷àÿõ ýòî ðàçðóøåíèå îáóñëîâ-
ëåíî ñàìîóðàâíîâåøåííûìè íàïðÿæåíèÿìè, ðàçâèâàþùèìèñÿ â ñèëó íàëè÷èÿ ëîêàëüíûõ
èñêðèâëåíèé â ïðèïîâåðõíîñòíûõ àðìèðóþùèõ ñëîÿõ. Òàêèå èñêðèâëåíèÿ â ñòðóêòóðå
êîìïîçèòíûõ ìàòåðèàëîâ âîçíèêàþò êàê ñëåäñòâèå ðàçíûõ òåõíîëîãè÷åñêèõ ôàêòîðîâ.
Àíàëèç óêàçàííûõ èññëåäîâàíèé ïîêàçûâàåò, ÷òî äëÿ èçó÷åíèÿ ñîîòâåòñòâóþùèõ ïðîáëåì
ðàçðóøåíèÿ ïðèìåíÿþò äâà ïîäõîäà. Ïåðâûé îñíîâàí íà èçó÷åíèè ðàñïðåäåëåíèÿ íàïðÿ-
æåíèé è èñïîëüçîâàíèè ìàêðîñêîïè÷åñêîãî êðèòåðèÿ ðàçðóøåíèÿ äëÿ íîðìàëüíûõ èëè
êàñàòåëüíûõ íàïðÿæåíèé, à âòîðîé � íà êðèòåðèè ïîòåðè óñòîé÷èâîñòè êîíñòðóêöèîí-
íûõ ýëåìåíòîâ êîìïîçèòîâ.

1. Ïîñòàíîâêà çàäà÷è. Ðàññìîòðèì ïîëóáåñêîíå÷íîå òåëî (ðèñ. 1) ïðè õ3 = ñînst,
ñîñòîÿùåå èç âÿçêîóïðóãîãî ñëîÿ ïîêðûòèÿ 1, óïðóãîãî ñâÿçóþùåãî ñëîÿ 2 è âÿçêîóïðóãîé
ïîëóïëîñêîñòè 3. Âåëè÷èíû, îòíîñÿùèåñÿ ê ýòèì ñëîÿì, è ïîëóïëîñêîñòè, îáîçíà÷åííûå
íà ðèñ. 1 öèôðàìè 1, 2, 3, áóäóò èìåòü âåðõíèå èíäåêñû (1), (2), (3) ñîîòâåòñòâåííî.
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Ðèñ. 1. Ãåîìåòðèÿ ñòðóêòóðû ìàòåðèàëà

Ñâÿæåì ñðåäèííûå ïîâåðõíîñòè ñëîÿ ïîêðûòèÿ è ñâÿçóþùåãî ñëîÿ ñ ëàãðàíæåâûìè
ñèñòåìàìè êîîðäèíàò O

(k)
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(k)
1mx
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(k)
3m (k=1, 2, 3), ïîëó÷åííûìè èç äåêàðòîâîé ñèñòåìû êî-

îðäèíàò Ox 1x 2x 3 ïàðàëåëüíûì ïåðåíîñîì âäîëü îñè Ox 2.
Öåëü íàñòîÿùåé ðàáîòû � èññëåäîâàíèå ðàñïðåäåëåíèÿ íàïðÿæåíèé, îáóñëîâëåííûõ

ëîêàëüíûì íåñîâåðøåíñòâîì óïðóãîãî ñâÿçóþùåãî ñëîÿ, è îïðåäåëåíèå âëèÿíèÿ íà íåãî
óïðóãèõ ïàðàìåòðîâ. Óðàâíåíèå ðàâíîâåñèÿ ñëîåâ è ãåîìåòðè÷åñêèå ñîîòíîøåíèÿ èìåþò
âèä

∂

∂x
(k)
jm

[
σ

(k)m
jn

(
δni +

∂u
(k)m
i

∂x
(k)
nm

)]
= 0,

σ
(k)m
ij = C

(k)m
ijrsoε

(k)m
rs (t) +

∫ t
0
C

(k)m
ijrs (t− τ)ε

(k)m
rs (τ)dτ,

2ε
(k)m
ij =

∂u
(k)m
i

∂x
(k)
jm

+
∂u

(k)m
j

∂x
(k)
im

+ ∂u
(k)m
n

∂x
(k)
im

∂u
(k)m
n

∂x
(k)
jm

i; j;n; r; s = 1, 2, 3,
k;m = 1, 2

(1)

Çàïèøåì ãðàíè÷íûå óñëîâèÿ îòñóòñòâèÿ óñèëèé íà ñâîáîäíîé ëèöåâîé ïîâåðõíîñòè
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ãäå ij 6= 11; 33 as x
(1)
22 → −∞.
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Ìàëîå íà÷àëüíîå íåñîâåðøåíñòâî óïðóãîãî ñëîÿ çàäàíî óðàâíåíèåì åãî ñðåäíåé ïî-
âåðõíîñòè

x
(1)
2m = Fm(x

(1)
1m, x

(1)
3m) = εfm(x

(1)
1m, x

(1)
3m), (5)

ãäå ε � ìàëûé áåçðàçìåðíûé ïàðàìåòð (0 6 ε 6 1).

Ïðåäïîëîæèì, ÷òî Fm(x
(1)
1m, x

(1)
3m) è åå ïåðâàÿ ïðîèçâîäíàÿ íåïðåðûâíû è óäîâëåòâîðÿþò
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+
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〈〈1.

2. Ìåòîä ðåøåíèÿ. Ðàññìîòðèì îáùèå êîíöåïöèè ïðîöåäóðû ðåøåíèÿ, èñïîëüçóåìûå
â íàñòîÿùåì èññëåäîâàíèè è îïèñàííûå â [3�8].

Âî-ïåðâûõ, ïðè óñëîâèè ïîñòîÿííîé òîëùèíû 2h óïðóãîãî ñëîÿ è ñ ó÷åòîì óðàâíåíèÿ
(5) âûâåäåíû óðàâíåíèÿ äëÿ ïîâåðõíîñòåé S± (ðèñ. 1), êîòîðûå ìîæíî ïðåäñòàâèòü êàê

x
(k)±
i = x

(k)±
i (t1, h, ε, f(t1, t3)) (k; i=1, 2, 3), ãäå t1, t3 � ïàðàìåòðû (t1, t3 ∈ (−∞,+∞)) è h �

ïîëóòîëùèíà óïðóãîãî àðìèðóþùåãî ñëîÿ. Íà îñíîâå ýòèõ óðàâíåíèé òàêæå âûâåäåíû âû-
ðàæåíèÿ äëÿ êîìïîíåíòîâ n±j . Ñîîòâåòñòâåííî âåëè÷èíû, õàðàêòåðèçóþùèå íàïðÿæåííî-
äåôîðìèðîâàííîå ñîñòîÿíèå ñîñòàâëÿþùèõ ðàññìàòðèâàåìîé ñèñòåìû, òàêæå ïðåäñòàâëå-
íû â ðÿäå ïî ìàëîìó ïàðàìåòðó ε:

{σ(k)
ij ; ε

(k)
ij ;u

(k)
i } =

∞∑
q=0

εq{σ(k),q
ij ; ε

(k),q
ij ;u

(k),q
i }. (6)

Ïîäñòàâèâ óðàâíåíèå (6) â óðàâíåíèÿ (1)�(4) è ñðàâíèâ ÷ëåíû ñ îäèíàêîâûìè ñòåïåíÿ-
ìè ε, ïîëó÷èì çàìêíóòóþ ñèñòåìó óðàâíåíèé êîíòàêòíûõ è ãðàíè÷íûõ óñëîâèé. Â ñèëó
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ëèíåéíîñòè óðàâíåíèÿ ñîñòîÿíèÿ óäîâëåòâîðÿþòñÿ äëÿ êàæäîãî ïðèáëèæåíèÿ (6) îòäåëü-
íî, òàê æå êàê è ÷åòâåðòîå óñëîâèå (3).

Ïðåäïîëîæèì, ÷òî ìàòåðèàëû ïîëóïëîñêîñòè è ñëîåâ óìåðåííî æåñòêèå è ÷òî âåëè÷è-
íû, îòíîñÿùèåñÿ ê íóëåâîìó ïðèáëèæåíèþ, ìîæíî íàéòè èç ñîîòâåòñòâóþùèõ ëèíåéíûõ

óðàâíåíèé. Êðîìå òîãî, ïðåäïîëîæèì, ÷òî
∣∣∣∂u(k),0

i

/
∂x

(k)
j

∣∣∣ � 1, è ïðåíåáðåæåì ýòèìè âå-

ëè÷èíàìè â óðàâíåíèÿõ ïåðâîãî ïðèáëèæåíèÿ.
Ïðèìåíèì ïðåîáðàçîâàíèå Ëàïëàñà ϕ̄(s) =

∫∞
0
ϕ(t) exp(−st)dt, s > 0 êî âñåì óðàâíåíè-

ÿì è ñîîòíîøåíèÿì, îòíîñÿùèìñÿ ê íóëåâîìó ïðèáëèæåíèþ. Â ñèëó ïîñòàíîâêè çàäà÷è è
ïðèíöèïà ñîîòâåòñòâèÿ èçîáðàæåíèÿ ïî Ëàïëàñó äëÿ íóëåâîãî ïðèáëèæåíèÿ èìåþò âèä

σ̄
(k)m,0
11 =

Ē∗(k)m(p̄1 + ν̄∗(k)mp̄3)

Ē∗(2)2(1− (ν̄∗(k)m)2)
− Ē∗(k)m(p̄3 + ν̄∗(k)mp̄1)

Ē∗(2)2(1− (ν̄∗(k)m)2)
;

σ̄
(k)m,0
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Ē∗(k)m(p̄1 + ν̄∗(k)mp̄3)

Ē∗(2)2(1− (ν̄∗(k)m)2)
− Ē∗(k)m(p̄3 + ν̄∗(k)mp̄1)

Ē∗(2)2(1− (ν̄∗(k)m)2)

σ̄
(k)m,0
ij = 0 for ij 6= 11, 33,

ãäå Ē∗(k)m è ν̄∗(k)m � îïåðàòîðû.
Â ñèëó óðàâíåíèé (1), (2) ìîæíî çàïèñàòü

E∗(k)m = E
(k)m
0 +

∫ t
0
E(k)m(t− τ)dτ,

ν∗(k)m = ν
(k)m
0 +

∫ t
0
ν(k)m(t− τ)dτ.

Çäåñü E
(k)m
0 è ν̄∗(k)m � ìãíîâåííûå çíà÷åíèÿ ìîäóëÿ óïðóãîñòè è êîýôôèöèåíòà Ïóàñ-

ñîíà ñâÿçóþùåãî ìàòåðèàëà. Îðèãèíàëû èñêîìûõ âåëè÷èí íàõîäèì ïî ìåòîäó Øåéïåðè
[9].

Äëÿ ïåðâîãî ïðèáëèæåíèÿ ïîëó÷åíû óðàâíåíèÿ

∂σ
(k)m,1
ji

∂x
(k)
jm

+ σ
(k)m,0
11

∂2u
(k)m,1
i

∂(x
(k)
1m)2

+ σ
(k)m,0
33
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à òàêæå ìåõàíè÷åñêèå è ãåîìåòðè÷åñêèå ñîîòíîøåíèÿ
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µ∗(k)m = E∗(k)m

2(1+ν∗(k)m)

(8)

Ãðàíè÷íûå è êîíòàêòíûå óñëîâèÿ èìåþò âèä:
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(1)
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Ïîñëåäóþùàÿ ðàçðàáîòêà ìåòîäà ðåøåíèÿ çàâèñèò îò âûáîðà ôóíêöèè (5), îïèñûâàþ-
ùåé ôîðìó íà÷àëüíîãî ëîêàëüíîãî íåñîâåðøåíñòâà. Â íàñòîÿùåì èññëåäîâàíèè â ñîîòâåò-
ñòâèè ñ ôóíêöèåé, íàáëþäàåìîé â ñòðóêòóðå êîìïîçèòíûõ ìàòåðèàëîâ [3], îíà âûáðàíà
êàê

f = f1(x1).f3(x3); f = e
−(

x1
L1

)2−γ2(
x3
L1

)2
, (11)

ãäå γ = l1
l3
.

Åñëè γ = l1
l3

= 0 (l3 →∞), òî ïîëó÷åííûå ðåçóëüòàòû ñõîäÿòñÿ ñ ðåçóëüòàòàìè [1] .
Ïðåäïîëàãàëè, ÷òî L〈〈l1 è ε = L/`1. Ïðîèçâîäíóþ, âõîäÿùóþ â (10), ìîæíî âûðàçèòü

êàê

df

dx1

= f
′

1(x1).f3(x3);
df

dx3

= f1(x1).f
′

3(x3). (12)

Â ýòîì ñëó÷àå èçîáðàæåíèå ïî Ëàïëàñó (7) ìîæíî çàïèñàòü êàê

∂σ̄
(k)m,0
ji

∂x
(k)
jm

+

∫ ∞
0

σ
(k)m,0
11 (t)

∂2u
(k)m,1
i

∂(x
(k)
1m)2

exp(−st)dt+ (13)

∫ ∞
0

σ
(k)m,0
33 (t)

∂2u
(k)m,1
i

∂(x
(k)
3m)2

exp(−st)dt = 0, i; j = 1, 2, 3.

À òàêæå (8), (9) è (10) èçîáðàæåíèÿ ïî Ëàïëàñó ìîæíî çàïèñàòü:{
σ

(k)m,0
ij , ε

(k)m,0
ij , u

(k)m,0
i , λ∗(k)m, µ∗(k)m

}
⇒{

σ̄
(k)m,0
ij , ε̄

(k)m,0
ij , ū

(k)m,0
i , λ̄∗(k)m, µ̄∗(k)m

}
.

Òåïåðü ðàññìîòðèì èíòåãðàëüíûå ÷ëåíû â óðàâíåíèè (13):∫ ∞
0

σ
(k)m,0
11 (t)

∂2u
(k)m,1
i

∂(x
(k)
1m)2

exp(−st)dt è

∫ ∞
0

σ
(k)m,0
33 (t)

∂2u
(k)m,1
i

∂(x
(k)
3m)2

exp(−st)dt.

Äëÿ ìåõàíè÷åñêèõ ïðè÷èí çíà÷åíèÿ σ
(k)m,0
11 (t) è σ

(k)m,0
33 (t) ïðè t = 0 è∞. Â ñâÿçè ñ ýòèì,

ìîæíî íàïèñàòü
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∫ ∞
0

σ
(k)m,0
jj (t)

∂2u
(k)m,1
i

∂(x
(k)
3m)2

exp(−st)dt ∼= σ
(k)m,0
jj (t∗)

∫ ∞
0

∂2u
(k)m,1
i

∂(x
(k)
3m)2

exp(−st)dt =

σ
(k)m,0
jj (t∗)

∂2ū
(k)m,0
i

∂(x
(k)
3m)2

, j = 1, 3; i = 1, 2, 3. (14)

∂σ̄
(k)m,1
ji

∂x
(k)
jm

+ σ
(k)m,0
11

∂2ū
(k)m,1
i

∂(x
(k)
1m)2

+ σ
(k)m,0
33

∂2ū
(k)m,1
i

∂(x
(k)
3m)2

= 0. (15)

Òåïåðü íåîáõîäèìî íàéòè ðåøåíèå óðàâíåíèé (8) è (15), óäîâëåòâîðÿþùèõ ãðàíè÷íûì
è êîíòàêòíûì óñëîâèÿì (9).

∇2ū
(k)m,1
i + (1 +

λ̄(k)m

µ̄(k)m
)
∂

∂x
(k)
im

θ̄(k)m,1 +
σ

(k)m,0
11 (t∗)

µ̄(k)m

∂2u
(k)m,1
i

∂(x
(k)
1m)2

+

σ
(k)m,0
33 (t∗)

µ̄(k)m

∂2u
(k)m,1
i

∂(x
(k)
3m)2

= 0,

(16)

ãäå

∇2 =
∂2

∂(x
(k)
1m)2

+
∂2

∂(x
(k)
2m)2

+
∂2

∂(x
(k)
3m)2

. (17)

Èç óðàâíåíèé (16) è (17) ïîëó÷àåì

(2 + λ̄(k)m

µ̄(k)m
)∇2θ̄(k)m,1 +

σ
(k)m,0
11 (t∗)

µ̄(k)m
∂2

∂(x
(k)
1m)2

θ̄(k)m,1+

σ
(k)m,0
33 (t∗)

µ̄(k)m
∂2

∂(x
(k)
3m)2

θ̄(k)m,1 = 0.

∇2ū
(k)m,1
i +

σ
(k)m,0
11 (t∗)

µ̄(k)m
∂2u

(k)m,1
i

∂(x
(k)
1m)2

+
σ
(k)m,0
33 (t∗)

µ̄(k)m
∂2u

(k)m,1
i

∂(x
(k)
3m)2

=

−(1 + λ̄(k)m

µ̄(k)m
) ∂

∂x
(k)
im

θ̄(k)m,1.

Ïðèìåíèì ýêñïîíåíöèàëüíîå ïðåîáðàçîâàíèå Ôóðüå ê óðàâíåíèÿì (16) è (17) è ãðà-
íè÷íûì è êîíòàêòíûì óñëîâèÿì (9) è (10) ïî ïåðåìåííîé õ1. Â ðåçóëüòàòå óðàâíåíèÿ (16)
è (17) ïðèìóò âèä

d2θ̄
(k)m,1
13

d2x
(k)
2m

− (S2
1 + s2

3 +
σ
(k)m,0
11

2µ∗(k)m+λ∗(k)m
S2

1+

σ
(k)m,0
33

2µ∗(k)m+λ∗(k)m
S2

3)θ
(k)m
13 = 0

d2ū
(k)m,1
i

d2x
(k)
2m

− (S2
1 + s2

3 +
σ
(k)m,0
11

µ∗(k)m
S2

1 +
σ
(k)m,0
33

µ∗(k)m
S2

3)ū
(k)m
i

= −(1 + λ∗(k)m

µ∗(k)m
)(
dθ̄

(k)m
13

dx
(k)m
2m

δ2
i + θ̄

(k)m,1
13 δ1

i + θ̄
(k)m,1
13 δ3

i )
(18)

Ðåøàÿ óðàâíåíèå (18), ïîëó÷èì:
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θ̄
(k)m,1
13 = Ā

(k)m,1
1 er

(k)m
1 x

(k)m,1
2m + Ā

(k)m,1
2 e−r

(k)m
1 x

(k)m,1
2m

ū
(k)m,1
1 = C̄

(k)m
11 ek

(k)m
1 x

(k)
2m + C

(k)m
12 e−k

(k)m
1 x

(k)
2m + Ā

(k)m
11 er

(k)m
1 x

(k)
2m + CA

(k)m
12 e−r

(k)m
1 x

(k)
2m

ū
(k)m,1
2 = C̄

(k)m
21 ek

(k)m
1 x

(k)
2m + C

(k)m
22 e−k

(k)m
1 x

(k)
2m + Ā

(k)m
21 er

(k)m
1 x

(k)
2m + CA

(k)m
22 e−r

(k)m
1 x

(k)
2m

ū
(k)m,1
3 = C̄

(k)m
31 ek

(k)m
1 x

(k)
2m + C

(k)m
32 e−k

(k)m
1 x

(k)
2m + Ā

(k)m
31 er

(k)m
1 x

(k)
2m + CA

(k)m
32 e−r

(k)m
1 x

(k)
2m

Ýòè ôóíêöèè íàõîäÿòñÿ ñ ïðèìåíåíèåì ìåòîäà Schapery [9], è êðèòè÷åñêîå âðåìÿ îöå-
íèâàåòñÿ ïî êðèòåðèþ ∣∣∣u(1)1,1

2 (0)
∣∣∣→∞, as t→ tcr.

Íà äàííûé ìîìåíò ìû îãðàíè÷èìñÿ ðàññìîòðåíèåì ìåòîäà ðåøåíèÿ∣∣∣u(1)1,1
2 (0)

∣∣∣→∞, as p→ p1cr

3. ×èñëåííûå ðåçóëüòàòû è îáñóæäåíèå. Ïðåäïîëîæèì, ÷òî âÿçêîóïðóãîñòü ìà-
òåðèàëîâ ñëîÿ ïîêðûòèÿ è ïîëóïëîñêîñòè ìîæíî îïèñàòü îïåðàòîðàìè

E∗(k) = E
(k)
0 [1− ω0R

∗
α(−ω0 − ω∞)], ν∗(k) = ν

(k)
0 [1 +

1− 2ν
(k)
0

ν
(k)
0

ω0R
∗
α(−ω0 − ω∞)],

λ∗(k) = λ
(k)
0 [1 +

1− 2ν
(2)
0

2ν
(2)
0 (1 + ν

(2)
0 )

ω0R
∗
α(− 3

2(1 + ν
(2)
0 )

ω0 − ω∞)],

µ∗(k) = µ
(k)
0 [1− 3ω0

2ν
(2)
0 (1 + ν

(2)
0 )

R∗α(− 3

2(1 + ν
(2)
0 )

ω0 − ω∞)]. (19)

ãäå E
(k)
0 , ν

(k)
0 � ìãíîâåííûé ìîäóëü Þíãà è êîýôôèöèåíò Ïóàññîíà ñîîòâåòñòâåííî; λ

(k)
0

è µ
(k)
0 � ìãíîâåííûå ïîñòîÿííûå Ëÿìå; α, ω0 è ω∞ � ðåîëîãè÷åñêèå ïàðàìåòðû; R∗α �

äðîáíî-ýêñïîíåíöèàëüíûé îïåðàòîð Ðàáîòíîâà [10], îïðåäåëÿåìûé êàê

Rα (β) Ψ (t) =

∫ t

0

Rα (β, t− τ) Ψ (τ) dτ,Rα (β) = tα
∞∑
n=0

βntn(1+α)

Γ [(n+ 1) (1 + α)]
,−1 < α 6 0, (20)

ãäå Γ (x) � ãàììà ôóíêöèÿ.
Ââåäåì áåçðàçìåðíûé ðåîëîãè÷åñêèé ïàðàìåòð ω = ω∞/ωo è áåçðàçìåðíîå âðåìÿ

t′ = ω
1/(1+α)
0 t. Ðàññìîòðèì ñíà÷àëà ñëó÷àé, êîãäà ìàòåðèàëû ñëîÿ ïîêðûòèÿ è ïîëóïëîñ-

êîñòè òàêæå ÷èñòî óïðóãèå, è ïðîàíàëèçèðóåì ðàñïðåäåëåíèå íîðìàëüíûõ íàïðÿæåíèé
σnn(= εσ

(1),1
22 ), äåéñòâóþùèõ íà ïîâåðõíîñòè ðàçäåëà ïîêðûâàþùåãî è ñâÿçóþùåãî ñëîåâ.

Ïóñòü ε = 0, 015, E(2)/E(1) = E(2)/E(3) = 50, ν
(3)
0 = ν(2) = ν

(1)
0 = 0, 3 è γ = 0; 20; 100; 200; 300.

Âëèÿíèå ãåîìåòðè÷åñêîé íåëèíåéíîñòè íà ðàñïðåäåëåíèå íàïðÿæåíèé áóäåì õàðàêòåðèçî-
âàòü ïàðàìåòðîì e = p/E(2) × 103.

Àíàëèç ÷èñëåííûõ ðåçóëüòàòîâ íà÷íåì ñ çàâèñèìîñòè σnn/σ
(1),0
11 (at x1/L = 0, 0) è h(1)/L,

ïðèâåäåííîé íà ðèñ. 2 ïðè h(2)/L = 0, 3, m = 0, 0 äëÿ ðàçíûõ çíà÷åíèé å.
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Ðèñ. 2. Çàâèñèìîñòü íàïðÿæåíèÿ

∣∣∣σnn/σ(1),0
11

∣∣∣ îò
ïàðàìåòðîâ h(1)/L ïðè h(2)/L = 0, 3, ,= 0, 0 è

ðàçíûõ çíà÷åíèÿõ e

Ðèñ. 3. Çàâèñèìîñòü íàïðÿæåíèÿ

∣∣∣σnn/σ(1),0
11

∣∣∣ îò
ïàðàìåòðîâ h(2)/L ïðè h(1)/L = 0, 45 è ðàçíûõ

çíà÷åíèÿõ å

Ðèñ. 4. Çàâèñèìîñòü íàïðÿæåíèÿ

∣∣∣σnn/σ(1),0
11

∣∣∣ îò
êîîðäèíàòû x1/L ïðè h(2)/L = 0, 3 ïðè ðàçíûõ

h(1)/L = 0, 45, e = 5, 0 è ðàçíûõ çíà÷åíèÿõ m

Ðèñ. 5. Çàâèñèìîñòü íàïðÿæåíèÿ

∣∣∣σnn/σ(1),0
11

∣∣∣ îò
âðåìåíè t′ ïðè e = 0, 3, h(2)/L = 0, 3 ïðè ðàçíûõ

h(2)/L = 0, 45 è α = −0, 5 è ðàçíûõ çíà÷åíèÿõ ω

Â ñîîòâåòñòâèè ñ õîðîøî èçâåñòíûìè ñîîáðàæåíèÿìè ìåõàíèêè íàïðÿæåíèå σnn ñ óâå-
ëè÷åíèåì ïàðàìåòðà h(1)/L äîëæíî ñòðåìèòüñÿ ê àñèìïòîòè÷åñêîìó (ïðåäåëüíîìó) çíà÷å-
íèþ, ò. å. ê çíà÷åíèþ σnn, ñîîòâåòñòâóþùåìó ñëó÷àþ, êîãäà ñëîé 2 (ñì. ðèñ. 1) ñîäåðæèòñÿ
â áåñêîíå÷íîì òåëå èç ìàòåðèàëà ïîëóïëîñêîñòè 3. Ýòî ïðåäïîëîæåíèå ïîäòâåðæäàþò
äàííûå ðèñ. 2 è òîò ôàêò, ÷òî ïðåäåëüíûå çíà÷åíèÿ ïðè σnn|e| = 1, 0 ïî÷òè ñîâïàäàþò
ñ ïîëó÷åííûìè â ðàìêàõ ëèíåéíîé òåîðèè óïðóãîñòè è ïðîàíàëèçèðîâàííûìè â [3]. Â òî
æå âðåìÿ äàííûå ðèñ. 2 ñâèäåòåëüñòâóþò î òîì, ÷òî ïðè ó÷åòå ãåîìåòðè÷åñêîé íåëèíåéíî-
ñòè àáñîëþòíûå çíà÷åíèÿ σnn ñ ðîñòîì |e| óìåíüøàþòñÿ (óâåëè÷èâàþòñÿ) ïðè ðàñòÿæåíèè
(ñæàòèè) ðàññìàòðèâàåìîãî ìàòåðèàëà. Â êà÷åñòâåííîì ñìûñëå ýòè ðåçóëüòàòû ñîãëàñó-
þòñÿ ñ îïèñàííûìè â [3�26], ÷òî ïîäòâåðæäàåò îáîñíîâàííîñòü ïðèìåíÿåìûõ àëãîðèòìîâ
è âû÷èñëèòåëüíûõ ïðîãðàìì.

Ðàññìîòðèì çàâèñèìîñòü íàïðÿæåíèÿ
∣∣∣σnn/σ(1),0

11

∣∣∣ (ïðè x1/L = 0.0) è h(2)/L ïðè ðàçíûõ

e è h(1)/L = 0, 45; γ = 0; 100; 200; 300 (ðèñ. 3).

Ïðîàíàëèçèðóåì âëèÿíèå ïàðàìåòðà m, âõîäÿùåãî â âûðàæåíèå ôóíêöèè (12) è õà-
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ðàêòåðèçóþùåãî ôîðìó ëîêàëüíîãî èñêðèâëåíèÿ àðìèðóþùåãî ñëîÿ, íà ðàñïðåäåëåíèå

íàïðÿæåíèé
∣∣∣σnn/σ(1),0

11

∣∣∣ â çàâèñèìîñòè îò êîîðäèíàòû x1/L (ðèñ. 4) äëÿ ñëó÷àåâ |e| = 5, 0,

h(1)/L = 0, 45, h(2)/L = 0, 3, γ = 0; 100; 200; 300. Âèäíî, ÷òî
∣∣∣σnn/σ(1),0

11

∣∣∣ óâåëè÷èâàþòñÿ ñ

ðîñòîì m. Êàê âèäíî èç ðèñ. 4, êîãäà γ ïîëó÷àåò áîëåå âûñîêèå çíà÷åíèÿ,
∣∣∣σnn/σ(1),0

11

∣∣∣
ïðèáëèæàåòñÿ ê ïðåäåëó, çà êîòîðûì γ ðàâåí íóëþ.

Òåïåðü ïðåäïîëîæèì, ÷òî ìàòåðèàëû ñëîÿ ïîêðûòèÿ è ïîëóïëîñêîñòè âÿçêîóïðóãèå,
õàðàêòåðèçóåìûå îïåðàòîðàìè (19) è (20). Èññëåäóåì âëèÿíèå ðåîëîãè÷åñêèå ïàðàìåòðîâ ω

è α íà
∣∣∣σnn/σ(1),0

11

∣∣∣ t′∗ = 0.0 â óðàâíåíèÿõ (10) è (11). Çàâèñèìîñòè íàïðÿæåíèÿ
∣∣∣σnn/σ(1),0

11

∣∣∣
(ïðè x1/L = 0, 0) îò áåçðàçìåðíîãî âðåìåíè t′ ïðåäñòàâëåíû äëÿ ðàçíûõ çíà÷åíèé ω (α)
ïðè h(2)/L = 0, 3, h(1)/L = 0, 45, m = 0, 0, α = −0, 5 (ω = 3, 0), γ = 0; 20; 100; 200; 300
(ðèñ. 5).

Òåïåðü ñôîðìóëèðóåì êðèòåðèè ðàçðóøåíèÿ äëÿ ðàññìàòðèâàåìîãî ìàòåðèàëà. Äëÿ
ýòîé öåëè ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ: Π±1 � ïðî÷íîñòü ïðè ðàñòÿæåíèè (ñæàòèè)
âäîëü îñè Ox1, Π+

2 � ïðî÷íîñòü ïðè ðàñòÿæåíèè â íàïðàâëåíèè Ox2. Ïîñêîëüêó âåëè-
÷èíà Π+

2 îïðåäåëÿåòñÿ ãëàâíûì îáðàçîì ïðî÷íîñòüþ àäãåçèè èëè ïðî÷íîñòüþ ìàòåðèàëà
ìàòðèöû, èìååì

Π+
2 /Π

+
1 � 1, 0. (21)

Â ñîîòâåòñòâèè ñ ðåçóëüòàòàìè ýêñïåðèìåíòàëüíûõ èññëåäîâàíèé äëÿ àðìèðîâàííûõ
ñòåêëîïëàñòèêîâ Π+

2 /Π
+
1 = 0, 055−0, 10, ÷òî ñîãëàñóåòñÿ ñ íåðàâåíñòâîì (21). Â ðåçóëüòàòå

ïðèïîâåðõíîñòíîå ðàçðóøåíèå ðàññìàòðèâàåìîãî ìàòåðèàëà èìååò ìåñòî, êîãäà âûïîë-
íÿþòñÿ ñîîòíîøåíèÿ, è ýòî îòíîøåíèå óäîâëåòâîðÿåò íåðàâåíñòâó (14). Ñëåäîâàòåëüíî,
âáëèçè ïîâåðõíîñòè îòêàç îò ðàññìîòðåííîãî ìàòåðèàëà ïðîèñõîäèò òîãäà, êîãäà îòíîøå-
íèÿ

σnn = Π+
2 , σ

(1)0
11 < Π+

1 .

Çàêëþ÷åíèå. Ïðîâåäåííûé àíàëèç ïîçâîëÿåò ñäåëàòü ñëåäóþùèå âûâîäû.
Àáñîëþòíûå çíà÷åíèÿ ñàìîóðàâíîâåøåííîãî íîðìàëüíîãî íàïðÿæåíèÿ óìåíüøàþòñÿ

ïðè ïðèáëèæåíèè ëîêàëüíî èñêðèâëåííîãî óïðóãîãî ñëîÿ ê ñâîáîäíîé ïîâåðõíîñòè ðàñ-
ñìàòðèâàåìîãî òåëà.

Àáñîëþòíûå çíà÷åíèÿ ñàìîóðàâíîâåøåííîãî íîðìàëüíîãî íàïðÿæåíèÿ óâåëè÷èâàþòñÿ
(óìåíüøàþòñÿ) ñ ðîñòîì àáñîëþòíîãî çíà÷åíèÿ âíåøíåé ñæèìàþùåé (ðàñòÿãèâàþùåé)
ñèëû, ÷òî îáóñëîâëåíî âëèÿíèåì ãåîìåòðè÷åñêîé íåëèíåéíîñòè.
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