
EFFECTIVE IMPLEMENTATION OF USFFT ALGORITHM

A. S. Matveev, V.V. Nikitin∗, A.A. Romanenko∗∗, A.A. Duchkov

IPGG SB RAS,
630090, Novosibirsk, Russia

∗NSU,
630090, Novosibirsk, Russia

∗∗ Center for Mathematical Sciences, Lund University,
22100, Lund, Sweden

This article is devoted to the Unequispaced Fast Fourier Transform (USFFT), which is a popular
analytical tool for solving physics and engineering problems. The most common applications of
the transform include seismology, optics, computed tomography, crystallography, etc. Despite the
favorable computational complexity of the USFFT algorithm (O(N logN)), the execution time remains
rather high due to the algorithm structure and large input data sizes. There are two main types of
USFFT: Fourier transform from equispaced grid to unequispaced grid and Fourier transform from
unequispaced grid to equispaced grid. Corresponding computational algorithms consist of three main
steps: convolution, Fast Fourier Transform (FFT) and deconvolution. Pro�ling shows that up to 95% of
execution time is spent on the convolution step. In this paper, we propose a parallel USFFT algorithm
and its e�ective cache-optimized implementation on CPU for one-, two- and three-dimensional cases.
Cache performance optimization is based on the sorting of unequispaced grid points. The constructed
sorting procedure su�ciently reduces the number of cache misses. For instance, for the two-dimensional
case the number of cache misses is reduced by 36 times, which results in 2x speed-up of the transform
evaluation. Next, we propose a parallel block algorithm for the convolution step and implement it
by making use of OpenMP, a popular extension for the C programming language supporting multi-
platform shared memory parallel programming. The obtained parallel implementation was optimized
in terms of optimal block sizes and type of scheduling for the convolution step. Numerical tests
show high parallel e�ciency: speed-up on 16 processors compared to the sequential implementation
is approximately equal to 13. The tests also show that the performance is several times higher than
the performance of the commonly-used library for the fast Fourier transform at nonequispaced nodes
(NFFT 3.0). USFFT is commonly used for fast evaluation of the Radon transform operator which is
one of the main mathematical tools in computed tomography. In this paper, we consider a standard
reconstruction of tomography data by inversion of the Radon transform, and an iterative reconstruction
by using the Expectation-maximization algorithm. The iterative reconstruction is well-suited for
processing data with [21] or irregularly-structured data. Since iterative schemes assume applying the
forward and adjoint Radon operators several times, computational times for preprocessing procedures
such as sorting of grid points and allocation memory can be diminished. The obtained program for
evaluating iterative schemes was tested for synthetic Radon data containing Poisson noise. The program
outperforms the implementation via NFFT by 4.4 times for the same accuracy level.

Key words: fast Fourier transform, unequispaced grids, parallel algorithm, optimization, high
performance computing.
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ÓÄÊ 621

Ñòàòüÿ ïîñâÿùåíà ïðåîáðàçîâàíèþ Ôóðüå íà íåðåãóëÿðíûõ ñåòêàõ (USFFT), ïîïóëÿðíîìó
ñðåäñòâó àíàëèçà âî ìíîãèõ åñòåñòâåííîíàó÷íûõ çàäà÷àõ. Áîëüøèíñòâî ïðàêòè÷åñêèõ çàäà÷,
èñïîëüçóþùèõ USFFT, èìåþò áîëüøîé îáúåì äàííûõ, ÷òî ïðèâîäèò ê çíà÷èòåëüíûì âû÷èñëè-
òåëüíûì çàòðàòàì. Â äàííîé ðàáîòå ïðåäëîæåíà ðåàëèçàöèÿ àëãîðèòìà USFFT, èñïîëüçóþùàÿ
òàêèå îñîáåííîñòè ñîâðåìåííûõ öåíòðàëüíûõ ïðîöåññîðîâ êàê ïàðàëëåëèçì è íàëè÷èå áîëü-
øîãî êýøà äàííûõ. Îïòèìèçàöèÿ ïîñëåäîâàòåëüíîé ïðîãðàììû ïîçâîëèëà ñîêðàòèòü âðåìÿ
âûïîëíåíèÿ íàèáîëåå òðóäîåìêîãî ýòàïà ïðåîáðàçîâàíèÿ â äâà ðàçà, à ïîñëåäóþùåå ðàñïàðàë-
ëåëèâàíèå äàëî òðèíàäöàòèêðàòíîå óñêîðåíèå íà âû÷èñëèòåëüíîì óçëå ñ 16 ÿäðàìè.

Êëþ÷åâûå ñëîâà: áûñòðîå ïðåîáðàçîâàíèå Ôóðüå, íåðåãóëÿðíûå ñåòêè, îïòèìèçàöèÿ, ïà-
ðàëëåëèçì.

Ââåäåíèå. Ïðåîáðàçîâàíèå Ôóðüå ÿâëÿåòñÿ ïîïóëÿðíûì ñðåäñòâîì àíàëèçà ñèãíàëîâ
è èçîáðàæåíèé. Â íàñòîÿùåå âðåìÿ â ñâÿçè ñ ïîâñåìåñòíûì èñïîëüçîâàíèåì âû÷èñëèòåëü-
íîé òåõíèêè íàèáîëåå ÷àñòî èñïîëüçóåòñÿ äèñêðåòíûé àíàëîã äàííîãî ïðåîáðàçîâàíèÿ �
äèñêðåòíîå ïðåîáðàçîâàíèå Ôóðüå (ÄÏÔ). Îò÷àñòè ýòî ñâÿçàíî ñ ñóùåñòâîâàíèåì àëãî-
ðèòìà áûñòðîãî ïðåîáðàçîâàíèÿ Ôóðüå (ÁÏÔ èëè FFT) [1]. Àëãîðèòì ÁÏÔ ïðåäïîëàãàåò
ðàâíîìåðíóþ äèñêðåòèçàöèþ äàííûõ è èìååò âû÷èñëèòåëüíóþ ñëîæíîñòü O(N logN) âìå-
ñòî O(N2) â ñëó÷àå ÄÏÔ (N � ðàçìåð âõîäíûõ äàííûõ). Äàííûé àëãîðèòì ðåàëèçîâàí
âî ìíîãèõ áèáëèîòåêàõ, íàïðèìåð Intel MKL [2], cuFFT [3] è FFTW [4].

Îäíàêî ñóùåñòâóåò ðÿä çàäà÷, äëÿ êîòîðûõ óñëîâèå ðåãóëÿðíîñòè âõîäíûõ äàííûõ íå
âûïîëíÿåòñÿ. Íàïðèìåð, âîçíèêàåò íåîáõîäèìîñòü âû÷èñëåíèÿ ÄÏÔ â ïîëÿðíûõ êîîðäè-
íàòàõ â çàäà÷àõ ðàäèîàñòðîíîìèè [5]. Â ãåîôèçèêå ïðåîáðàçîâàíèå Ôóðüå íà íåðåãóëÿðíûõ
ñåòêàõ íàøëî ïðèìåíåíèå äëÿ ñæàòèÿ äàííûõ ïî âîëíîâûì ïàêåòàì [6] è ìèãðàöèè Ñòîëòà
[7]. Òàêæå ñóùåñòâóåò çàäà÷à ñïåêòðàëüíîãî àíàëèçà ñåéñìè÷åñêèõ äàííûõ, ïîëó÷åííûõ ñ
íåðåãóëÿðíî ðàñïîëîæåííûõ ïðèåìíèêîâ [8].

Ó÷èòûâàÿ áîëüøîé îáúåì äàííûõ, õàðàêòåðíûõ äëÿ òàêèõ çàäà÷, îòñóòñòâèå áûñòðî-
ãî àëãîðèòìà äëÿ íåðåãóëÿðíûõ äàííûõ ïðåäñòàâëÿëî ñîáîé ïðîáëåìó. Ýòî ïîñëóæèëî
ïðè÷èíîé òîãî, ÷òî áûë ðàçðàáîòàí âû÷èñëèòåëüíûé àëãîðèòì äëÿ âûïîëíåíèÿ áûñòðîãî
ïðåîáðàçîâàíèÿ Ôóðüå íà íåðåãóëÿðíûõ ñåòêàõ [9, 10] (USFFT, â íåêîòîðûõ èñòî÷íèêàõ
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NUFFT [11, 12]) âû÷èñëèòåëüíàÿ ñëîæíîñòü êîòîðîãî ñîâïàäàåò ñî ñëîæíîñòüþ FFT è
ðàâíà O(N logN).

Ñ âû÷èñëèòåëüíîé òî÷êè çðåíèÿ âîçíèêàåò çàäà÷à ýôôåêòèâíîé ðåàëèçàöèè äàííîãî
àëãîðèòìà, êîòîðàÿ áû ìàêñèìàëüíî èñïîëüçîâàëà âîçìîæíîñòè ñîâðåìåííûõ öåíòðàëü-
íûõ ïðîöåññîðîâ, ìíîãîîáðàçèå è âîçìîæíîñòè êîòîðûõ ïîñòîÿííî ðàñòóò è èçìåíÿþòñÿ.
Îäíèì èç íàïðàâëåíèé, áëàãîäàðÿ êîòîðûì ðàñòåò èõ ïðîèçâîäèòåëüíîñòü, ÿâëÿåòñÿ óâå-
ëè÷åíèå êîëè÷åñòâà ÿäåð. Ñîâîêóïíîñòü ýòèõ ôàêòîðîâ ïðèâîäèò ê çàäà÷å ñîçäàíèÿ è
îïòèìèçàöèè ïàðàëëåëüíûõ àëãîðèòìîâ USFFT.

Â íàñòîÿùåå âðåìÿ ïîÿâëÿþòñÿ ïåðâûå áèáëèîòåêè, ðåàëèçóþùèå äàííîå ïðåîáðàçîâà-
íèå. Ñàìûìè èçâåñòíûìè èç íèõ ÿâëÿþòñÿ NUFFT, ðàçðàáîòàííàÿ â Êóðàíòîâñêîì èíñòè-
òóòå ìàòåìàòè÷åñêèõ íàóê (ïîäðàçäåëåíèå Íüþ-Éîðêñêîãî óíèâåðñèòåòà) [13], è NFFT [14],
ðàçðàáîòàííàÿ â Õåìíèöêîì òåõíè÷åñêîì óíèâåðñèòåòå. Áèáëèîòåêà NUFFT ñäåëàíà äëÿ
îáðàçîâàòåëüíûõ öåëåé è ÿâëÿåòñÿ ïîñëåäîâàòåëüíîé, â ñâîþ î÷åðåäü äëÿ NFFT èìååòñÿ
ïàðàëëåëüíàÿ âåðñèÿ. Â äàííîé ñòàòüå áóäåò ïðîèçâåäåíî ñðàâíåíèå ïðîèçâîäèòåëüíîñòè
áèáëèîòåêè NFFT ñ ïîëó÷åííîé ðåàëèçàöèåé àëãîðèòìà USFFT.

1. Àëãîðèòìû áûñòðîãî ïðåîáðàçîâàíèÿ Ôóðüå íà íåðåãóëÿðíûõ ñåòêàõ.

Ðàññìîòðèì ÄÏÔ íà íåðåãóëÿðíûõ ñåòêàõ, çàäàííûå ñëåäóþùèì îáðàçîì:

Fk =
N−1∑
j=0

fje
−2πikxj , (1)

fj =

N/2−1∑
k=−N/2

Fke
−2πikxj . (2)

Çäåñü ðàöèîíàëüíûå ÷èñëà {xj}N−1j=0 , äëÿ êîòîðûõ |xj| < 1/2, çàäàþò íåðåãóëÿðíóþ ñåòêó,
à öåëûå ÷èñëà k = −N/2, . . . ,N/2 − 1 çàäàþò ðåãóëÿðíóþ ñåòêó. Çíà÷åíèÿ fj,Fk ïðèíàä-
ëåæàò ìíîæåñòâó êîìïëåêñíûõ ÷èñåë. Âû÷èñëåíèå ñóìì â ôîðìóëàõ (1) è (2) íàïðÿìóþ
âûïîëíÿåòñÿ çà O(N2) îïåðàöèé, â ñëó÷àÿõ äâóìåðíîãî è òðåõìåðíîãî àíàëîãîâ äàííîãî
ïðåîáðàçîâàíèÿ âû÷èñëèòåëüíàÿ ñëîæíîñòü ðàâíà O(N4) è O(N6) ñîîòâåòñòâåííî.

Ðàññìîòðèì ýâðèñòè÷åñêîå îïèñàíèå ðàáîòû àëãîðèòìîâ USFFT äëÿ áûñòðîãî âû÷èñ-
ëåíèÿ ïðåîáðàçîâàíèé (1) è (2), áîëåå ïîäðîáíàÿ ôîðìóëèðîâêà è îöåíêè òî÷íîñòè ïðåä-
ñòàâëåíû â [9]. Íà÷íåì ñ òîãî, ÷òî ýêñïîíåíöèàëüíûå ìíîæèòåëè âíóòðè ñóìì ìîãóò áûòü
ïðåäñòàâëåíû â âèäå ñâåðòêè ñ äåëüòà-ôóíêöèåé,

e−2πikxj =

∫ ∞
−∞

e−2πikxjδ(x− xj)dx. (3)

Òîãäà ñóììà â (1) ìîæåò áûòü ïðåäñòàâëåíà â ñëåäóþùåì âèäå:

N−1∑
j=0

fje
−2πikxj =

∫ ∞
−∞

N−1∑
j=0

fjδ(x− xj)e−2πikxdx. (4)

Òàêæå ââåäåì ãàóññèàí â ôîðìå φ(x) = e−λx
2
, äëÿ íåêîòîðîãî ïàðàìåòðà λ, êîíòðîëèðó-

þùåãî øèðèíó ãàóññèàíà. Äîìíîæèì âûðàæåíèå (4) ñ îáåèõ ñòîðîí íà ïðåîáðàçîâàíèå
Ôóðüå îò ãàóññèàíà, îáîçíà÷åííîå êàê φ̂(k), òîãäà



90 Ïàðàëëåëüíîå ñèñòåìíîå ïðîãðàììèðîâàíèå è âû÷èñëèòåëüíûå òåõíîëîãèè

φ̂(k)
N−1∑
j=0

fje
−2πikxj =

∫ ∞
−∞

N−1∑
j=0

fjφ(x− xj)e−2πikxdx (5)

èëè
N−1∑
j=0

fje
−2πikxj =

1

φ̂(k)

∫ ∞
−∞

N−1∑
j=0

fjφ(x− xj)e−2πikxdx (6)

Èíòåãðàë â (6) ìîæåò áûòü àïïðîêñèìèðîâàí ïðè ïîìîùè ïðàâèëà òðàïåöèè, ïîòîìó
÷òî ïîëó÷àåìàÿ ïîä èíòåãðàëîì ôóíêöèÿ ÿâëÿåòñÿ ãëàäêîé çà ñ÷åò ñâåðòêè ñ ãàóññèàíîì.
Ïîýòîìó äîñòàòî÷íî òî÷íûå ðåçóëüòàòû àïïðîêñèìàöèè èíòåãðàëà ïðè ïîìîùè ñóììû
ìîãóò áûòü ïîëó÷åíû íà ðåãóëÿðíîé ñåòêå x ñ ïîâûøåííîé ÷àñòîòîé äèñêðåòèçàöèè (â ñî-

îòâåòñòâèè ñ ôàêòîðîì ν, íàçûâàåìûì oversampling factor): ââåäåì { l

νN
}
νN
2
−1

l=− νN
2

â êà÷åñòâå

ðåãóëÿðíîé ñåòêè äëÿ x.
Òàêèì îáðàçîì, àëãîðèòì ïðåîáðàçîâàíèÿ Ôóðüå íà íåðåãóëÿðíûõ ñåòêàõ ìîæåò áûòü

ïðåäñòàâëåí êàê ïîñëåäîâàòåëüíîå ïðèìåíåíèå îïåðàöèè äèñêðåòíîé ñâåðòêè ñ ãàóññèàíîì,
ÁÏÔ è îïåðàöèè äåêîíâîëþöèè (îïåðàöèÿ, îáðàòíàÿ ñâåðòêå, íåîáõîäèìà äëÿ ïîëó÷åíèÿ
ñïåêòðà èñõîäíîãî ñèãíàëà, êîòîðûé áûë ìîäèôèöèðîâàí â ðåçóëüòàòå ñâåðòêè). Ñòîèò
îòìåòèòü òîò ôàêò, ÷òî èìååòñÿ âîçìîæíîñòü âû÷èñëÿòü çíà÷åíèå ôóíêöèè φ

(
l
νN
− xj

)
òîëüêî äëÿ òàêèõ çíà÷åíèé àðãóìåíòà

(
l
νN
− xj

)
, êîòîðûå íàõîäÿòñÿ â íåáîëüøîé (îòíî-

ñèòåëüíî 1) îêðåñòíîñòè òî÷êè xj, òàê êàê îíà ÿâëÿåòñÿ áûñòðîóáûâàþùåé, è åå ìîæíî
ðàññìàòðèâàòü êàê èìåþùóþ îãðàíè÷åííûé ÷èñëåííûé íîñèòåëü. Ïðè÷åì ðàçìåð îêðåñò-
íîñòè çàâèñèò òîëüêî îò íàïåðåä çàäàííîé òî÷íîñòè âû÷èñëåíèé ε [9]. Â òàêîì ñëó÷àå
îïåðàöèÿ äèñêðåòíîé ñâåðòêè ñòàíîâèòñÿ ýêâèâàëåíòíîé îïåðàöèè âçâåøåííîãî ðàññåèâà-
íèÿ.

Â èòîãå ôîðìóëà àïïðîêñèìàöèè äëÿ (1) âûãëÿäèò ñëåäóþùèì îáðàçîì

Fk =
N−1∑
j=0

fje
−2πikxj ≈ 1

φ̂(k)

1

νN

νN
2
−1∑

l=− νN
2

(
N−1∑
j=0

fjφ

(
l

νN
− xj

))
e−2πi

kl
νN , (7)

ãäå ñóììà ïî ïåðåìåííîé l ñîñòîèò èç L = 2M + 1 � N (ïàðàìåòð M áóäåò ââåäåí â
Àëãîðèòìå 1 íåíóëåâûõ ýëåìåíòîâ â âèäó îãðàíè÷åííîãî ÷èñëåííîãî íîñèòåëÿ ôóíêöèè
φ(x).

Íà ïðàêòèêå èñïîëüçóåòñÿ oversampling factor ν = 2, òàê êàê îí ÿâëÿåòñÿ îïòèìàëüíûì
ñ òî÷êè çðåíèÿ âû÷èñëèòåëüíûõ ðåñóðñîâ è òðåáóåìîé òî÷íîñòè.

Àëãîðèòìû 1 è 2 ñîñòàâëåíû â ñîîòâåòñòâèè ñ ôîðìóëîé (7). Îòìåòèì, ÷òî îïåðàòîðû
1 è 2 áóäóò ñîïðÿæåííûìè, åñëè â îäíîì èç íèõ çàìåíèòü xj íà −xj. Ïîýòîìó àëãîðèòì
äëÿ ïðåîáðàçîâàíèÿ (2) ìîæåò áûòü ïîñòðîåí àíàëîãè÷íûì îáðàçîì, çàìåíèâ îïåðàöèþ
âçâåøåííîãî ðàññåèâàíèÿ íà âçâåøåííûé ñáîð è âûïîëíÿÿ øàãè àëãîðèòìà 1 â îáðàòíîì
ïîðÿäêå.

Àëãîðèòì 1. USFFT ñ íåðåãóëÿðíîé ñåòêè íà ðåãóëÿðíóþ

1) Âçâåøåííîå ðàññåèâàíèå çíà÷åíèé òî÷åê íåðåãóëÿðíîé ñåòêè íà òî÷êè ðåãóëÿðíîé
ñåòêè â øàðå ðàäèóñà M = d

√
2,25/π log εe[15], ãäå dxe � îêðóãëåíèå x ê íàèìåíüøåìó

áîëüøåìó öåëîìó, ε � òðåáóåìàÿ òî÷íîñòü âû÷èñëåíèé ñ öåíòðîì â òî÷êå vj = [2Nxj], ãäå
[x] � îêðóãëåíèå x ê áëèæàéøåìó öåëîìó. Âåñîâàÿ ôóíêöèÿ � ãàóññèàí φ(x) = e−λx

2
, ãäå

λ = −2π2N2

log ε
.
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Ðèñ. 1. Âîçìîæíîå âçàèìíîå ðàñïîëîæåíèå ðåãóëÿðíîé è íåðåãóëÿðíîé ñåòêè

2) Äèñêðåòíîå ïðåîáðàçîâàíèå Ôóðüå íà ðåãóëÿðíûé ñåòêå ðàçìåðà 2N , íà êîòîðóþ
ïðîèçâåëîñü âçâåøåííîå ðàññåèâàíèå. Ìîæåò áûòü âûïîëíåíî ñ ïîìîùüþ àëãîðèòìà ÁÏÔ.

3) Êîððåêòèðóþùèé ôèëüòð ê øàãó 1, ò. å. óìíîæåíèå íà 1/φ̂(k).
Àëãîðèòì 2. USFFT ñ ðåãóëÿðíîé ñåòêè íà íåðåãóëÿðíóþ.
1) Êîððåêòèðóþùèé ôèëüòð ê øàãó 3, çíà÷åíèå λ âû÷èñëÿåòñÿ òàê æå, êàê â ïðåîáðà-

çîâàíèè ñ íåðåãóëÿðíîé ñåòêè íà ðåãóëÿðíóþ
2) Äèñêðåòíîå ïðåîáðàçîâàíèå Ôóðüå íà èñõîäíîé ðåãóëÿðíûé ñåòêå ðàçìåðà 2N . Ìî-

æåò áûòü âûïîëíåíî ñ ïîìîùüþ àëãîðèòìà ÁÏÔ.
3) Âçâåøåííûé ñáîð çíà÷åíèé òî÷åê ðåãóëÿðíîé ñåòêè, íàõîäÿùèõñÿ â øàðå ðàäèó-

ñà M ñ öåíòðîì â òî÷êå vj = [2Nxj], âåñîâàÿ ôóíêöèÿ èäåíòè÷íà àíàëîãó èç îïåðàöèè
âçâåøåííîãî ðàññåèâàíèÿ.

Íà ðèñ. 1 ïðåäñòàâëåíî âîçìîæíîå âçàèìíîå ðàñïîëîæåíèå ðåãóëÿðíîé è íåðåãóëÿð-
íîé ñåòêè. Êâàäðàòàìè èçîáðàæåíû òî÷êè ðåãóëÿðíîé ñåòêè, êðåñòèêàìè � íåðåãóëÿðíîé.
Êðàñíûì öâåòîì âûäåëåíà òî÷êà íåðåãóëÿðíîé ñåòêè äëÿ êîòîðîé ïðîèçâîäèòñÿ îïåðàöèÿ
âçâåøåííîãî ñáîðà èëè ðàññåèâàíèÿ, êðàñíûé êâàäðàò � áëèæàéøàÿ ê íåé òî÷êà ðåãóëÿð-
íîé ñåòêè. Ïóíêòèðîì îáâåäåíû òî÷êè ðåãóëÿðíîé ñåòêè, ïðèíàäëåæàùèå øàðó ðàäèóñà
M = 2.

Îïåðàöèè âçâåøåííîãî ðàññåèâàíèÿ è ñáîðà èìåþò âû÷èñëèòåëüíóþ ñëîæíîñòü
O(MN), ïðåîáðàçîâàíèå Ôóðüå èìååò ñëîæíîñòü O(N logN), è êîððåêòèðóþùèé ôèëüòð
ìîæåò áûòü âûïîëíåí çà O(N) îïåðàöèé. Â èòîãå âû÷èñëèòåëüíàÿ ñëîæíîñòü êàæäîãî èç
àëãîðèòìîâ ðàâíà O(N logN +MN), ÷òî äëÿ M � N àïïðîêñèìèðóåòñÿ êàê O(N logN).

2. Îïòèìèçàöèÿ ïîñëåäîâàòåëüíîé ïðîãðàììû. Â õîäå ïðîôèëèðîâàíèÿ ïîñëå-
äîâàòåëüíîé âåðñèè ïðåîáðàçîâàíèé îáîèõ òèïîâ áûëî óñòàíîâëåíî, ÷òî äî 95% âðåìåíè
çàíèìàþò ýòàïû âçâåøåííîãî ðàññåèâàíèÿ è âçâåøåííîãî ñáîðà. Ýòè ýòàïû õàðàêòåðèçó-
þòñÿ ìàëûì êîëè÷åñòâîì âû÷èñëåíèé íà êàæäîå îáðàùåíèå â ïàìÿòü, ÷òî ïðèâîäèò ê
áîëüøîé çàâèñèìîñòè âðåìåíè âû÷èñëåíèÿ îò ýôôåêòèâíîñòè èñïîëüçîâàíèÿ êýøà.

Òàê êàê â îáùåì ñëó÷àå òî÷êè íåðåãóëÿðíîé ñåòêè ðàñïðåäåëåíû ñëó÷àéíûì îáðàçîì,
äîñòóï ê òî÷êàì ðåãóëÿðíîé ñåòêè, ó÷àñòâóþùèì â ñáîðå èëè ðàññåèâàíèè, ÿâëÿåòñÿ õàî-
òè÷åñêèì. Ñëåäñòâèåì ýòîãî ÿâëÿåòñÿ áîëüøîå êîëè÷åñòâî êýø-ïðîìàõîâ. Äëÿ òîãî ÷òîáû
èõ óìåíüøèòü, íåîáõîäèìî îðãàíèçîâàòü îáõîä òî÷åê íåðåãóëÿðíîé ñåòêè òàêèì îáðàçîì,
÷òîáû êàæäàÿ ïîñëåäóþùàÿ òî÷êà íåðåãóëÿðíîé ñåòêè èìåëà êàê ìîæíî áîëüøå îáùèõ
òî÷åê ðåãóëÿðíîé ñåòêè ñîâìåñòíî ñ ïðåäûäóùåé. Äëÿ äîñòèæåíèÿ ýòîãî òî÷êè íåðåãó-
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Òàáëèöà 1

Êîëè÷åñòâî ïðîìàõîâ â êýø ïîñëåäíåãî óðîâíÿ

Ðàçìåð ñåòêè Áåç ñîðòèðîâêè Ñ ñîðòèðîâêîé Èäåàëüíûé ñëó÷àé

224 4,6e+06 2,9e+07 1,1e+07

212 × 212 9,5e+08 3,4e+07 2,6e+07

28 × 28 × 28 7,6e+09 1,4e+08 5,4e+07

ëÿðíîé ñåòêè áûëè îòñîðòèðîâàíû â ïîðÿäêå âîçðàñòàíèÿ êîîðäèíàò. Ïðè ìíîãîìåðíîì
ïðåîáðàçîâàíèè ïðîèñõîäèò ïîñëåäîâàòåëüíàÿ ñîðòèðîâêà ñíà÷àëà ïî îäíîé êîîðäèíàòå,
çàòåì ïî îñòàëüíûì.

Äàííàÿ îïòèìèçàöèÿ ïîçâîëèëà óìåíüøèòü âðåìÿ âçâåøåííîãî ñáîðà â 2 ðàçà ïðè äâó-
ìåðíîì ïðåîáðàçîâàíèè è â 5 ðàç â òðåõìåðíîì. Â ñëó÷àå îäíîìåðíîãî ïðåîáðàçîâàíèÿ
íàêëàäíûå ðàñõîäû ïî ñîðòèðîâêå îêàçàëèñü áîëüøå âûèãðûøà, ïîëó÷åííîãî â ðåçóëüòà-
òå îïòèìèçàöèè ïîïàäàíèé â êýø.

Òàêæå áûëî ïðîâåðåíî òî, íàñêîëüêî ìîæåò âîçðàñòè ïðîèçâîäèòåëüíîñòü ïðè òàêîé
îðãàíèçàöèè äîñòóïà â ïàìÿòü, ïðè êîòîðîé êîëè÷åñòâî êåø-ïðîìàõîâ áûëî áû ìèíèìàëü-
íûì. Òåñòîâûé ïðèìåð, â êîòîðîì âñå òî÷êè íåðåãóëÿðíîé ñåòêè èìåëè îäíó êîîðäèíàòó,
÷òî ãàðàíòèðîâàëî ïðèñóòñòâèå â êýøå çàäåéñòâîâàííûõ â ïðåîáðàçîâàíèè äàííûõ, ïîêà-
çàë, ÷òî â èäåàëüíîì ñëó÷àå êîëè÷åñòâî êýø-ïðîìàõîâ äëÿ ïðåîáðàçîâàíèÿ ìîæåò áûòü
óìåíüøåíî â 36 ðàç (òàáë. 1) (äàííûå ïðèâåäåíû äëÿ äâóìåðíîé âåðñèè ïðåîáðàçîâàíèÿ ñ
ðåãóëÿðíîé íà íåðåãóëÿðíóþ ñåòêó ðàçìåðà 212 × 212 äëÿ ïðîöåññîðà Intel i7-4770).

3. Ïàðàëëåëüíûé àëãîðèòì USFFT. Àíàëîãè÷íî ýòàïó îïòèìèçàöèè ïîñëåäîâà-
òåëüíîé âåðñèè ïðîãðàììû, îñíîâíîå âíèìàíèå áûëî óäåëåíî ýòàïàì âçâåøåííîãî ñáîðà è
ðàññåèâàíèÿ.

Ïðè âûïîëíåíèè âçâåøåííîãî ñáîðà öèêë ïî òî÷êàì íåðåãóëÿðíîé ñåòêè âîçìîæíî
åñòåñòâåííûì îáðàçîì ðàñïàðàëëåëèòü, èñïîëüçóÿ òåõíîëîãèþ OpenMP. Êàæäûé ïîòîê
èñïîëüçóåò òî÷êè íåðåãóëÿðíîé ñåòêè òîëüêî äëÿ ÷òåíèÿ, ïîýòîìó ðàñïàðàëëåëèâàíèå â
ýòîì ñëó÷àå íå ïðåäñòàâëÿåò ñëîæíîñòè.

Ïðè ýòîì óñòàíîâëåíî, ÷òî íà êîëè÷åñòâî ïîïàäàíèé â êýø ïîñëåäíåãî óðîâíÿ ïðÿìûì
îáðàçîì âëèÿåò ïîëèòèêà ïëàíèðîâàíèÿ âûïîëíåíèÿ ïîòîêîâ. Ýòî îñîáåííî àêòóàëüíî
äëÿ òðåõìåðíîãî ñáîðà, êîòîðûé õàðàêòåðèçóåòñÿ îáðàáîòêîé áîëüøîãî êîëè÷åñòâà òî÷åê
ðåãóëÿðíîé ñåòêè, ïðèõîäÿùèõñÿ íà êàæäóþ òî÷êó íåðåãóëÿðíîé.

Ïëàíèðîâàíèå âûïîëíåíèÿ íåîáõîäèìî îðãàíèçîâàòü òàêèì îáðàçîì, ÷òîáû â êàæäûé
ìîìåíò âðåìåíè ðàçëè÷íûå ïîòîêè îáðàáàòûâàëè êàê ìîæíî áîëåå ëîêàëüíûå äàííûå, äëÿ
ïðåäîòâðàùåíèÿ êîíôëèêòà â êýøå ïîñëåäíåãî óðîâíÿ, êîòîðûé ÿâëÿåòñÿ îáùèì äëÿ âñåõ
ÿäåð â ðàìêàõ îäíîãî ïðîöåññîðà. Äëÿ ýòîãî íåîáõîäèìî ðàçáèòü èòåðàöèè öèêëà íà áëîêè
íåáîëüøîãî ðàçìåðà è óñòàíîâèòü äèíàìè÷åñêîå ðàñïðåäåëåíèå áëîêîâ ìåæäó ïîòîêàìè.

Îïòèìàëüíûé ðàçìåð òàêîãî áëîêà íàïðÿìóþ çàâèñèò îò õàðàêòåðèñòèê êîíêðåòíîãî
âû÷èñëèòåëüíîãî óñòðîéñòâà. Íà ãðàôèêå òàêîé çàâèñèìîñòè (ðèñ. 2) äëÿ ïðåîáðàçîâàíèÿ
ðàçìåðîì 128 × 128 × 128 äëÿ ñèñòåìû ñ äâóìÿ ïðîöåññîðàìè Intel Xeon E5-2690 âèäíî,
÷òî îïòèìàëüíûìè ÿâëÿþòñÿ áëîêè ðàçìåðà îò 4 äî 32 ýëåìåíòîâ.

Òåñòèðîâàíèå ïîêàçàëî, ÷òî òàêîé ïîäõîä ê ðàñïàðàëëåëèâàíèþ ÿâëÿåòñÿ äîñòàòî÷íî
ýôôåêòèâíûì � ïðè èñïîëüçîâàíèè ìàêñèìàëüíîãî êîëè÷åñòâà äîñòóïíûõ âû÷èñëèòåëü-
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Ðèñ. 2. Çàâèñèìîñòü âðåìåíè âûïîëíåíèÿ îò ðàçìåðà áëîêà

Òàáëèöà 2

Ýôôåêòèâíîñòü ðàñïàðàëëåëèâàíèÿ ýòàïà âçâåøåííîãî ñáîðà

Ðàçìåð ñåòêè
Êîëè÷åñòâî ïîòîêîâ

2 4 8 16

224 0,97 0,93 0,89 0,85

228 0,95 0,89 0,86 0,85

212 × 212 0,95 0,90 0,87 0,87

213 × 213 0,95 0,89 0,87 0,87

28 × 28 × 28 0,95 0,90 0,87 0,83

íûõ ÿäåð ýôôåêòèâíîñòü ðàñïàðàëëåëèâàíèÿ (îòíîøåíèå óñêîðåíèÿ ê ÷èñëó èñïîëüçóåìûõ
ïîòîêîâ) äîñòèãàåò 0,87 (óñêîðåíèå â 13,9 ðàç íà 16 ïîòîêàõ � òàáë. 2).

Îäíàêî, òàêîå ðàñïàðàëëåëèâàíèå öèêëà ïî òî÷êàì íåðåãóëÿðíîé ñåòêè íåâîçìîæíî
ïðè âûïîëíåíèè âçâåøåííîãî ðàññåèâàíèÿ. Ýòî ñâÿçàíî ñ òåì, ÷òî âîçìîæíà ñèòóàöèÿ,
êîãäà äâà ïîòîêà áóäóò ïðîèçâîäèòü çàïèñü â îäèí è òîò æå ó÷àñòîê ïàìÿòè, ÷òî ïðèâå-
äåò ê îøèáêå (race condition). Ïðèìåð òàêîé ñèòóàöèè èçîáðàæåí íà ðèñ. 3. Âèäíî, ÷òî
ñóùåñòâóþò òî÷êè ðåãóëÿðíîé ñåòêè, ïðèíàäëåæàùèå ê îêðåñòíîñòÿì (îáëàñòè îãðàíè÷åí-
íûå êðàñíûì ïóíêòèðîì) äâóõ îäíîâðåìåííî îáðàáàòûâàåìûõ òî÷åê íåðåãóëÿðíîé ñåòêè
(êðàñíûå êðåñòèêè).

Äëÿ ðåøåíèÿ äàííîé ïðîáëåìû áûëî ïðåäëîæåíî ðàçáèòü ìíîæåñòâî òî÷åê ðåãóëÿð-
íîé ñåòêè íà ãðóïïû áëîêîâ. Òàê, ÷òîáû áëîêè, ïðèíàäëåæàùèå ê îäíîé ãðóïïå, áûëè
ðàñïîëîæåíû íà ðàññòîÿíèè 2M + 1 äðóã îò äðóãà, ãäå M � ðàäèóñ ðàññåèâàíèÿ.
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Ðèñ. 3. Ïðèìåð ïåðåñå÷åíèÿ îáëàñòåé âçâåøåííîãî ðàññåèâàíèÿ

Ðèñ. 4. Ïðèìåð ðàçáèåíèÿ äâóìåðíîé ñåòêè

Òîãäà äëÿ êîððåêòíîãî è ýôôåêòèâíîãî âûïîëíåíèÿ âçâåøåííîãî ðàññåèâàíèÿ íåîáõî-
äèìî ðàñïàðàëëåëèòü öèêë îáðàáîòêè áëîêîâ, ïðèíàäëåæàùèõ îäíîé ãðóïïå. Çäåñü ïîä
îáðàáîòêîé áëîêà ïîíèìàåòñÿ ïðîâåäåíèå îïåðàöèè âçâåøåííîãî ðàññåèâàíèÿ äëÿ âñåõ òî-
÷åê íåðåãóëÿðíîé ñåòêè, ïðèíàäëåæàùèõ ýòîìó áëîêó.

Íà ðèñ. 4 èçîáðàæåí ïðèìåð òàêîãî ðàçáèåíèÿ. Öâåòíûìè êðåñòèêàìè îáîçíà÷åíû òî÷-
êè íåðåãóëÿðíîé ñåòêè, ïðèíàäëåæàùèå îäíîé ãðóïïå áëîêîâ, ðàçëè÷íûå öâåòà ýòèõ êðå-
ñòèêîâ îáîçíà÷àþò ïðèíàäëåæíîñòü ê ðàçëè÷íûì áëîêàì. Öâåòíûå ïóíêòèðíûå ëèíèè
îáîçíà÷àþò ó÷àñòêè ïàìÿòè, êóäà ìîæåò áûòü ïðîèçâåäåíà çàïèñü ïðè îáðàáîòêå áëîêà
ñîîòâåòñòâóþùåãî öâåòà. Âèäíî, ÷òî ýòè îáëàñòè íå ïåðåñåêàþòñÿ, à çíà÷èò ðàçëè÷íûå
áëîêè ìîãóò áûòü îáðàáîòàíû íåçàâèñèìî.

Ïðè ðàâíîìåðíîé ïëîòíîñòè ðàñïðåäåëåíèÿ òî÷åê íåðåãóëÿðíîé ñåòêè äàííûé ïîä-
õîä äîñòèãàåò ýôôåêòèâíîñòü ðàñïàðàëëåëèâàíèÿ, ðàâíóþ 0,86 (óñêîðåíèå â 13,7 ðàçà íà
16 ïîòîêàõ � òàáë. 3). Ìåíüøàÿ ïî ñðàâíåíèþ ñ îïåðàöèé âçâåøåííîãî ðàññåèâàíèÿ ýô-
ôåêòèâíîñòü ðàñïàðàëëåëèâàíèÿ ñâÿçàíà â ïåðâóþ î÷åðåäü ñ íåîáõîäèìîñòüþ áàðüåðíîé
ñèíõðîíèçàöèè ïîñëå îáðàáîòêè ãðóïïû áëîêîâ.

4. Ñðàâíåíèå ñ ñóùåñòâóþùèìè àíàëîãàìè. Âàæíûì ýòàïîì ïðè ðàçðàáîòêå ïà-
ðàëëåëüíîãî àëãîðèòìà è ðåàëèçàöèè íà åãî îñíîâå áèáëèîòåêè (äàëåå îáîçíà÷åíà êàê
áèáëèîòåêà USFFT), íàöåëåííîé íà âûñîêèå ïîêàçàòåëè ïðîèçâîäèòåëüíîñòè, ÿâëÿåòñÿ åå
ñðàâíåíèå ñ ñóùåñòâóþùèìè àíàëîãàìè. Â íàñòîÿùåå âðåìÿ íàèáîëåå ðàñïðîñòðàíåííîé
ðåàëèçàöèåé ïðåîáðàçîâàíèÿ Ôóðüå íà íåðåãóëÿðíûõ ñåòêàõ ÿâëÿåòñÿ áèáëèîòåêà NFFT.
Ñðàâíåíèå ïðîèçâîäèëîñü íà äâóñîêåòíîì ñåðâåðå ñ óñòàíîâëåííûìè íà íåì ïðîöåññîðà-
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Òàáëèöà 3

Ýôôåêòèâíîñòü ðàñïàðàëëåëèâàíèÿ ýòàïà âçâåøåííîãî ðàññåèâàíèÿ

Ðàçìåð ñåòêè
Êîëè÷åñòâî ïîòîêîâ

2 4 8 16

224 0,96 0,90 0,86 0,86

228 0,95 0,90 0,86 0,86

212 × 212 0,95 0,89 0,85 0,85

213 × 213 0,94 0,89 0,85 0,85

28 × 28 × 28 0,95 0,87 0,81 0,70

Ðèñ. 5. Âðåìÿ âûïîëíåíèÿ äâóìåðíîãî ïðåîáðàçîâàíèÿ Ôóðüå ñ íåðåãóëÿðíîé ñåòêè íà ðåãóëÿðíóþ

áèáëèîòåê USFFT è NFFT ïðè ðàçëè÷íûõ ðàçìåðíîñòÿõ

ìè Intel Xeon E5-2690. Â êà÷åñòâå òåñòîâ èñïîëüçîâàëàñü äâóìåðíàÿ çàäà÷à ñî ñëó÷àéíî
ðàñïðåäåëåííûìè òî÷êàìè íåðåãóëÿðíîé ñåòêè, êîëè÷åñòâî ðåãóëÿðíûõ è íåðåãóëÿðíûõ
òî÷åê ñîâïàäàåò.

Ñòîèò îòìåòèòü, ÷òî â áèáëèîòåêå NFFT èñïîëüçóåòñÿ ôèêñèðîâàííîå çíà÷åíèå ïà-
ðàìåòðà M = 12 äëÿ âû÷èñëåíèé ñ äâîéíîé òî÷íîñòüþ. Ó÷èòûâàÿ âûñîêóþ çàâèñèìîñòü
âðåìåíè âû÷èñëåíèÿ ýòàïîâ âçâåøåííîãî ñóììèðîâàíèÿ è ðàññåèâàíèÿ îò ýòîãî ïàðàìåòðà
(ãðàôèê çàâèñèìîñòè ïðåäñòàâëåí íà ðèñ. 7), âñå òåñòû ïðîèçâîäèòåëüíîñòè âûïîëíåíû ñ
òàêèì çíà÷åíèåì.

Êàê âèäíî èç ãðàôèêîâ íà ðèñ. 6, ïðåîáðàçîâàíèÿ îáîèõ òèïîâ èç áèáëèîòåêè USFFT
äî òðåõ ðàç áûñòðåå ñâîèõ àíàëîãîâ èç áèáëèîòåêè NFFT äëÿ íåêîòîðûõ ðàçìåðíîñòåé
ñåòîê.

5. Ïðèìåð ïðèìåíåíèÿ. Ïðåîáðàçîâàíèå Ðàäîíà. Ïðîãðàììíàÿ ðåàëèçàöèÿ àë-
ãîðèòìîâ USFFT áûëà ïðîòåñòèðîâàíà äëÿ ðåøåíèÿ çàäà÷è îáðàùåíèÿ ïðåîáðàçîâàíèÿ



96 Ïàðàëëåëüíîå ñèñòåìíîå ïðîãðàììèðîâàíèå è âû÷èñëèòåëüíûå òåõíîëîãèè

Ðèñ. 6. Âðåìÿ âûïîëíåíèÿ äâóìåðíîãî ïðåîáðàçîâàíèÿ Ôóðüå ñ ðåãóëÿðíîé ñåòêè íà íåðåãóëÿðíóþ

áèáëèîòåê USFFT è NFFT ïðè ðàçëè÷íûõ ðàçìåðíîñòÿõ

Ðàäîíà. Äàííîå ïðåîáðàçîâàíèå ïðèìåíÿåòñÿ âî ìíîãèõ îáëàñòÿõ, íàïðèìåð â êîìïüþòåð-
íîé òîìîãðàôèè [16], ðàäèîàñòðîíîìèè [5] èëè îáðàáîòêå ñåéñìè÷åñêèõ äàííûõ [17].

Ïðåîáðàçîâàíèå Ðàäîíà çàäàåòñÿ ñëåäóþùèì îáðàçîì: ïóñòü f(x,y) � ôóíêöèÿ äâóõ
äåéñòâèòåëüíûõ ïåðåìåííûõ, îïðåäåëåííàÿ íà âñåé ïëîñêîñòè è äîñòàòî÷íî áûñòðî óáûâà-
þùåé íà áåñêîíå÷íîñòè. Òîãäà ïðåîáðàçîâàíèåì Ðàäîíà ôóíêöèè f(x,y) íàçûâàåòñÿ ôóíê-
öèÿ

Rf(s,θ) =

+∞∫
−∞

f(s cos θ − z sin θ, s sin θ + z cos θ)dz. (8)

Ïðîèçâîäèòñÿ âû÷èñëåíèå èíòåãðàëà âäîëü ïðÿìûõ, îòñòîÿùèõ íà ðàññòîÿíèè s îò
öåíòðà êîîðäèíàò, ñ óãëîì íàêëîíà θ. Ñõåìàòè÷åñêè ïðåîáðàçîâàíèå Ðàäîíà äëÿ çàäà÷è
òîìîãðàôèè ïðåäñòàâëåíî íà ðèñ. 8. Ëó÷è ïðîõîäÿò ÷åðåç îáúåêò, çàòóõàþò (ôóíêöèÿ
çàòóõàíèÿ f(x,y)) è çàïèñûâàþòñÿ ïðèåìíèêîì äëÿ ðàçíûõ çíà÷åíèé θ è s.

5.1. Ìåòîä ôèëüòðîâàííûõ îáðàòíûõ ïðîåêöèé. Íà ïðàêòèêå áîëüøîå çíà÷åíèå èìå-
åò îáðàòíàÿ çàäà÷à � ïî çàäàííîé ôóíêöèè Ðàäîíà îïðåäåëèòü èñõîäíóþ ôóíêöèþ, äëÿ
çàäà÷è òîìîãðàôèè � âíóòðåííþþ ñòðóêòóðó îáúåêòà. Îäíèì èç íàèáîëåå ïîïóëÿðíûõ
ìåòîäîâ âîññòàíîâëåíèÿ ôóíêöèè f(x,y) ÿâëÿåòñÿ ìåòîä ôèëüòðîâàííûõ îáðàòíûõ ïðîåê-
öèé [18], [19]. Â òàêîì ñëó÷àå ôîðìóëà äëÿ âîññòàíîâëåíèÿ ôóíêöèè âûãëÿäèò ñëåäóþùèì
îáðàçîì:

f = R∗WRf, (9)

ãäå ñîïðÿæåííûé îïåðàòîð R∗ ê ïðåîáðàçîâàíèþ Ðàäîíà çàäàí ñëåäóþùèì îáðàçîì:
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Ðèñ. 7. Çàâèñèìîñòü âðåìåíè âû÷èñëåíèÿ îò ïàðàìåòðà M

Ðèñ. 8. Ñõåìà âû÷èñëåíèÿ ïðåîáðàçîâàíèÿ Ðàäîíà äëÿ óãëà θ

R∗g(x,y) =

∫ π/2

−π/2
g(x cos θ + y sin θ,θ)dθ (10)

Îïåðàòîð ñâåðòêè W äåéñòâóåò òîëüêî ïî ïåðåìåííîé s è çàäàí â ÷àñòîòíîé îáëàñòè
÷åðåç ôóíêöèþ w(σ) = |σ|, òàêæå íàçûâàåìóþ èíâåðñèîííûì ôèëüòðîì.

Ðåøåíèå çàäà÷è âîññòàíîâëåíèÿ òîìîãðàôè÷åñêèõ äàííûõ ïðè ïîìîùè ìåòîäà ôèëü-
òðîâàííûõ îáðàòíûõ ïðîåêöèé êðàòêî îïèñûâàåòñÿ ñëåäóþùèì îáðàçîì. Äëÿ äàííûõ
Rf íåîáõîäèìî èç îäíîìåðíûõ Ôóðüå-îáðàçîâ R̂f(σ,θi) ñôîðìèðîâàòü äâóìåðíûé ñïåêòð
R̂f(σ,θ) íà ïîëÿðíîé ñåòêå, ïðèìåíèòü ôèëüòð (óìíîæåíèå â ÷àñòîòíîé îáëàñòè íà ôóíê-
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à)
á)

Ðèñ. 9. Ðàäîí-îáðàç (à) è âîññòàíîâëåííîå èçîáðàæåíèå (á) ôàíòîìà Øåïïà-Ëîãàíà

öèþ w(σ) äëÿ êàæäîãî θ), à çàòåì âûïîëíèòü îáðàòíîå äâóìåðíîå ïðåîáðàçîâàíèå Ôóðüå
â ïîëÿðíîé ñèñòåìå êîîðäèíàò.

Ïðîãðàììà, ðåàëèçóþùàÿ äàííîå ïðåîáðàçîâàíèå, áûëà ðåàëèçîâàíà è ïðîòåñòèðîâàíà
íà èçîáðàæåíèè, êîòîðîå ÿâëÿåòñÿ ñòàíäàðòîì äëÿ ïðîâåðêè àëãîðèòìîâ âîññòàíîâëåíèÿ
èçîáðàæåíèÿ: Ôàíòîì Øåïïà-Ëîãàíà [20].

5.2. Âîññòàíîâëåíèå äàííûõ ñ øóìîì. Òîìîãðàôè÷åñêèå äàííûå ìîãóò áûòü íåïîëíû-
ìè, ñîäåðæàòü øóì èëè äðóãèå àðòåôàêòû, âîçíèêàþùèå ïðè âûïîëíåíèè èçìåðåíèé. Â
ýòèõ ñëó÷àÿõ íåîáõîäèìî èñïîëüçîâàòü èòåðàöèîííûå ñõåìû, òàê êàê ìåòîä ôèëüòðîâàí-
íûõ îáðàòíûõ ïðîåêöèé íå ãàðàíòèðóåò ñòàáèëüíîñòü ðåøåíèÿ. Â áîëüøåé ÷àñòè ïðîáëåìà
íåñòàáèëüíîñòè ðåøåíèÿ ñâÿçàíà ñ èíâåðñèîííûì ôèëüòðîì (W ) èç ôîðìóëû (9), òàê êàê
åãî ïðèìåíåíèå (óìíîæåíèå íà w(σ) = |σ|) óâåëè÷èâàåò âûñîêî÷àñòîòíûå êîìïîíåíòû,
êîòîðûå îáû÷íî ïðåäñòàâëÿþò øóì è äðóãèå ðåçêèå êîëåáàíèÿ â äàííûõ, îáóñëîâëåííûå
îøèáêàìè èçìåðåíèé.

Èòåðàöèîííûå ñõåìû âîññòàíîâëåíèÿ òîìîãðàôè÷åñêèõ äàííûõ â áîëüøèíñòâå ñëó÷àåâ
îñíîâûâàþòñÿ íà ìíîãîêðàòíîì ïðèìåíåíèè ïðÿìîãî è ñîïðÿæåííîãî îïåðàòîðîâ ïðåîáðà-
çîâàíèÿ Ðàäîíà è íå ïîäðàçóìåâàþò ïðèìåíåíèÿ èíâåðñèîííîãî ôèëüòðà. Èòåðàöèîííûå
àëãîðèòìû äîñòàòî÷íî ðåñóðñîçàòðàòíû â ñëó÷àÿõ, ãäå äëÿ ñõîäèìîñòè íåîáõîäèìî î÷åíü
áîëüøîå ÷èñëî èòåðàöèé. Ïîýòîìó ðàçðàáîòêà áûñòðûõ àëãîðèòìîâ äëÿ ïðÿìîãî è ñîïðÿ-
æåííîãî îïåðàòîðîâ Ðàäîíà ÿâëÿåòñÿ î÷åíü âàæíîé çàäà÷åé.

Ðàññìîòðèì çàäà÷ó âîññòàíîâëåíèÿ òîìîãðàôè÷åñêèõ äàííûõ ñ øóìîì. Áîëåå îáîñíî-
âàííûì áóäåò ðàññìîòðåòü øóì ñ ðàñïðåäåëåíèì Ïóàññîíà [21], [22]. Îäíèì èç íàèáîëåå
ïðîñòûõ ìåòîäîâ äëÿ ðåøåíèÿ çàäà÷è âîññòàíîâëåíèÿ äàííûõ, ñîäåðæàùèõ òàêîãî ðî-
äà øóì, ÿâëÿåòñÿ EM-àëãîðèòì (àíãë. Expectation-maximization (EM) algorithm) [23], [24],
[25]. Äëÿ òîìîãðàôè÷åñêèõ äàííûõ g èòåðàöèîííàÿ ñõåìà ìîæåò áûòü îïèñàíà ñëåäóþùèì
îáðàçîì:
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à) á) â)

Ðèñ. 10. Âûïîëíåíèå ïðåîáðàçîâàíèÿ Ðàäîíà äëÿ äàííûõ ñ øóìîì: à) âõîäíûå äàííûå, á) ðåçóëüòàò

ìåòîäà ôèëüòðîâàííûõ îáðàòíûõ ïðîåêöèé, â) ðåçóëüòàò 50 èòåðàöèé EM àëãîðèòìà

fk+1 = fk
R∗
(

g
Rfk

)
R∗χC

, (11)

ãäå ôóíêöèÿ χ(s,θ) ðàâíà 1, åñëè ëèíèÿ, ïàðàìåòðèçîâàííàÿ ïðè ïîìîùè (s, θ), ïðîõîäèò
÷åðåç åäèíè÷íûé êðóã (íîñèòåëü f), â ïðîòèâíîì ñëó÷àå ôóíêöèÿ ðàâíà 0. Ïî ôîðìóëå
âèäíî, ÷òî íà êàæäîì èòåðàöèîííîì øàãå íóæíî âû÷èñëÿòü ïðÿìîå ïðåîáðàçîâàíèå Rfk

è ñîïðÿæåííîå R∗
(

g
Rfk

)
.

Íà ðèñ. 10, a, ïðåäñòàâëåíû äàííûå ñ øóìîì, èìåþùèì ðàñïðåäåëåíèå Ïóàññîíà,
ðèñ. 10, á, ïîêàçûâàåò ðåçóëüòàò ïðèìåíåíèÿ ìåòîäà ôèëüòðîâàííûõ îáðàòíûõ ïðîåêöèé.
Îòìåòèì, ÷òî óðîâåíü øóìà â âîññòàíîâëåííîì èçîáðàæåíèè ãîðàçäî âûøå. Â ñâîþ î÷å-
ðåäü, âîññòàíîâëåíèå ïðè ïîìîùè 50 èòåðàöèé ÅÌ-àëãîðèòìà (ðèñ. 10, â) ïðàêòè÷åñêè
ïîëíîñòüþ óäàëèëî øóì.

Ðåçóëüòàòû ïðîèçâîäèòåëüíîñòè èòåðàöèîííîãî àëãîðèòìà, ðåàëèçîâàííîãî ñ ïîìîùüþ
áèáëèîòåê NFFT è USFFT, ïðåäñòàâëåíû íà ðèñ. 11. Èç ãðàôèêîâ âèäíî, ÷òî ðåàëèçàöèÿ
ñ ïîìîùüþ áèáëèîòåêè USFFT áûñòðåå â 4,4 ðàçà äëÿ ðàçëè÷íîãî êîëè÷åñòâà èòåðàöèé
àëãîðèòìà.

Çàêëþ÷åíèå. Ó÷åò îñîáåííîñòåé ñîâðåìåííûõ ìèêðîïðîöåññîðîâ, òàêèõ êàê íàëè÷èå
áîëüøîãî êýøà äàííûõ è íåñêîëüêèõ âû÷èñëèòåëüíûõ ÿäåð â ðàìêàõ îäíîãî óçëà, ïîçâî-
ëèë ýôôåêòèâíî ðåàëèçîâàòü áèáëèîòåêó áûñòðîãî ïðåîáðàçîâàíèÿ Ôóðüå íà íåðåãóëÿð-
íûõ ñåòêàõ.

Îñíîâíîå âíèìàíèå ïðè îïòèìèçàöèè áûëî óäåëåíî íàèáîëåå âû÷èñëèòåëüíî-ñëîæíûì
ýòàïàì ïðåîáðàçîâàíèÿ � âçâåøåííîìó ðàññåèâàíèþ è ñáîðó. Áûëè ïðåäëîæåíû ïîäõîäû
ê ïàðàëëåëüíîé ðåàëèçàöèè äàííûõ ýòàïîâ. Áëàãîäàðÿ ýòîìó óäàëîñü äîñòè÷ü óñêîðåíèÿ
äî 13,7 è 13,9 ðàç ñîîòâåòñòâåííî íà øåñòíàäöàòèÿäåðíîì óçëå. Ïðîèçâîäèòåëüíîñòü ïî-
ëó÷åííîé ðåàëèçàöèè îêàçàëàñü äî 3 ðàç âûøå ïî ñðàâíåíèþ ñ ðåàëèçàöèåé èç áèáëèîòåêè
NFFT ïðè ñðàâíåíèè íà ñèíòåòè÷åñêèõ òåñòàõ.

Ôàêò íàëè÷èÿ ýôôåêòèâíîé ðåàëèçàöèè àëãîðèòìà USFFT îñîáåííî âàæåí ïðè
ðåàëèçàöèè èòåðàòèâíûõ ìåòîäîâ. Ïðèìåðîì òàêîé çàäà÷è ÿâëÿåòñÿ ïðîöåäóðà îáðà-
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Ðèñ. 11. Çàâèñèìîñòü âðåìåíè âûïîëíåíèÿ EM àëãîðèòìà îò ÷èñëà èòåðàöèé

ùåíèÿ ïðåîáðàçîâàíèÿ Ðàäîíà ñ ïîìîùüþ EM-àëãîðèòìà. Òåñòèðîâàíèå ïîêàçàëî, ÷òî
â äàííîé çàäà÷å èñïîëüçîâàíèå ïîëó÷åííîé ðåàëèçàöèè ïîçâîëÿåò äîáèòüñÿ áîëåå ÷åì
÷åòûðåõêðàòíîãî ïðèðîñòà ïðîèçâîäèòåëüíîñòè ïî ñðàâíåíèþ ñ ðåàëèçàöèåé íà îñíîâå
áèáëèîòåêè NFFT.
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