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This paper considers the method of producing system of linear di�erential equations for solution
of non-stationary problem of heat propagation in a rod. For receiving system of linear di�erential
equations variation method is used. At this, the square approximation of temperature elements of
a rod is performed on all its length. To achieve the goal �rstly are investigated cases, when the
rod is consists of two or three elements. It is assumed that from the left end face of rod is fed a
constant �ow of heat and the right end face of rod is not thermal insulated. Further, it is obtains
systems of linear di�erential equations for di�erent options thermal insulation of side surface of two
and three rod elements. Analyzing the structure of obtained systems of linear di�erential equations,
are obtained rules of making the systems of linear di�erential equations for the solution of non-
stationary heat distribution problem in a rod consisting of any quantity of elements. These rules are
obtained for any combination of heat isolation elements side surface of a rod. The developed rules
allow to receive stationary and non-stationary, and also right parts of system of linear di�erential
equations for the solution of problem of heat distribution in a rod.
Based on the proposed method has developed program using instrumental programming of Delphi
which allows to obtain system of linear di�erential equations.
And also for the research of thermo physical characteristics of a rod the program is developed, which
allows
� to solve stationary and non-stationary problems of heat distribution in a rod;
� to de�ne thermo-mechanical characteristics of a rod: elongation of a rod; axial thermal e�ort;
thermo-elastic voltage; thermo-elastic deformation; temperature deformation; temperature voltage;
elastic deformation and movement.
Programs allow to set necessary basic data for the solution of a task and to receive estimates of above-
mentioned characteristics in an evident graphical form for both stationary and for non-stationary
processes.
The speci�c examples of solution of non-stationary heat distribution problem in the rod, con�rming
the correctness of the proposed method are considered.
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ÓÄÊ 539.3 (075)
Â ðàáîòå ðàññìàòðèâàåòñÿ ìåòîäèêà ïîëó÷åíèÿ ñèñòåìû ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíå-
íèé äëÿ ðåøåíèÿ íåñòàöèîíàðíîé çàäà÷è ðàñïðîñòðàíåíèÿ òåïëà â ñòåðæíå ñ èñïîëüçîâàíèåì
âàðèàöèîííîãî ïîäõîäà ñ ïðèâëå÷åíèåì êâàäðàòè÷íîé àïïðîêñèìàöèè òåìïåðàòóðû ýëåìåí-
òîâ ñòåðæíÿ. Ïðè ýòîì ñíà÷àëà èññëåäóþòñÿ ñëó÷àè, êîãäà ñòåðæåíü ðàçáèâàåòñÿ íà äâà è
òðè ýëåìåíòà, êîãäà ñ ëåâîãî òîðöà ñòåðæíÿ ïîäàåòñÿ ïîòîê òåïëà, ïðàâûé òîðåö ñòåðæíÿ íå
òåïëîèçîëèðîâàí, à ýëåìåíòû áîêîâîé ïîâåðõíîñòè ñòåðæíÿ òåïëîèçîëèðîâàíû â ðàçëè÷íîé
êîìáèíàöèè. Äàëåå, àíàëèçèðóÿ ñèñòåìû ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé, ïîëó÷åí-
íûå äëÿ ðàçëè÷íûõ âàðèàíòîâ òåïëîèçîëÿöèè áîêîâîé ïîâåðõíîñòè ýëåìåíòîâ ñòåðæíÿ, îïðå-
äåëåíû ïðàâèëà ñîñòàâëåíèÿ ñèñòåì ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé äëÿ ðåøåíèÿ
íåñòàöèîíàðíîé çàäà÷è ðàñïðîñòðàíåíèÿ òåïëà â ñòåðæíå, ñîñòîÿùåé èç ëþáîãî êîëè÷åñòâà
ýëåìåíòîâ ñòåðæíÿ ñ èñïîëüçîâàíèåì êâàäðàòè÷íîé àïïðîêñèìàöèè, êîãäà ýëåìåíòû ñòåðæ-
íÿ òåïëîèçîëèðîâàíû ïðîèçâîëüíûì îáðàçîì. Ïðè ýòîì ñôîðìóëèðîâàíû ïðàâèëà ïîëó÷åíèÿ
ñòàöèîíàðíîé è íåñòàöèîíàðíîé ÷àñòè, à òàêæå ïðàâîé ÷àñòè ñèñòåìû ëèíåéíûõ äèôôåðåí-
öèàëüíûõ óðàâíåíèé.

Ðàçðàáîòàíî ïðîãðàììíîå îáåñïå÷åíèå ñ èñïîëüçîâàíèåì èíñòðóìåíòàëüíîãî ïðîãðàììèðî-
âàíèÿ Delphi äëÿ ïîëó÷åíèÿ ñèñòåìû ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé äëÿ ðåøåíèÿ
íåñòàöèîíàðíîé çàäà÷è ðàñïðîñòðàíåíèÿ òåïëà â ñòåðæíå. Ðàññìîòðåíû êîíêðåòíûå ïðèìå-
ðû ðåøåíèÿ íåñòàöèîíàðíîé çàäà÷è ðàñïðîñòðàíåíèÿ òåïëà â ñòåðæíå, êîãäà ëåâàÿ ïîëîâèíà
ñòåðæíÿ òåïëîèçîëèðîâàíà, à ïðàâàÿ íåò, è íàîáîðîò.

Êëþ÷åâûå ñëîâà: âíóòðåííèå èñòî÷íèêè òåïëà, âíóòðåííÿÿ ýíåðãèÿ, íåñòàöèîíàðíîñòü,
òåïëîâîé ïîòîê, âàðèàöèîííûé ïîäõîä.

Ââåäåíèå. Áîëüøèíñòâî èç íåñóùèõ ýëåìåíòîâ óñòðîéñòâ íàãðåâàåòñÿ ïîä âîçäåéñòâè-
åì òðåíèÿ, ðàçëè÷íûõ òåïëîâûõ âîçäåéñòâèé. ×òîáû èññëåäîâàòü ñòåïåíü íàãðåâàíèÿ ýòèõ
ýëåìåíòîâ ñ ëþáîé çàäàííîé òî÷íîñòüþ, íåîáõîäèìî óìåòü ñîñòàâëÿòü ñèñòåìó ëèíåéíûõ
äèôôåðåíöèàëüíûõ óðàâíåíèé äëÿ êâàäðàòè÷íîé àïïðîêñèìàöèè òåìïåðàòóðû ñòåðæíÿ,
ñîñòîÿùåé èç ëþáîãî ÷èñëà ýëåìåíòîâ. Â äàííîé ðàáîòå ðàññìàòðèâàþòñÿ ïðàâèëà ïîëó-
÷åíèÿ òàêèõ ñèñòåì ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÊÍÌÎÍ ÐÊ (ãðàíò �ÃÔ4 3322 (2015�2017 ãã.)) ïî òåìå

”
Òåîðåòè÷åñêèå îñíîâû ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ óñòàíîâèâøèõñÿ íåëèíåéíûõ, òåïëîôèçè÷åñêèõ
ïðîöåññîâ â æàðîïðî÷íûõ ñïëàâàõ“.
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1. Ïîñòàíîâêà çàäà÷è è ÷èñëåííûé àëãîðèòì. Îáùàÿ ïîñòàíîâêà âàðèàöèîíîãî
ïîäõîäà äëÿ ðåøåíèÿ íåñòàöèîíàðíîé çàäà÷è òåïëîïðîâîäíîñòè â ñòåðæíå ðàññìîòðåíà â
[1]. Ñîãëàñíî ýòîìó ïîäõîäó, îïðåäåëÿåòñÿ àïïðîêñèìàöèÿ òåìïåðàòóð T è âû÷èñëÿåòñÿ
âûðàæåíèå:

X =

∫
V

Kxx

2

(
dT

dx

)2

−QT + λ
dT

dt
T

 dV +

∫
S

[
qT +

1

2
h(T − T∞)2

]
dS,

ãäå I1 =
∫
V

Kxx

2

(
dT
dx

)2
dV � ÷àñòü òåïëà, êîòîðàÿ óõîäèò íà ïîâûøåíèå âíóòðåííåé ýíåðãèè;

I2 =
∫
S

qTdS � êîëè÷åñòâî ïîñòóïàþùåãî òåïëà íà ñòåðæåíü;

I3 =
∫
S

1
2
h(T − T∞)2dS � êîëè÷åñòâî òåïëà, óõîäÿùåãî ÷åðåç ïîâåðõíîñòü ñòåðæíÿ;

I4 =
∫
V

λdT
dt
TdV � ÷ëåí, ó÷èòûâàþùèé íåñòàöèîíàðíîñòü çàäà÷è;

I5 −
∫
V

QTdV � âíóòðåííèå èñòî÷íèêè ýíåðãèè.

Äëÿ äàëüíåéøèõ èññëåäîâàíèé ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ: q � òåïëîâîé ïîòîê
(Âò/ñì2);
T � òåìïåðàòóðà (◦Ñ);
S � ïëîùàäü ïîïåðå÷íîãî ñå÷åíèÿ ñòåðæíÿ (ñì2);
T∞ � òåìïåðàòóðà îêðóæàþùåé ñðåäû (◦Ñ);
λ=ρc � êîýôôèöèåíò òåìïåðàòóðîïðîâîäíîñòè

(
Âò

ñì2·◦Ñ

)
;

h � êîýôôèöèåíò òåïëîîòäà÷è;
(

Âò
ñì2·◦Ñ

)
(heat-transfer coe�cient)

Kxx � êîýôôèöèåíò òåïëîïðîâîäíîñòè ìàòåðèàëà
(

Âò
ñì·◦Ñ

)
;

Q � èñòî÷íèê òåïëà âíóòðè òåëà
(

Âò
ñì3·◦Ñ

)
;

ρ � ïëîòíîñòü
(

êã
ñì3

)
;

c � óäåëüíàÿ òåïëîåìêîñòü
(

Âò
êã·◦Ñ

)
;

r � ðàäèóñ ñòåðæíÿ;
L, S � äëèíà è ïëîùàäü ïîïåðå÷íîãî ñå÷åíèÿ ñòåðæíÿ ñîîòâåòñòâåííî;
n � ÷èñëî ýëåìåíòîâ àïïðîêñèìàöèè;
l= L/n � ÷èñëî óçëîâ.
Ïðîáëåìà çàêëþ÷àåòñÿ â íàõîæäåíèè ïðàâèë ñîñòàâëåíèÿ ñèñòåìû äèôôåðåíöèàëüíûõ
óðàâíåíèé äëÿ ðåøåíèÿ íåñòàöèîíàðíîé çàäà÷è òåïëîïðîâîäíîñòè â ñòåðæíå äëÿ ëþáîãî
çàäàííîãî êîëè÷åñòâà ýëåìåíòîâ ñòåðæíÿ.

2. Ðåøåíèå çàäà÷è. Ðàññìîòðèì ñòåðæåíü ñ òåìïåðàòóðîé 0 â íà÷àëüíûé ìîìåíò
âðåìåíè, ñ ëåâîãî êîíöà êîòîðîãî ïîäàåòñÿ ïîòîê òåïëà q. Êâàäðàòè÷íàÿ àïïðîêñèìàöèÿ
òåìïåðàòóðû íåêîòîðîãî îòðåçêà ñòåðæíÿ äëèíîé l åñòü:

T =

(
2x2 − 3dx + l2

l2

)
T1 +

(
4lx− 4x2

l2

)
T2 + d

(
2x2 − lx

l2

)
T3, (1)

ãäå T1, T2 è T3 � òåìïåðàòóðà ñòåðæíÿ íà ëåâîì êîíöå, ïîñåðåäèíå è íà ïðàâîì êîíöå
îòðåçêà ñòåðæíÿ ñîîòâåòñòâåííî.

Åñëè ââåäåì âåêòîðû

NT =

(
2x2 − 3lx + l2

l2
,

4lx− 4x2

l2
,

2x2 − lx
l2

)
è TT = (T1, T2, T3) ,
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òî (1) ìîæíî íàïèñàòü â âèäå T = NTT.
Âîçüìåì ïðîèçâîäíîå îò T ïî x:

Tx =
dT
dx

=

(
4x− 3l

l2

)
T1 +

(
4l − 8x

l2

)
T2 +

(
4x− l
l2

)
T3 (2)

èëè â ìàòðè÷íîé ôîðìå Tx = NT
xT.

Ðàññìîòðèì ôóíêöèîíàë:

X =

∫
V

[
Kxx

2

(
dT
dx

)2
]
dV−

∫
V

QTdV +

∫
V

λ
dT
dt

TdV+

+

∫
S1

qTdS +

∫
S2

1

2
h(T − T∞)2dS +

∫
S3

1

2
h(T − T∞)2dS, (3)

ãäå S1, S2 è S3 � ïëîùàäü ïîïåðå÷íîãî ñå÷åíèÿ ëåâîé ÷àñòè ñòåðæíÿ, áîêîâàÿ ïîâåðõíîñòü
è ïëîùàäü ïîïåðå÷íîãî ñå÷åíèÿ ïðàâîé ÷àñòè ñòåðæíÿ (S1= S3=S), ñîîòâåòñòâåííî.

Ïîäñòàâëÿÿ (1) è (2) â (3), ïîëó÷èì

X=
Kxx

2

∫
V

TT NxN
T
xTdV−

∫
V

QNTTdV+

∫
V

λNT dT

dt
NTTdV+

∫
S1

qNTTdS+
h

2

∫
S2

TTNNTTdS−

− h
∫
S2

NTTT∞dS +
h

2

∫
S2

T 2
∞dS +

h

2

∫
S3

TTNNTTdS− h
∫
S3

NTTT∞dS +
h

2

∫
S3

T 2
∞dS (4)

Áåðåì ïðîèçâîäíîå X ïî T. Èìååì:

d

dT
X = Kxx

∫
V

NxN
T
xTdV−

∫
V

QNTdV +

∫
V

λNNT dT

dt
dV +

∫
S1

qNTdS+

+ h

∫
S2

NNTTdS− h
∫
S2

NTT∞dS + h

∫
S3

NNTTdS− h
∫
S3

NTT∞dS = 0. (5)

Âû÷èñëèì êàæäûé ÷ëåí âûðàæåíèÿ (5) â îòäåëüíîñòè äëÿ òðåõ óçëîâ (îäèí ýëåìåíò, n
=1):

Kxx

∫
V

NxN
T
xTdV =

=
Kxx

L4

∫
V

(4x− 3l)(4l − 8x) (4x− 3l)(4l − 8x) (4x− 3l)(4x− 3l)
(4l − 8x)(4l − 8x) (4l − 8x)(4l − 8x) (4l − 8x)(4x− 3l)
(4x− l)(4l − 8x) (4x− l)(4l − 8x) (4x− l)(4x− 3l)

 dVT =

=
SKxx

6l

 14 −16 2
−16 32 −16

2 −16 14

×
T1T2
T3

 . (6)
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∫
V

QNTdV =
SQ
l2

L∫
0

2x2 − 3lx + l2

4lx− 4x2

2x2 − lx

 dx =
SQl
6

1
4
1

 . (7)

λ

∫
V

NNT dT

dt
dV =

λ

l4

∫
V

(2x2 − 3lx + l2)(2x2 − 3lx + l2) (2x2 − 3lx + l2)(4lx− 4x2)
(4lx− 4x2)(2x2 − 3lx + l2) (4lx− 4x2)(4lx− 4x2)
(2x2 − lx)(2x2 − 3lx + l2) (2x2 − lx)(4lx− 4x2)

(2x2 − 3lx + l2)(2x2 − lx)
(4lx− 4x2)(2x2 − lx)
(2x2 − lx)(2x2 − lx)

dT1

dt
dT2

dt
dT3

dt

 dV =
Sλl

15

 2 1 −1
2

1 8 1
−1

2
1 2

dT1

dt
dT2

dt
dT3

dt

 . (8)

Íà ëåâîì êîíöå ñòåðæíÿ èìååì:

∫
S1

qNNdS = qS

1
0
0

 (9)

h

∫
S2

NNTTdS =
2πrh
l4

∫
V

(2x2 − 3lx + l2)(2x2 − 3lx + l2) (2x2 − 3lx + l2)(4lx− 4x2)
(4lx− 4x2)(2x2 − 3lx + l2) (4lx− 4x2)(4lx− 4x2)
(2x2 − lx)(2x2 − 3lx + l2) (2x2 − lx)(4lx− 4x2)

(2x2 − 3lx + l2)(2x2 − lx)
(4lx− 4x2)(2x2 − lx)
(2x2 − lx)(2x2 − lx)

 dVT =
2πrlh

15

 2 1 −1
2

1 8 1
−1

2
1 2

×
T1T2
T3

 (10)

h

∫
S2

NTT∞dS
2πrh
l2

l∫
0

2x2 − 3lx + l2

4lx− 4x2

2x2 − lx

 dx =
πrhl

3

1
4
1

 . (11)

Íà ïðàâîì êîíöå ñòåðæíÿ èìååì:

h

∫
S3

NNTTdS = hS

0 0 0
0 0 0
0 0 1

T1T2
T3

 =

 0
0

hST3

 . (12)

h

∫
S3

NTT∞dS = hST∞

0
0
1

 . (13)

Ïîäñòàâëÿÿ âñå ïîëó÷åííûå âûðàæåíèÿ (áåç ó÷åòà âíóòðåííèõ èñòî÷íèêîâ ýíåðãèè (7))
â (5), ïîëó÷èì ñëåäóþùóþ ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé äëÿ íåñòàöèîíàðíîãî,
íåòåïëîèçîëèðîâàííîãî ñëó÷àÿ:

H1T̄t +K1q
1
T̄ = B1q

1
, (14)

ãäå
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Òàáëèöà 1
Èñõîäíûå äàííûå

Kxx λ=ρc H T∞ Q T0 R S

75 15 10 40◦C 150 100◦C 1 πr2

K1q
1

=

 14KxxS
6L

+ 4πrhl
15

−16KxxS
6L

+ 2πrhl
15

2KxxS
6L

+ πrhl
15

−16KxxS
6L

+ 2πrhl
15

32KxxS
6L

+ 16πrhl
15

−16KxxS
6L

+ 2πrhl
15

2KxxS
6L

+ πrhl
15

−16KxxS
6L

+ 2πrhl
15

14KxxS
6L

+ 4πrhl
15

+ hS

 =
KxxS

6L
×

×

 14 −16 2
−16 32 −16

2 −16 14

+

0 0 0
0 0 0
0 0 hs

+
πrhl
15

4 2 1
2 16 2
1 2 4

 = F 1q +O1q +G1q
1 ,

T̄t =

dT1

dt
dT2

dt
dT3

dt

 , T =

T1T2
T3

 , H1 =
λSl
15

 2 1 −1
2

1 8 1
−1

2
1 2

 ,

B1q
1

=

 −qS + πrhlT∞
3

4πrhlT∞
3

hST∞ + πrhlT∞
3

 =

 −qS0
hST∞

+
πrhlT∞

3

1
4
1

 = B1q + B̃1q
1
.

è äëÿ ñòàöèîíàðíîãî ñëó÷àÿ èìååì:

K1q
1
T̄ = B1q

1
, (15)

Çäåñü íèæíèå èíäåêñû îçíà÷àþò íåòåïëîèçîëèðîâàííûå ýëåìåíòû, à âåðõíèé � îáùåå êî-
ëè÷åñòâî ýëåìåíòîâ è íà÷àëüíûå óñëîâèÿ äëÿ ëåâîãî êîíöà ñòåðæíÿ, êóäà ïîäàåòñÿ ïîòîê
òåïëà q.

Ïîäñòàâëÿÿ èñõîäíûå äàííûå èç òàáë. 1, ïîëó÷èì ñëåäóþùóþ ñèñòåìó äèôôåðåíöè-
àëüíûõ óðàâíåíèé 3375 1687,5 −843,75

1687,5 13500 1687,5
−843,75 1687,5 3375

×
dT1

dt
dT2

dt
dT3

dt

+

 9750 −3750 −375
−3750 30000 −3750
−375 −3750 12000

×
×

T1T2
T3

 =

258750
90000
315000

 . (16)

Ðåøåíèå ýòîé ñèñòåìû ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ïðåäñòàâëåíî íà ðèñ. 1.
Ñòàöèîíàðíûìè ðåøåíèÿìè ÿâëÿþòñÿ T1 = 43,66◦C, T2 = 40,49◦C, T3 = 40.26◦C. Â

ñëó÷àå, êîãäà áîêîâàÿ ïîâåðõíîñòü òåïëîèçîëèðîâàíà, íå ó÷èòûâàþòñÿ ÷ëåíû (10) è (11).
Â ýòîì ñëó÷àå (14) èìååò âèä

H1T̄t +K1qT̄ = B1q, (17)

ãäå K1q = F 1q +O1q. Â ýòîì ñëó÷àå èìååì:

K1qT̄ = B1q. (18)

Ïîäñòàâëÿÿ èñõîäíûå äàííûå èç òàáë. 1, ïîëó÷èì ñëåäóþùóþ ñèñòåìó äèôôåðåíöèàëüíûõ
óðàâíåíèé äëÿ íåñòàöèîíàðíîãî ñëó÷àÿ:
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Ðèñ. 1. Èçìåíåíèå òåìïåðàòóðû â òðåõ óçëàõ äëÿ íåòåïëîèçîëèðîâàííîãî ñëó÷àÿ

(ñëåâà ïðèëîæåí ïîòîê òåïëà q = −150 Âò/ñì2)

 675 337,5 −168,75
337,5 2700 337,5
−168,75 337,5 675

×
dT1

dt
dT2

dt
dT3

dt

+

 1050 −1200 150
−1200 2400 −1200

150 −1200 1500

×
×

T1T2
T3

 =

 6750
0

18000

 . (19)

Ðèñ. 2. Èçìåíåíèå òåìïåðàòóðû â òðåõ óçëàõ äëÿ òåïëîèçîëèðîâàííîãî ñëó÷àÿ

(ñëåâà ïðèëîæåí ïîòîê òåïëà q = −150 Âò/ñì2)

Íåñòàöèîíàðíîå ðåøåíèå ýòîé ñèñòåìû ïðåäñòàâëåíî íà ðèñ. 2.
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Ñòàöèîíàðíûì ðåøåíèåì ÿâëÿåòñÿ T1 = 70◦C, T2 = 62,5◦C è T3 = 55◦C. Âû÷èñëèì
òåïåðü êàæäûé ÷ëåí âûðàæåíèÿ (5) â îòäåëüíîñòè äëÿ ïÿòè óçëîâ (äâà ýëåìåíòà, n = 2).
Èìååì

Kxx

∫
V

NxN
T
xTdV =

=
Kxx

l4

∫
V


(4x− 3l)(4l − 8x) (4x− 3l)(4l − 8x) (4x− 3l)(4x− 3l) 0 0
(4l − 8x)(4l − 8x) (4L− 8x)(4l − 8x) (4l − 8x)(4x− 3l) 0 0
(4x− l)(4L− 8x) (4x− L)(4l − 8x) (4x− l)(4x− 3l) 0 0

0 0 0 0 0
0 0 0 0 0

×

×


T1
T2
T3
T4
T5

 dV +
Kxx

l4

∫
V


0 0 0 0
0 0 0 0
0 0 (4x− 3l)(4l − 8x) (4x− 3l)(4l − 8x)
0 0 (4l − 8x)(4l − 8x) (4l − 8x)(4l − 8x)
0 0 (4x− l)(4l − 8x) (4x− l)(4l − 8x)

0
0

(4x− 3l)(4x− 3l)
(4l − 8x)(4x− 3l)
(4x− l)(4x− 3l)



T1
T2
T3
T4
T5

 dV =
SKxx

6l


14 −16 2 0 0
−16 32 −16 0 0

2 −16 28 −16 2
0 0 −16 32 −16
0 0 2 −16 14

×

T1
T2
T3
T4
T5

 . (20)

∫
V

QNTdV =
SQ
l2

L∫
0


2x2 − 3lx + L2

4lx− 4x2

2x2 − lx
0
0

 dx =
SQl
6


1
4
1
0
0

 .

λ

∫
V

NNT dT

dt
dV = l

λ

L4

∫
V


(2x2 − 3lx + l2)(2x2 − 3lx + l2)

(4lx− 4x2)(2x2 − 3lx + l2)
(2x2 − lx)(2x2 − 3lx + l2)

0
0

(21)

(2x2 − 3lx + l2)(4lx− 4x2) (2x2 − 3lx + l2)(2x2 − lx) 0 0
(4lx− 4x2)(4lx− 4x2) (4lx− 4x2)(2x2 − lx) 0 0
(2x2 − lx)(4lx− 4x2) (2x2 − lx)(2x2 − lx) 0 0

0 0 0 0
0 0 0 0




dT1

dt
dT2

dt
dT3

dt
dT4

dt
dT5

dt

 dV+

+
λ

l4

∫
V


0 0 0 0
0 0 0 0
0 0 (2x2 − 3lx + l2)(2x2 − 3lx + l2) (2x2 − 3lx + l2)(4lx− 4x2)
0 0 (4lx− 4x2)(2x2 − 3lx + l2) (4lx− 4x2)(4lx− 4x2)
0 0 (2x2 − lx)(2x2 − 3lx + l2) (2x2 − lx)(4lx− 4x2)
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0
0

(2x2 − 3lx + l2)(2x2 − lx)
(4Lx− 4x2)(2x2 − lx)
(2x2 − lx)(2x2 − lx)




dT1

dt
dT2

dt
dT3

dt
dT4

dt
dT5

dt

 dV =
Sλl

15


2 1 −1

2
0 0

1 8 1 0 0
−1

2
1 4 1 −1

2

0 0 1 8 1
0 0 −1

2
2 2




dT1

dt
dT2

dt
dT3

dt
dT4

dt
dT5

dt

 .

Íà ëåâîì êîíöå ñòåðæíÿ èìååì:

∫
S1

qNdS = qS


1
0
0
0
0

 . (22)

×ëåí, ó÷èòûâàþùèé òåïëîîáìåí ïî áîêîâîé ïîâåðõíîñòè ñòåðæíÿ, ðàâåí:

h

∫
S2

NNTTdS =
2πrh
l4

∫
V


(2x2 − 3lx + l2)(2x2 − 3lx + l2) (2x2 − 3lx + l2)(4lx− 4x2)

(4lx− 4x2)(2x2 − 3lx + l2) (4lx− 4x2)(4lx− 4x2)
(2x2 − lx)(2x2 − 3lx + l2) (2x2 − lx)(4lx− 4x2)

0 0
0 0

(2x2−3lx+l2)(2x2− lx) 0 0
(4lx− 4x2)(2x2 − lx) 0 0
(2x2 − lx)(2x2 − lx) 0 0

0 0 0
0 0 0



T1
T2
T3
T4
T5

dV+
2πrh
l4

∫
V


0 0 0
0 0 0
0 0 (2x2−3lx+l2)(2x2−3lx+l2)
0 0 (4lx− 4x2)(2x2 − 3lx + l2)
0 0 (2x2 − lx)(2x2 − 3lx + l2)

(23)

0 0
0 0

(2x2 − 3lx + l2)(4lx− 4x2) (2x2 − 3lx + l2)(2x2 − lx)
(4lx− 4x2)(4lx− 4x2) (4lx− 4x2)(2x2 − lx)
(2x2 − lx)(4lx− 4x2) (2x2 − lx)(2x2 − lx)



T1
T2
T3
T4
T5

 dV

=
2πrlh

15


2 1 −1

2
0 0

1 8 1 0 0
−1

2
1 4 1 −1

2

0 0 1 8 1
0 0 −1

2
2 2



T1
T2
T3
T4
T5

 . (24)

h

∫
S3

NNTTdS = hS


0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 1



T1
T2
T3
T4
T5

 =


0
0
0
0

hST5

 (25)

h

∫
S2

NTT∞dS
2πrh
l2




2x2 − 3lx + l2

4lx− 4x2

2x2 − lx
0
0

 dx +


0
0

2x2 − 3lx + l2

4lx− 4x20
2x2 − lx

 dx

 =
πrhlT∞

3


1
4
2
4
1

 . (26)
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h

∫
S3

NTT∞dS = hST∞


0
0
0
0
1

 . (27)

Ïîäñòàâëÿÿ ïîëó÷åííûå çíà÷åíèÿ (áåç ó÷åòà âíóòðåííèõ èñòî÷íèêîâ ýíåðãèè (7)) â (5),
ïîëó÷èì ñëåäóþùóþ ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé äëÿ íåñòàöèîíàðíîãî ñëó÷àÿ:

H2T̄t +K2q
1,2T̄ = B2q

1,2, (28)

ãäå

K2q
1,2 =


14KxxS

6l
+ 4πrhl

15
−16KxxS

6L
+ 2πrhl

15
2KxxS

6l
+ πrhl

15

−16KxxS
6l

+ 2πrhl
15

32KxxS
6L

+ 16πrhl
15

−16KxxS
6l

+ 2πrhl
15

2KxxS
6l

+ πrhl
15

−16KxxS
6L

+ 2πrhl
15

28KxxS
6l

+ 8πrhl
15

0 0 −16KxxS
6l

+ 2πrhl
15

0 0 2KxxS
6l

+ πrhl
15

0 0
0 0

−16KxxS
6l

+ 2πrhl
15

2KxxS
6l

+ πrhl
15

32KxxS
6l

+ 16πrhl
15

−16KxxS
6l

+ 2πrhl
15

−16KxxS
6l

+ 2πrhl
15

14KxxS
6l

+ 4πrhl
15

+ hs

 =
KxxS

6l


14 16 2 0 0
16 32 16 0 0
2 16 28 16 2
0 0 16 32 16
0 0 2 16 14

+

+


0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 hs

+
πrhl
15


4 2 1 0 0
2 16 2 0 0
1 2 8 2 1
0 0 2 16 2
0 0 1 2 4

 = F 2q +O2q +G1q
1,2.

H2 =
Sλl

15


2 1 −1

2
0 0

1 8 1 0 0
−1

2
1 4 1 −1

2

0 0 1 8 1
0 0 −1

2
2 2

 , T̄t =


dT1

dt
dT2

dt
dT3

dt
dT4

dt
dT5

dt

 , T =


T1
T2
T3
T4
T5

 ,

B2q
1,2 =


−qS + πrhlT∞

3
4πrhlT∞

3
2πrhlT∞

3
4πrhlT∞

3

hST∞ + πrhlT∞
3

 =


−qS

0
0
0

hST∞

+
πrhlT∞

3


1
4
2
4
1

 = B2q + B̃2q
1,2.

À äëÿ ñòàöèîíàðíîãî ñëó÷àÿ èìååì

K2q
1,2T̄ = B2q

1,2. (29)

Ïîäñòàâëÿÿ èñõîäíûå äàííûå èç òàáë. 1, ïîëó÷èì äëÿ íåñòàöèîíàðíîãî ñëó÷àÿ ñëåäó-
þùóþ ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé:
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Ðèñ. 3. Èçìåíåíèå òåìïåðàòóðû â ïÿòè óçëàõ äëÿ íåòåïëîèçîëèðîâàííîãî ñëó÷àÿ

(ñëåâà ïðèëîæåí ïîòîê òåïëà q = −150 Âò/ñì2)


843,75 421,875 −210,9375 0 0
421,875 3375 421,875 0 0
−210,9375 421,875 1687,75 421,875 −210,9375

0 0 421,875 3375 421,875
0 0 −210,9375 421,875 843,75

×


dT1

dt
dT2

dt
dT3

dt
dT4

dt
dT5

dt

+

+


6375 −5434,5 468,75 0 0
−5437,5 16500 −5437,5 0 0
468,75 −5437,5 12750 −5437,5 468,75

0 0 −5437,5 16500 −5437,5
0 0 468,75 −5437,5 7500

×

T1
T2
T3
T4
T5

 =


73125
225000
112500
225000
101250

 .

Ðåøåíèå ýòîé ñèñòåìû ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ïðåäñòàâëåíî íà ðèñ. 3.
Ñòàöèîíàðíûìè ðåøåíèÿìè ÿâëÿþòñÿ T1 = 43,84◦C, T2 = 41,45◦C, T3 = 40,57◦C,

T4 = 40,23◦C è T5 = 40,13◦C. Åñëè ñðàâíèòü òåìïåðàòóðó â êðàéíèõ òî÷êàõ è â ñåðåäèíå
ñòåðæíÿ, òî åñòü ðåøåíèÿ T1, T3 è T5 ñ ðåøåíèÿìè T1, T2 è T3, ïîëó÷åííûìè äëÿ òðåõ óç-
ëîâ, âèäèì, ÷òî îòêëîíåíèÿ íåçíà÷èòåëüíû: ∆T 1 = 0,18◦C, ∆T 2 = 0,08◦C, ∆T 3 = 0,13◦C.
Â ñëó÷àå, êîãäà áîêîâàÿ ïîâåðõíîñòü òåïëîèçîëèðîâàíà, (27) èìååò âèä

H2T̄t +K2qT̄ = B2q, (30)

ãäå K2q = F 2q +O2q.
À äëÿ ñòàöèîíàðíîãî ñëó÷àÿ èìååì

K2qT̄ = B2q. (31)

Ïîäñòàâëÿÿ èñõîäíûå äàííûå èç òàáë. 1, äëÿ íåñòàöèîíàðíîãî ñëó÷àÿ ïîëó÷èì ñëåäó-
þùóþ ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé:
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Ðèñ. 4. Èçìåíåíèå òåìïåðàòóðû â ïÿòè óçëàõ äëÿ òåïëîèçîëèðîâàííîãî ñëó÷àÿ

(ñëåâà ïðèëîæåí ïîòîê òåïëà q = −150 Âò/ñì2)


843,75 421,875 −210,9375 0 0
421,875 3375 421,875 0 0
−210,9375 421,875 1687,75 421,875 −210,9375

0 0 421,875 3375 421,875
0 0 −210,9375 421,875 843,75

×


dT1

dt
dT2

dt
dT3

dt
dT4

dt
dT5

dt

+

+


5250 −6000 750 0 0
−6000 12000 −6000 0 0

750 −6000 10500 −600 750
0 0 −6000 12000 −6000
0 0 750 −6000 6375

×

T1
T2
T3
T4
T5

 =


16875

0
0
0

45000


Íåñòàöèîíàðíîå ðåøåíèå äàííîé ñèñòåìû ïðåäñòàâëåíî íà ðèñ. 4.

Ñòàöèîíàðíûì ðåøåíèåì ïîëó÷åííîé ñèñòåìû ÿâëÿåòñÿ T1 = 70◦C, T2 = 67◦C, T3 =
64◦C, T4 = 61◦C, T5 = 58◦C è T6 = 55◦C. Åñëè ñðàâíèòü òåìïåðàòóðó â êðàéíèõ òî÷êàõ è
â ñåðåäèíå ñòåðæíÿ, òî åñòü ðåøåíèÿ T1, T3 è T5 ñ ðåøåíèÿìè T1, T2 è T3, ïîëó÷åííûìè
äëÿ òðåõ óçëîâ, âèäèì, ÷òî îòêëîíåíèÿ íåçíà÷èòåëüíû: ∆T 1 = 0,18◦C, ∆T 2 = 0,08◦C,
∆T 3 = 0,13◦C. Äëÿ óäîáñòâà äàëüíåéøåãî èçëîæåíèÿ ââåäåì îïåðàòîðû U è V

U1

a11 a12 a13
a12 a22 a13
a13 a12 a11

 =

a11 a12 a13
a21 a22 a23
a31 a32 a33

 ,U0
1

a11 a12 a13
a12 a22 a13
a13 a12 a11

 =

0 0 0
0 0 0
0 0 0

 ,

U1
2

a11 a12 a13
a12 a22 a13
a13 a12 a11

 =


a11 a12 a13 0 0
a12 a22 a12 0 0
a13 a12 a11 0 0
0 0 0 0 0
0 0 0 0 0

 ,
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U2
2

a11 a12 a13
a12 a22 a13
a13 a12 a11

 =


0 0 0 0 0
0 0 0 0 0
0 0 a11 a12 a13
0 0 a12 a22 a12
0 0 a13 a12 a11



U2

a11 a12 a13
a12 a22 a13
a13 a12 a11

 =


a11 a12 a13 0 0
a12 a22 a12 0 0
a13 a12 2a11 a12 a13
0 0 a12 a22 a12
0 0 a13 a12 a11

 = U1
2

a11 a12 a13
a12 a22 a13
a13 a12 a11

+

+ U2
2

a11 a12 a13
a12 a22 a13
a13 a12 a11


è ò. ä.

V 0
1

a1a2
a3

 =

0
0
0

 , V 1
1

a1a2
a3

 =

a1a2
a3

 , V1

a1a2
a3

 = V 0
1

a1a2
a3

+ V 1
1

a1a2
a3

 ,

V 0
2


a1
a2
a3
a4
a5

 =


0
0
0
0
0

 , V 1
2


a1
a2
a3
a4
a5

 =


a1
a2
a3
0
0

 , V 2
2


a1
a2
a3
a4
a5

 =


0
0
a1
a2
a3

 ,

V2


a1
a2
a3
a4
a5

 = V 0
2


a1
a2
a3
a4
a5

+ V 1
2


a1
a2
a3
a4
a5

+ V 2
2


a1
a2
a3
a4
a5

 ,

P (U,b) ïðèáàâëÿåò ïîñëåäíåìó äèàãîíàëüíîìó ýëåìåíòó ìàòðèöû P âûðàæåíèå b. Íàïðè-
ìåð,

P

a11 a12 a13
a12 a22 a13
a13 a12 a11

 ,b

 =

a11 a12 a13
a12 a22 a13
a13 a12 a11 + b

 .

Àíàëèçèðóÿ (14) è (27), ìîæíî âûÿâèòü ñëåäóþùèå ïðàâèëà ïîëó÷åíèÿ ñèñòåìû äèôôå-
ðåíöèàëüíûõ óðàâíåíèÿ ïðè àïïðîêñèìàöèè ïðîèçâîëüíûì êîëè÷åñòâîì ýëåìåíòîâ.

1. Ôîðìèðîâàíèå ìàòðèöû K ïðè T äëÿ íåòåïëîèçîëèðîâàííîãî ñëó÷àÿ.
Àíàëèçèðóÿ ìàòðèöó K äëÿ òðåõ (14) è ïÿòè óçëîâ (27), ìîæíî âûÿâèòü ñëåäóþùèå
ïðàâèëà îïðåäåëåíèÿ ýëåìåíòîâ ìàòðèöû K äëÿ n ýëåìåíòîâ:

(à) � äëÿ îäíîãî ýëåìåíòà
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K1q
1 =

KxxS

6L

 14 −16 2
−16 32 −16

2 −16 14

+

0 0 0
0 0 0
0 0 hs

+
πrhl
15

4 2 1
2 16 2
1 2 4

 =

= P

KxxS

6L
U1

 14 −16 2
−16 32 −16

2 −16 14

 ,hs

+
πrhl
15

U1

 4 2 1
−16 16 2

1 2 4

 ;

(á) � äëÿ äâóõ ýëåìåíòîâ

K2q
1,2 =

KxxS

6l


14 16 2 0 0
16 32 16 0 0
2 16 28 16 2
0 0 16 32 16
0 0 2 16 14

+


0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 hs

+
πrhl
15


4 2 1 0 0
2 16 2 0 0
1 2 8 2 1
0 0 2 16 2
0 0 1 2 4

=

= P

KxxS

6L
U2

 14 −16 2
−16 32 −16

2 −16 14

 ,hs

+
πrhl
15

U2

 4 2 1
−16 16 2

1 2 4

 ;

(â) � äëÿ n ýëåìåíòîâ èìååì

Knq
1,2,...,n = P

KxxS

6L
Un

 14 −16 2
−16 32 −16

2 −16 14

 ,hs

+
πrhl
15

Un

 4 2 1
−16 16 2

1 2 4

 ,

2. Ôîðìèðîâàíèå ìàòðèöû Í.
Àíàëèçèðóÿ ìàòðèöó H äëÿ òðåõ (14) è äëÿ ïÿòè óçëîâ (27), ìîæíî âûÿâèòü ñëåäó-
þùèå ïðàâèëà îïðåäåëåíèÿ ýëåìåíòîâ ìàòðèöû H äëÿ n ýëåìåíòîâ:

(à) � äëÿ îäíîãî ýëåìåíòà

H1 =
λSl
15

 2 1 −1
2

1 8 1
−1

2
1 2

 =
λSl
15

U1

 2 1 −1
2

1 8 1
−1

2
1 2

 ;

(á) � äëÿ äâóõ ýëåìåíòîâ:

H2 =
λSl
15


2 1 −1

2
0 0

1 8 1 0 0
−1

2
1 4 1 −1

2

0 0 1 8 1
0 0 −1

2
2 2

 =
λSl
15

U2

 2 1 −1
2

1 8 1
−1

2
1 2

 ;

(â) � äëÿ n ýëåìåíòîâ èìååì

Hn =
λSl
15

Un

 2 1 −1
2

1 8 1
−1

2
1 2

 .

3. Ôîðìèðîâàíèå ìàòðèöû B.
Àíàëèçèðóÿ âåêòîð B äëÿ òðåõ (14) è äëÿ ïÿòè óçëîâ (27), ìîæíî âûÿâèòü ñëåäóþùèå
ïðàâèëà îïðåäåëåíèÿ ýëåìåíòîâ ìàòðèöû B äëÿ n ýëåìåíòîâ:

(à) � äëÿ îäíîãî ýëåìåíòà:
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B1q
13

=

 −qS0
hST∞

+
πrhlT∞

3

1
4
1

 = B1q +
πrhlT∞

3
V1

1
4
1

 .

(á) � äëÿ äâóõ ýëåìåíòîâ

B2q
1,2 =


−qS

0
0
0

hST∞

+
πrhlT∞

3


1
4
2
4
1

 = B2q +
πrhlT∞

3
V2

1
4
1

 .

(â) � äëÿ n ýëåìåíòîâ

Bnq
1,2,...,n =


−qS

0
0

...
0
hST∞

+
πrhlT∞

3



1
4
2
4
...
2
4
1


= Bnq +

πrhlT∞
3

Vn

1
4
1



Íåêîòîðûå ýëåìåíòû ñòåðæíÿ òåïëîèçîëèðîâàíû, à íåêîòîðûå � íåò ïðè ïîäà÷å ïîñòîÿí-
íîãî ïîòîêà òåïëà ñ ëåâîãî êîíöà ñòåðæíÿ. Åñëè íå òåïëîèçîëèðîâàíû ýëåìåíòû i1, i2,. . . ,
ik, òî èìååì:

1. Hn =
λSl
15

Un

 2 1 −1
2

1 8 1
−1

2
1 2

 ;

2. Knq
i1,i2,...,ik

= P

KxxS

6L

k∑
j=1

U ij
n

 14 −16 2
−16 32 −16

2 −16 14

 ,hs

+
πrhl
15

k∑
j=1

U ij
n

 4 2 1
−16 16 2

1 2 4

 ;

3. Bnq
i1,i2,...,ik

= Bnq +
πrhlT∞

3

k∑
j=1

V ij
n

1
4
1

 .

Äëÿ ïðèìåðà, êîãäà òåïëîèçîëèðîâàí âòîðîé èç äâóõ ýëåìåíòîâ áîêîâîé ïîâåðõíîñòè
ñòåðæíÿ, ïîëó÷èì ñëåäóþùèå ìàòðèöû K è H, à òàêæå âåêòîð B ñèñòåìû (27):

K2q
1 = P

KxxS

6L
U1

2

 14 −16 2
−16 32 −16

2 −16 14

 ,hs

+
πrhl
15

U1
2

 4 2 1
−16 16 2

1 2 4

 =

=


14KxxS

6l
+ 4πrhl

15
−16KxxS

6L
+ 2πrhl

15
2KxxS

6l
+ πrhl

15
0 0

−16KxxS
6l

+ 2πrhl
15

32KxxS
6L

+ 16πrhl
15

−16KxxS
6l

+ 2πrhl
15

0 0
2KxxS

6l
+ πrhl

15
−16KxxS

6L
+ 2πrhl

15
28KxxS

6l
+ 4πrhl

15
−16KxxS

6l
2KxxS

6l

0 0 −16KxxS
6l

32KxxS
6l

−16KxxS
6l

0 0 2KxxS
6l

−16KxxS
6l

14KxxS
6l

+ hs

 ,
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Ðèñ. 5. Èçìåíåíèå òåìïåðàòóðû â ïÿòè óçëàõ äëÿ òåïëîèçîëèðîâàííîãî âòîðîãî ýëåìåíòà

(ñëåâà ïðèëîæåí ïîòîê òåïëà q = −150 Âò/ñì2)

B2q
1 = B5q +

πrhlT∞
3

V 1
2

1
4
1

 =


−qS + πrhlT∞

3
4πrhlT∞

3
πrhlT∞

3

0
hST∞

 .

Ïîäñòàâëÿÿ èñõîäíûå äàííûå èç òàáë. 1, ïîëó÷èì ñëåäóþùóþ ñèñòåìó äèôôåðåíöèàëüíûõ
óðàâíåíèé:

843,75 421,875 −210,9375 0 0
421,875 3375 421,875 0 0
−210,9375 421,875 1687,75 421,875 −210,9375

0 0 421,875 3375 421,875
0 0 −210,9375 421,875 843,75

×


dT1

dt
dT2

dt
dT3

dt
dT4

dt
dT5

dt

+

+


6375 −5437,5 468,75 0 0
−5437,5 12000 −5437,5 0 0
468,75 −5437,5 11625 −600 750

0 0 −6000 12000 −6000
0 0 750 −6000 6375

×

T1
T2
T3
T4
T5

 =


73125
225000
56125

0
45000

 .

Ðåøåíèå ýòîé çàäà÷è ïðåäñòàâëåíî íà ðèñ. 5.
Ñòàöèîíàðíûì ðåøåíèåì ïîëó÷åííîé ñèñòåìû ÿâëÿåòñÿ T1 = 43,96◦C, T2 = 41,62◦C,

T3 = 40,97◦C, T4 = 40,81◦C è T5 = 40,65◦C. Â ñëó÷àå òåïëîèçîëèðîâàííîñòè ëåâîé ïîëîâè-
íû áîêîâîé ïîâåðõíîñòè ñòåðæíÿ ìàòðèöû K è H, à òàêæå âåêòîð B ñèñòåìû (27) èìåþò
âèä:

K2q
1 = P

KxxS

6L
U2

2

 14 −16 2
−16 32 −16

2 −16 14

 ,hs

+
πrhl
15

U2
2

 4 2 1
−16 16 2

1 2 4

 =



Êóäàéêóëîâ À.Ê., Òàøåâ À.À. 41

=


14KxxS

6l
−16KxxS

6L
2KxxS

6l
0 0

−16KxxS
6l

32KxxS
6L

−16KxxS
6l

0 0
2KxxS

6l
−16KxxS

6L
28KxxS

6l
+ 4πrhl

15
−16KxxS

6l
+ 2πrhl

15
2KxxS

6l
+ πrhl

15

0 0 −16KxxS
6l

32KxxS
6l

+ 16πrhl
15

−16KxxS
6l

+ 2πrhl
15

0 0 2KxxS
6l

−16KxxS
6l

+ 2πrhl
15

14KxxS
6l

+ 4πrhl
15

+ hs

 ,

B2q
2 = B2q +

πrhlT∞
3

V 2
2

1
4
1

 =


−qS

0
πrhlT∞

3
4πrhlT∞

3

hST∞ + πrhlT∞
3

 .

Ïîäñòàâëÿÿ èñõîäíûå äàííûå èç òàáë. 1 ïîëó÷èì ñëåäóþùóþ ñèñòåìó äèôôåðåíöèàëüíûõ
óðàâíåíèé:


843,75 421,875 −210,9375 0 0
421,875 3375 421,875 0 0
−210,9375 421,875 1687,75 421,875 −210,9375

0 0 421,875 3375 421,875
0 0 −210,9375 421,875 843,75

×


dT1

dt
dT2

dt
dT3

dt
dT4

dt
dT5

dt

+

+


6375 −5437.5 468.75 0 0
−5437.5 12000 −5437.5 0 0
468.75 −5437.5 11625 −600 750

0 0 −6000 12000 −6000
0 0 750 −6000 6375

×

T1
T2
T3
T4
T5

 =


73125
225000
56125

0
45000

 ,

Ðåøåíèå ýòîé çàäà÷è ïðåäñòàâëåíî íà ðèñ. 6.
Ñòàöèîíàðíûì ðåøåíèåì ïîëó÷åííîé ñèñòåìû ÿâëÿåòñÿ T1 = 51,44◦C, T2 = 47,69◦C,

T3 = 43,94◦C, T4 = 41,59◦C è T5 = 40,91◦C.
Ñðàâíèòåëüíûé ãðàôèê ñòàöèîíàðíûõ ðåøåíèé äëÿ äâóõ ýëåìåíòîâ, ïîëó÷åííûõ ïóòåì

èñïîëüçîâàíèÿ îïèñàííûõ âûøå ïðàâèë, ïðåäñòàâëåí íà ðèñ. 7.
Çàêëþ÷åíèå. Ïîëó÷åíû ïðàâèëà ñîñòàâëåíèÿ ñèñòåì ëèíåéíûõ äèôôåðåíöèàëüíûõ

óðàâíåíèé äëÿ ðåøåíèÿ çàäà÷è ðàñïðîñòðàíåíèÿ òåïëà â ñòåðæíå ïðè êâàäðàòè÷íîé
àïïðîêñèìàöèè, ñîñòîÿùåé èç ëþáîãî êîëè÷åñòâà óçëîâ.
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Ðèñ. 6. Èçìåíåíèå òåìïåðàòóðû â ïÿòè óçëàõ äëÿ òåïëîèçîëèðîâàííîãî ïåðâîãî ýëåìåíòà

(ñëåâà ïðèëîæåí ïîòîê òåïëà q = −150 Âò/ñì2)

Ðèñ. 7. Èçìåíåíèå òåìïåðàòóðû â óçëîâûõ òî÷êàõ äëÿ ðàçëè÷íûõ ñïîñîáîâ òåïëîèçîëÿöèè

ñèòåò èì. Â.È.Ëåíèíà ïî ñïåöèàëüíîñòè
”
Ïðè-

êëàäíàÿ ìàòåìàòèêà è ìåõàíèêà“ â 1973 ã. Â
1979 ã. çàùèòèë êàíäèäàòñêóþ äèññåðòàöèþ â
ÌÃÓ èì.Ì.Â.Ëîìîíîñîâà. Â 1992 ã. çàùèòèë
äîêòîðñêóþ ïî ñïåöèàëüíîñòè 01.02.07 �

”
Ìå-

õàíèêà ñûïó÷èõ òåë, ãðóíòîâ è ãîðíûõ ïîðîä“
â Èíñòèòóòå ãèäðîäèíàìèêè ÑÎ ÐÀÍ. Äîêòîð

ôèçèêî-ìàòåìàòè÷åñêèõ íàóê ïðîôåññîð, àêà-
äåìèê Ìåæäóíàðîäíîé àêàäåìèè èíôîðìàòèçà-
öèè, äåéñòâèòåëüíûé ÷ëåí âñåìèðíîãî îáùåñòâà
èíæåíåðîâ-íåôòÿíèêîâ.

Èçâåñòíûé ó÷åíûé â îáëàñòè ìåõàíèêè äå-
ôîðìèðóåìîãî òâåðäîãî òåëà è ãåîìåõàíèêè.
Àâòîð áîëåå 110 íàó÷íûõ ñòàòåé è 9 ìîíîãðà-
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ôèé, èç êîòîðûõ 2 ìîíîãðàôèè èçäàíû â Àí-
ãëèè. Óäîñòîåí çîëîòîé ìåäàëè èìåíè àêàäåìè-
êà Æ.Ñ.Åðæàíîâà. Ïîäãîòîâèë 13 êàíäèäàòîâ
è 2 äîêòîðà íàóê. Â 2009 ãîäó ïðîøåë íàó÷-
íóþ ñòàæèðîâêó â Èíñòèòóòå ãèäðîäèíàìèêè
èì.Ì.À.Ëàâðåíòüåâà ÑÎÐÀÍ. Ïîä ðóêîâîä-
ñòâîì ÷ëåí-êîððåñïîíäåíòà ÐÀÍ Á.Ä.Àííèíà
ïðîâåë ñåðèþ ýêñïåðèìåíòîâ ïî îïðåäåëåíèþ
ïðî÷íîñòíûõ õàðàêòåðèñòèê íåñóùèõ ýëåìåí-
òîâ ëåòàòåëüíûõ àïïàðàòîâ. Äëÿ ÀÎ

”
ÊàçÒðàí-

ñÎéë“ âûïîëíèë ðàñ÷åò íà òåðìîïðî÷íîñòü
íåñóùèõ ýëåìåíòîâ íåôòåíàãðåâàòåëüíûõ óñòà-
íîâîê. Ñîâìåñòíî ñ ÀÎ ÍÈÈ

”
Êàñïèéìóíàé-

ãàç“ ðàçðàáîòàë ïðîåêò îáóñòðîéñòâà íåôòÿíûõ
è íåôòåãàçîâûõ ìåñòîðîæäåíèé ñ ó÷åòîì îïòè-
ìàëüíûõ ðåæèìîâ ðàáîòû îñíîâíûõ òåõíîëîãè-
÷åñêèõ àãðåãàòîâ è êîíñòðóêöèé, ïîäãîòîâêè è
òðàíñïîðòèðîâêè íåôòè, ãàçà è ïëàñòîâîé âîäû.
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Èì îïóáëèêîâàíî ñâûøå 80 ðàáîò â òà-
êèõ îáëàñòÿõ, êàê ðàñïðåäåëåíèå è ïåðåðàñ-
ïðåäåëåíèå ðåñóðñîâ â óñëîâèÿõ íåîïðåäåëåííî-
ñòè, ýêñïåðòíûå ñèñòåìû, îñíîâàííûå íà ïðî-
äóêöèîííûõ ïðàâèëàõ è íà íå÷åòêèõ ìíîæå-
ñòâàõ, ñåéñìîëîãèè, ïàðàëëåëüíîå âû÷èñëåíèå,
îáëà÷íàÿ òåõíîëîãèÿ, ïðîãðàììèðîâàíèå. Åãî
òåêóùèå èññëåäîâàòåëüñêèå èíòåðåñû âêëþ÷à-
þò òåõíîëîãèè ïàðàëëåëüíûõ âû÷èñëåíèé, ÿçû-
êè ïðîãðàììèðîâàíèÿ, âêëþ÷àÿ ïàðàëëåëüíîå,
ýêñïåðòíûå ñèñòåìû, îïòèìàëüíîå ðàñïðåäåëå-
íèå è ïåðåðàñïðåäåëåíèå ðåñóðñîâ. Â äàííîå
âðåìÿ îñíîâíûì ïðîåêòîì À.À. Òàøåâà ÿâëÿ-
åòñÿ èññëåäîâàíèå òåðìîôèçè÷åñêèõ õàðàêòåðè-
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