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In this paper we investigate methods of spectral clustering for analysis of the journal citation
networks. Clustering problem is reduced to min-cut graph partitioning: to �nd a partition of the graph
such that the edges between di�erent groups have very low weights and the edges within a group have
high weights. That means that objects in di�erent clusters are dissimilar from each other and objects
within the same cluster are similar to each other, see C. J.Alpert, S.-Z.Yao (1995). Graph partitioning
problems can be solved exactly in polynomial time, so for practical applications approximate solution
methods have been developed. One of the widely used is the spectral partitioning method. The spectral
methods usually involve taking the eigenvectors of some matrix based on relations between data
elements. Most spectral clustering algorithms cluster the data with the help of eigenvectors of graph
Laplacian matrices.

We study two major versions of spectral clustering, so called �unnormalized� and �normalized�
spectral clustering that reveal the relationship of the object function formulation and the matrix used
in the eigenvalue equation. Unnormalized spectral bi-clustering algorithms use the Laplacian matrix
L = D−A for solving the problem Lv = λv and assigning vertices to clusters according to the signs of
elements of the eigenvector v corresponding to the second smallest eigenvalue. The simpli�ed versions
of the unnormalized spectral bi-clustering method is presented as the techniques of the consistency
con�rmation of the approach. As shown in M.E. J. Newman, M.Girvan (2004) this class of spectral
clustering is only consistent under strong additional assumptions, which are not always satis�ed in real
data. Most of normalized spectral bi-clustering algorithms use the symmetric normalized Laplacian
matrix Lsym = D−1/2LD−1/2 for these purposes, see J. Shi, J.Malik (2000). As shown in M.Meila,
J. Shi (2001) the same results can be obtained by using the largest eigenvector of the matrix P = D−1A.
Spectral k-way clustering uses not only the second but also the next few eigenvectors to construct a
partition.

The journal citation network on study is built on the basis of the bibliographic information extracted
from the DB RePEc. The main component of the corresponding weighted digraph G has 1729 vertices
(journals) and 135702 arcs (citations).We analyze the work of two spectral clustering algorithms in the
context of three versions of transformation of digraph G to an undirected form. So, we examine the
graphs represented by matrices A+A> (graph GU ), AAT (graph Gbib) and A>A (graph Gcoc), where A
is the journal-journal citation matrix. Algorithm WTR P.Pons, M. Latapy (2005) is the agglomerative
algorithm based on random walk matrix P = D−1A. Algorithm LEV M.E. J.Newman (2006) is
the bi-clustering algorithm based on the modularity matrix. The algorithms are implemented with
use of the igraph packet (C library). We use NMI,RAND,ADJUSTED_RAND indexes as the
measures of similarity of two data clusterings. For GU clustering the similarity is low, as an example
ADJUSTED_RAND = 0,07. The most similarity is reached for graph Gbib. WTR clusters of small
size (less than 200) can be interpreted in terms of thematic �elds. The results are presented in the
tables (1�6). We can see that results strongly depend on the digraph transformation and the algorithm
used.
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Èññëåäóþòñÿ ñïåêòðàëüíûå ìåòîäû àíàëèçà ñåòè íàó÷íûõ ïóáëèêàöèé, îðãàíèçîâàííîé íà îò-
íîøåíèè öèòèðîâàíèÿ è ïðåäñòàâëåííîé îðãðàôîì GD = (V,E). Ñðàâíèâàþòñÿ ðåçóëüòàòû
ðàáîòû äâóõ ñïåêòðàëüíûõ àëãîðèòìîâ êëàñòåðèçàöèè. Îðãðàô GD ïðåîáðàçóåòñÿ â òðè íåîðè-
åíòèðîâàííûõ ãðàôà: A+A> (ãðàô GU ), A×A> (ãðàô Gbib) è A>×A (ãðàô Gcoc); çäåñü A �
ìàòðèöà ñìåæíîñòè GD. Êëàñòåðèçàöèè ãðàôîâ GU , Gbib è Gcoc âûïîëíåíû ñ ïîìîùüþ àëãî-
ðèòìîâWTR è LEV. Àãëîìåðàòèâíûé àëãîðèòìWTR îñíîâàí íà ìàòðèöå ñëó÷àéíîãî áëóæ-
äàíèÿ P = D−1A, àëãîðèòì áèêëàñòåðèçàöèè LEV � íà ìàòðèöå ìîäóëüíîñòè. Äëÿ ñðàâíåíèÿ
ðåçóëüòàòîâ ðàçáèåíèÿ èñïîëüçóþòñÿ èíäåêñû NMI, RAND, ADJUSTED_RAND. Â ðåçóëüòà-
òå èññëåäîâàíèÿ âûÿâëåíà çàâèñèìîñòü ðåçóëüòàòîâ êëàñòåðèçàöèè îò ñïîñîáà ïðèâåäåíèÿ GD

ê íåîðèåíòèðîâàííîìó âèäó; êëàñòåðû æóðíàëîâ, ïîñòðîåííûå ñ ïîìîùüþ àëãîðèòìà WTR,
ìîãóò áûòü ïðîèíòåðïðåòèðîâàíû â òåðìèíàõ ïðèíàäëåæíîñòè ê òåìàòè÷åñêèì îáëàñòÿì. Ðå-
çóëüòàòû ïðåäñòàâëåíû â âèäå òàáëèö.

Êëþ÷åâûå ñëîâà: ñåòü öèòèðîâàíèÿ æóðíàëîâ, ñåòü êîöèòèðîâàíèÿ, ñåòü áèáëèîãðàôè-
÷åñêîãî ñî÷åòàíèÿ, âçâåøåííûé îðèåíòèðîâàííûé ãðàô, ðàçáèåíèå ãðàôà, ñïåêòðàëüíàÿ êëà-
ñòåðèçàöèÿ.

Ââåäåíèå. Ðàññìàòðèâàåòñÿ çàäà÷à ðàçáèåíèÿ ìíîæåñòâà âåðøèí íåîðèåíòèðîâàí-
íîãî ñâÿçíîãî ãðàôà G = (V,E) íà íåïåðåñåêàþùèåñÿ ïîäìíîæåñòâà (êëàñòåðû)
Ck = {C1, . . . ,Ck}, òàêèå ÷òî ÷èñëî ðåáåð âíóòðè êëàñòåðîâ âåëèêî ïî ñðàâíåíèþ ñ ÷èñëîì
ðåáåð ìåæäó êëàñòåðàìè. Êëàñòåð Ch ìîæíî îòîæäåñòâëÿòü ñ èíäóöèðîâàííûì ïîäãðà-
ôîì G[Ch] = (Ch,E(Ch)), ãäå E(Ch) := {(u,v) ∈ E |u,v ∈ Ch}. Òîãäà E(C) := ∪hE(Ch)
(h = 1, . . . ,k) ÿâëÿåòñÿ ìíîæåñòâîì âíóòðèêëàñòåðíûõ ðåáåð, à ¬E(C) := E − E(C) �
ìíîæåñòâîì ìåæêëàñòåðíûõ ðåáåð. Ðàçáèåíèå íà äâà êëàñòåðà C2 = {C1,C2}, C2 = V −C1

íàçûâàåòñÿ ðàçðåçîì, à ÷èñëî ìåæêëàñòåðíûõ ðåáåð Cut(C1,C2) � ðàçìåðîì ðàçðåçà. Ðàç-
ðåç ñ ìèíèìàëüíûì çíà÷åíèåì Cut íàçûâàåòñÿ ìèíèìàëüíûì ðàçðåçîì [1]. Åñëè ãðàô âçâå-
øåííûé, òî Cut îïðåäåëÿåòñÿ êàê ñóììà âåñîâ ìåæêëàñòåðíûõ ðåáåð. Ðàçáèåíèå íà äâà
êëàñòåðà áóäåì íàçûâàòü áèêëàñòåðèçàöèåé. Ïî àíàëîãèè ðàçáèåíèå íà k êëàñòåðîâ ñ ìèíè-
ìàëüíûì çíà÷åíèåì Cut áóäåì íàçûâàòü ìèíèìàëüíûì k-ðàçðåçîì èëè k-êëàñòåðèçàöèåé.

Åñëè çàäà÷ó ðàçáèåíèÿ ìíîæåñòâà âåðøèí G íà êëàñòåðû ïðåäñòàâèòü êàê çàäà÷ó
îïðåäåëåíèÿ ìèíèìàëüíîãî ðàçðåçà, òî ðåøåíèå áóäåò òðèâèàëüíûì, ïîñêîëüêó Cut ìè-
íèìàëüíî, åñëè ïîìåñòèòü âñå âåðøèíû â îäèí êëàñòåð. Îòñþäà âûòåêàåò òðåáîâàíèå ê
÷èñëó êëàñòåðîâ. Êðîìå òîãî, íåæåëàòåëüíî ñîêðàùàòü ðàçìåð ðàçðåçà çà ñ÷åò äåëåíèÿ
íà íåáîëüøèå êëàñòåðû. Ïîýòîìó ïðåäëàãàåìûå àëãîðèòìû ðàçáèåíèÿ äîëæíû áàëàíñè-
ðîâàòü ìåæäó ðàçìåðîì ðàçðåçà è ÷èñëîì êëàñòåðîâ.
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Ðåøåíèå ïîäîáíûõ çàäà÷ îïèðàåòñÿ íà ðåçóëüòàòû àíàëèçà ìàòðèöû ñìåæíîñòè G,
äëÿ èçó÷åíèÿ ñòðóêòóðíûõ ñâîéñòâ êîòîðîé, êàê ïðàâèëî, èñïîëüçóþòñÿ ñïåêòðàëüíûå
ìåòîäû. Ïóñòü A = (Aij) � ìàòðèöà ñìåæíîñòè íåîðèåíòèðîâàííîãî ãðàôà G = (V,E),
|V | = n (âåðøèíû çàíóìåðîâàíû), |E| = m. Çàäàíû æåëàåìîå ÷èñëî êëàñòåðîâ k è âåðõíÿÿ
è íèæíÿÿ ãðàíèöû ðàçìåðîâ êëàñòåðîâ: ∀ (h,1 ≤ h ≤ k) Lh ≤ |Ch| ≤ Wh. Òðåáóåòñÿ íàéòè
ñáàëàíñèðîâàííîå ðàçáèåíèå Ck, ïðè êîòîðîì ðàçìåðû êëàñòåðîâ íàõîäÿòñÿ â íóæíûõ
ãðàíèöàõ è êîòîðîå ìèíèìèçèðóåò ôóíêöèþ

Cut = f(Ck) = 1/2
k∑

h=1

Eh, ãäå Eh =
∑
vi∈Ch

∑
vj=/∈Ch

Aij, (1)

ò. å. Eh � ñóììà âåñîâ ðåáåð ðàçðåçà, ñîîòâåòñòâóþùèõ êëàñòåðó Ch [2] (ìíîæèòåëü 1/2
âîçíèêàåò èç-çà òîãî, ÷òî êàæäîå ðåáðî ó÷èòûâàåòñÿ äâàæäû). Çàäà÷à íàõîæäåíèÿ ñáàëàí-
ñèðîâàííîãî ðàçáèåíèÿ ÿâëÿåòñÿ NP-ïîëíîé [3]. Èñïîëüçîâàíèå àëãîðèòìîâ ïîëèíîìèàëü-
íîé ñëîæíîñòè íåïðèåìëåìî äëÿ áîëüøèõ ñåòåé, ïîýòîìó ðàññìàòðèâàþòñÿ ïðèáëèæåííûå
ìåòîäû ðåøåíèÿ çàäà÷è.

Ê çàäà÷å (1) äëÿ íåîðèåíòèðîâàííîãî ãðàôà ìîæåò áûòü ñâåäåíà ëþáàÿ çàäà÷à êëàñòå-
ðèçàöèè ìíîæåñòâà îáúåêòîâ x1, . . . , xn, äëÿ êîòîðûõ óñòàíîâëåíà ìåðà ïîäîáèÿ sij = s(xi,
xj), ñîãëàñíî íåêîòîðîé ôóíêöèè ïîäîáèÿ, ÿâëÿþùàÿñÿ ñèììåòðè÷íîé è íåîòðèöàòåëü-
íîé. Ñîîòâåòñòâóþùàÿ ìàòðèöà ïîäîáèÿ S = (sij). Ïðåäñòàâëåíèå äàííûõ â ôîðìå �ãðàôà
ïîäîáèÿ�: îáúåêòó xi ñîîòâåòñòâóåò âåðøèíà vi (ñ÷èòàåì, ÷òî âåðøèíû çàíóìåðîâàíû è
äàëåå ïîëüçóåìñÿ íîìåðàìè âåðøèí), åñëè sij > 0, òî ðåáðî (i,j) èìååò âåñ sij. Âçâåøåí-
íóþ ìàòðèöó ñìåæíîñòè ñîîòâåòñòâóþùåãî ãðàôà îáîçíà÷àåì A è äàëåå ðàññìàòðèâàåì
çàäà÷ó êëàñòåðèçàöèè êàê çàäà÷ó ðàçáèåíèÿ ãðàôà. Àíàëîãè÷íî, ê çàäà÷å (1) äëÿ îðãðàôà
ìîæåò áûòü ñâåäåíà çàäà÷à êëàñòåðèçàöèè îáúåêòîâ x1, . . . , xn, äëÿ êîòîðûõ óñòàíîâëåíî
íåñèììåòðè÷íîå îòíîøåíèå.

1. Êëàñòåðèçàöèÿ íà îñíîâå ìàòðèöû Ëàïëàñà. Ñóùåñòâóþò ðàçëè÷íûå âàðèàíòû
ñïåêòðàëüíîé êëàñòåðèçàöèè, îñíîâàííûå íà âû÷èñëåíèè ñîáñòâåííûõ âåêòîðîâ ìàòðèöû
ñìåæíîñòè [4�7]. Èñïîëüçîâàíèå ìàòðèöû Ëàïëàñà îáóñëîâëåíî ðÿäîì åå âàæíûõ ñâîéñòâ,
îòðàæàþùèõ ñòðóêòóðíûå îñîáåííîñòè ãðàôà [8, 9].

Ðàññìîòðèì çàäà÷ó êëàñòåðèçàöèè C2 = {C1,C2} âåðøèí íåîðèåíòèðîâàííîãî íåâçâå-
øåííîãî ñâÿçíîãî ãðàôà G = (V,E) ñ (0, 1) ìàòðèöåé ñìåæíîñòè A. Âîñïîëüçóåìñÿ ðàñ-
ñóæäåíèÿìè, ïðèâåäåííûìè â ðàáîòå [10]. Çäåñü è äàëåå ïðåäïîëàãàåì, ÷òî ãðàô íå èìååò
êðàòíûõ ðåáåð è ïåòåëü. Ðàçáèåíèå ìîæíî ïðåäñòàâèòü ñ ïîìîùüþ èíäèêàòîðíîãî âåêòîðà
(èíäåêñ-âåêòîðà) s ñ ýëåìåíòàìè

si =

{
+1, åñëè i ∈ C1

−1, åñëè i ∈ C2.
(2)

Çàìåòèì, ÷òî s>s=n. Òîãäà

1

2
(1− sisj) =

{
1, åñëè (i ∈ C1 and j ∈ C2) or (i ∈ C2 and j ∈ C1),
0, åñëè (i,j ∈ C1) or (i,j ∈ C2).

(3)

Òàêèì îáðàçîì, (1) ìîæíî ïðåäñòàâèòü â âèäå

Cut =
1

4

∑
i,j

(1− sisj)Aij.

Îïðåäåëèì ñòåïåíü âåðøèíû i:
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degi =
∑
j

Aij.

Ïðåäñòàâèì ñóììó ýëåìåíòîâ ìàòðèöû ñ ó÷åòîì òîãî, ÷òî s2i =1, êàê∑
i,j

Aij =
∑
i

degi =
∑
i

s2i degi =
∑
i,j

sisjdegiδij,

ãäå δij = 1, åñëè i = j, è δij = 0 â ïðîòèâíîì ñëó÷àå. Òîãäà

Cut =
1

4

∑
i,j

sisj(degiδij − Aij).

Îòñþäà

Cut =
1

4
s>Ls, (4)

ãäå L � ñèììåòðè÷íàÿ ìàòðèöà ñ ýëåìåíòàìè Lij = degiδij − Aij, ò. å.

Lij =


degi, i = j,
−1 i 6= j è Aij = 1,
0 â ïðîòèâíîì ñëó÷àå.

(5)

Òàêèì îáðàçîì, L � ìàòðèöà Ëàïëàñà (L = D − A, ãäå D � äèàãîíàëüíàÿ ìàòðèöà,
Dii = degi).

Ïðåäñòàâèì s êàê ñóììó íîðìàëèçîâàííûõ ñîáñòâåííûõ âåêòîðîâ vi ìàòðèöû L:

s =
n∑

i=1

αivi,

ãäå αi = v>i s, òàê êàê s>s=n, èìååì:

n∑
i=1

α2
i = n. (6)

Îòñþäà

Cut =
∑
i

αiv
>
i L
∑
j

αjvj =
∑
i,j

αiαjλjδij =
∑
i

α2
iλi, (7)

ãäå λi � ñîáñòâåííîå çíà÷åíèå ìàòðèöû L, ñîîòâåòñòâóþùåå ñîáñòâåííîìó âåêòîðó vi ñ
ó÷åòîì òîãî, ÷òî v>i vj = δij (åñëè âåêòîðû íîðìàëèçîâàíû, òî v>i vi = 1). Áóäåì ñ÷èòàòü,
÷òî ñîáñòâåííûå çíà÷åíèÿ óïîðÿäî÷åíû ïî íåóáûâàíèþ:

λ1 ≤ λ2 ≤ . . . ≤ λn; (8)

à v1, . . . , vn � ñîîòâåòñòâóþùèå ñîáñòâåííûå âåêòîðû.
Òåïåðü çàäà÷à ìèíèìèçàöèè Cut (1) ìîæåò áûòü ñôîðìóëèðîâàíà êàê çàäà÷à âûáîðà

íåîòðèöàòåëüíûõ âåëè÷èí α2
i (ñì. (7)) òàê, ÷òîáû �áîëüøèå� çíà÷åíèÿ ñîîòâåòñòâîâàëè

�ìàëûì� ñîáñòâåííûì çíà÷åíèÿì, à �ìàëûå� � �áîëüøèì�, è â òî æå âðåìÿ âûïîëíÿëîñü (6).
Ñóììà êàæäîé ñòðîêè ìàòðèöû L ðàâíà íóëþ:
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∑
j

Lij =
∑
j

(degiδij − Aij) = degi − degi = 0.

Òàêèì îáðàçîì, âåêòîð v= (1,1, . . . ,1) ÿâëÿåòñÿ ñîáñòâåííûì âåêòîðîì ìàòðèöû L, ñî-
îòâåòñòâóþùèì ñîáñòâåííîìó çíà÷åíèþ íîëü. Ó ìàòðèöû L âñå ñîáñòâåííûå çíà÷åíèÿ
íåîòðèöàòåëüíû, ïîýòîìó çíà÷åíèå íîëü ÿâëÿåòñÿ ìèíèìàëüíûì, λ1 = 0. Òàêîé âûáîð
ýêâèâàëåíòåí ïîìåùåíèþ âñåõ âåðøèí â îäèí êëàñòåð, íî ýòî ðåøåíèå íå ïðåäñòàâëÿåò
èíòåðåñà.

Ðàññìîòðèì âàðèàíò ðàçäåëåíèÿ íà äâà êëàñòåðà ðàçìåðîâ n1 è n2, òîãäà:

α2
1 = (v>1 s)

2 =
(n1 − n2)

2

n
.

Ïîñêîëüêó íåò âîçìîæíîñòè âàðüèðîâàòü ýòîò êîýôôèöèåíò, òî îáðàùàåì âíèìàíèå íà
äðóãèå ýëåìåíòû ñóììû (7). Åñëè íåò äðóãîãî îãðàíè÷åíèÿ íà s, êðîìå s>s= n, òî Cut

ìîæåò áûòü ìèíèìèçèðîâàí âûáîðîì s, ïðîïîðöèîíàëüíûì âòîðîìó ìèíèìàëüíîìó ñîá-
ñòâåííîìó âåêòîðó v2 ìàòðèöû L. Ãðàô ñâÿçíûé, ïîýòîìó λ2 (8) îòëè÷íî îò íóëÿ (òàê êàê
êðàòíîñòü çíà÷åíèÿ íîëü ñîîòâåòñòâóåò ÷èñëó ñâÿçíûõ êîìïîíåíò [11]). Òîãäà (7) çàâèñèò
îò λ2, îñòàëüíûå ÷ëåíû ñóììû áóäóò ðàâíû íóëþ ââèäó îðòîãîíàëüíîñòè ñîáñòâåííûõ
âåêòîðîâ L. Ñîãëàñíî (2) ýëåìåíòû s ðàâíû ëèáî +1, ëèáî −1, ò. å. âåêòîð s ìîæåò áûòü íå
ïàðàëëåëåí v2. Ïóòåì àïïðîêñèìàöèè ìîæíî îïðåäåëèòü s òàê, ÷òîáû âåêòîð áûë �ïî÷òè�
ïàðàëëåëåí v2. Ýòî ýêâèâàëåíòíî ìàêñèìèçàöèè ìîäóëÿ:

∣∣v>2 s∣∣ =
∣∣∣∣∣∑

i

v2(i)si

∣∣∣∣∣ ≤∑
i

|v2(i)| , (9)

ãäå v2(i) � ýëåìåíò i âåêòîðà v2. Íåðàâåíñòâî (9) ñëåäóåò èç íåðàâåíñòâà òðåóãîëüíèêà,
ðàâåíñòâî äîñòèãàåòñÿ, åñëè âñå ÷ëåíû ïåðâîé ñóììû èìåþò îäèíàêîâûé çíàê. Äðóãèìè
ñëîâàìè, ìàêñèìóì |v>2 s| äîñòèãàåòñÿ, êîãäà v2(i)si ≥ 0 äëÿ âñåõ i, ÷òî ýêâèâàëåíòíî òîìó,
÷òî ñîìíîæèòåëè èìåþò îäèí çíàê:

si =

{
+1, åñëè v2(i) ≥ 0,
−1, åñëè v2(i) < 0.

Â ñëó÷àå ïðîèçâîëüíîãî ðàçìåðà êëàñòåðîâ ðàçäåëåíèå ïðîèçâîäèòñÿ íà îñíîâàíèè çíà-
êîâ ýëåìåíòîâ âåêòîðà v2. Äëÿ êëàñòåðîâ ôèêñèðîâàííîãî ðàçìåðà n1, n2 ñëåäóåò óïî-
ðÿäî÷èòü ýëåìåíòû v2 îò íàèáîëüøèõ ïîëîæèòåëüíûõ äî íàèìåíüøèõ îòðèöàòåëüíûõ è
ðàñïðåäåëèòü ñîãëàñíî ðàçìåðàì.

Áàçîâóþ ñõåìó ñïåêòðàëüíîé áèêëàñòåðèçàöèè S1 ìîæíî ïðåäñòàâèòü â âèäå:
Øàã 1 S1. Ïîñòðîèòü ìàòðèöó Ëàïëàñà L (ñì. (5)).
Øàã 2 S1. Íàéòè âòîðîé ìèíèìàëüíûé ñîáñòâåííûé âåêòîð, ÿâëÿþùèéñÿ ðåøåíèåì

óðàâíåíèÿ Lv= λv.
Øàã 3 S1. C1 = {i; v2(i) ≥ 0};C2 = {i; v2(i) < 0}.
Óâåëè÷åíèÿ ÷èñëà êëàñòåðîâ ìîæíî äîñòè÷ü èòåðàöèîííûì ïðîöåññîì.
Ñõåìó S2 ñïåêòðàëüíîé k-êëàñòåðèçàöèè ìîæíî ïðåäñòàâèòü ñëåäóþùèì îáðàçîì:
Øàã 1 S2. Ïîñòðîèòü ìàòðèöó Ëàïëàñà L.
Øàã 2 S2. Âû÷èñëèòü k ïåðâûõ ñîáñòâåííûõ âåêòîðîâ v1, . . . ,vk ìàòðèöû L.
Øàã 3 S2. Ïîñòðîèòü ìàòðèöó M ∈ Rn×k, â êà÷åñòâå ñòîëáöîâ êîòîðîé âûñòóïàþò

âåêòîðû v1, . . . ,vk.
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Øàã 4 S2. Ïîñòðîèòü yi ∈ Rk(i = 1, . . . ,n) � âåêòîð, ñîîòâåòñòâóþùèé i-é ñòðîêå ìàòðè-
öû M . Ïðèìåíèòü àëãîðèòì êëàñòåðèçàöèè (íàïðèìåð, k-ñðåäíèõ) ê òî÷êàì yi (ñîîòâåò-
ñòâóþùèì âåðøèíàì) â ïðîñòðàíñòâå Rk äëÿ ïîëó÷åíèÿ êëàñòåðîâ C1, . . . , Ck. Ïîäîáíàÿ
ñõåìà èñïîëüçîâàëàñü, íàïðèìåð, â ðàáîòàõ [12, 13].

2. Íîðìàëèçîâàííàÿ êëàñòåðèçàöèÿ. Íîðìàëèçàöèÿ ðàçðåçà ÿâëÿåòñÿ îäíèì èç
ñïîñîáîâ ïðåäîòâðàòèòü òåíäåíöèþ ðàçäåëåíèÿ ãðàôà íà íåáîëüøèå èçîëèðîâàííûå êëà-
ñòåðû. Ñóùåñòâóþò íåñêîëüêî ïðèåìîâ íîðìàëèçàöèè, íàïðèìåð, â ðàáîòå [14] ïðåäñòàâ-

ëåíî îòíîøåíèå
Cut(C1,C2)

min(|C1|,|C2|)
, â ðàáîòå [15] � îòíîøåíèå

Cut(C1,C2)

|C1| × |C2|
. Â ðàáîòå [16] ïðåä-

ëîæåí íîðìàëèçîâàííûé ðàçðåç:

Ncut(C1,C2) =

(
1

vol(C1)
+

1

vol(C2)

)
Cut(C1,C2),

ãäå vol(C) =
∑
i∈C

degi,C ⊂ V . Ðàçðåç Ncut îöåíèâàåò äîëè ðàçìåðà ðàçðåçà îòíîñèòåëüíî

âñåõ ñâÿçåé êàæäîãî êëàñòåðà.
Êëàñòåðèçàöèÿ ïðîèçâîäèòñÿ íà îñíîâàíèè âòîðîãî ìèíèìàëüíîãî âåêòîðà, ÿâëÿþùå-

ãîñÿ ðåøåíèåì îáîáùåííîãî óðàâíåíèÿ:

Lv = λDv. (10)

Óðàâíåíèå (10) ïðèâîäèòñÿ ê ñòàíäàðòíîìó âèäó D−1/2LD−1/2v = λv, ìàòðèöà
Lsym = D−1/2LD−1/2 íàçûâàåòñÿ ñèììåòðè÷íî-íîðìàëèçîâàííîé ìàòðèöåé Ëàïëàñà. Â ðà-
áîòå [16] óòâåðæäàåòñÿ, ÷òî åñëè λL � âòîðîå ìèíèìàëüíîå (8) ñîáñòâåííîå çíà÷å-
íèå Lsym, à vL � ñîîòâåòñòâóþùèé åìó ñîáñòâåííûé âåêòîð è ñóùåñòâóåò ðàçáèåíèå
C2 = {C1,C2}, òàêîå ÷òî

vLi =

{
α, åñëè i ∈ C1,
β, åñëè i ∈ C2,

òî ðàçáèåíèå îïòèìàëüíîå è Ncut(C1,C2) = λL. Òàêèì îáðàçîì, ñõåìà íîðìàëèçîâàííîé
áèêëàñòåðèçàöèè ñîâïàäàåò ñî ñõåìîé S1 çà òåì èñêëþ÷åíèåì, ÷òî âìåñòî ìàòðèöû L èñ-
ïîëüçóåòñÿ ìàòðèöà Lsym.

Ñõåìà S3 íîðìàëèçîâàííîé k-êëàñòåðèçàöèè àíàëîãè÷íà ñõåìå S2 è îòëè÷àåòñÿ òåì, ÷òî
k ìèíèìàëüíûõ ñîáñòâåííûõ âåêòîðîâ ÿâëÿþòñÿ ðåøåíèåì îáîáùåííîãî óðàâíåíèÿ (10).

Â ðàáîòå [17] ðàññìàòðèâàåòñÿ èíòåðïðåòàöèÿ íîðìàëèçîâàííîé ñïåêòðàëüíîé êëàñòå-
ðèçàöèè ñ òî÷êè çðåíèÿ äèñêðåòíîãî ñëó÷àéíîãî áëóæäàíèÿ. Åñëè íîðìàëèçîâàòü âçâå-
øåííóþ ìàòðèöó A ïî ñòðîêàì, òî ïîëó÷èì ñòîõàñòè÷åñêóþ ìàòðèöó:

P = D−1A, (11)

êîòîðàÿ õàðàêòåðèçóåò Ìàðêîâñêèé ïðîöåññ ñëó÷àéíîãî áëóæäàíèÿ, Pij � âåðîÿòíîñòü
ïåðåõîäà èç âåðøèíû i â âåðøèíó j çà îäèí øàã. Ïðåäïîëàãàåòñÿ, ÷òî âñå âåðøèíû èìåþò
íåíóëåâûå âçâåøåííûå ñòåïåíè. Ïóñòü

λ1 ≥ λ2 ≥ . . . ≥ λn (12)

óïîðÿäî÷åííûå ïî íåâîçðàñòàíèþ ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû P , à v1=1, v2, . . . , vn �
ñîîòâåòñòâóþùèå èì ñîáñòâåííûå âåêòîðû, ò. å. ðåøåíèÿ óðàâíåíèÿ
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Pv = λv. (13)

Â ðàáîòå [17] ïîêàçàíî, ÷òî åñëè λ, v ÿâëÿþòñÿ ðåøåíèåì (13) è P = D−1A, òî ïàðà
((1−λ),v) ÿâëÿåòñÿ ðåøåíèåì (10). Äðóãèìè ñëîâàìè, ñïåêòðàëüíàÿ ïðîáëåìà, ñôîðìóëè-
ðîâàííàÿ àëãîðèòìîì Ncut, è ïðîáëåìà ñîáñòâåííûõ çíà÷åíèé/âåêòîðîâ ñòîõàñòè÷åñêîé
ìàòðèöû P ýêâèâàëåíòíû. Ïðè ýòîì ìèíèìàëüíûé âåêòîð äëÿ (10) ñîîòâåòñòâóåò ìàêñè-
ìàëüíîìó âåêòîðó (13). Òàì æå ïðèâåäåíà ñõåìà S4 íîðìàëèçîâàííîé k-êëàñòåðèçàöèè íà
îñíîâå ìàòðèöû ñëó÷àéíîãî áëóæäàíèÿ:

Øàã 1 S4. Ïîñòðîèòü ìàòðèöó P .
Øàã 2 S4. Âû÷èñëèòü k íàèáîëüøèõ ñîáñòâåííûõ âåêòîðîâ v1,. . . ,vk ìàòðèöû P .
Øàã 3 S4. Ïîñòðîèòü ìàòðèöó M ∈ Rn×k, â êà÷åñòâå ñòîëáöîâ êîòîðîé âûñòóïàþò

âåêòîðû v1,. . . ,vk.
Øàã 4 S4. Ïîñòðîèòü yi ∈ Rk (i = 1, . . . ,n) � âåêòîð, ñîîòâåòñòâóþùèé i-é ñòðîêå

ìàòðèöû M .
Øàã 5 S4. Ïðèìåíèòü àëãîðèòì êëàñòåðèçàöèè, íàïðèìåð k-ñðåäíèõ, ê yi äëÿ ïîëó÷å-

íèÿ êëàñòåðîâ C1, . . . , Ck.
Ñïåêòðàëüíàÿ êëàñòåðèçàöèÿ ñïîñîáíà ãðóïïèðîâàòü âåðøèíû ñîãëàñíî ïîäîáèþ âå-

ðîÿòíîñòåé ïåðåõîäîâ ìåæäó ïîäìíîæåñòâàìè âåðøèí. Ò. å. åñëè ìíîæåñòâî V ðàçäåëåíî
íà äâå ÷àñòè, òî ñëó÷àéíîå áëóæäàíèå, íà÷àâøååñÿ â îäíîé èç ÷àñòåé, èìååò òåíäåíöèþ
îñòàòüñÿ â íåé. Ñâÿçü ñòàöèîíàðíîãî ðàñïðåäåëåíèÿ ñ êëàñòåðèçàöèåé èñïîëüçóåòñÿ â ðàáî-
òå [18]. Ñòàöèîíàðíîå ðàñïðåäåëåíèå ðàññìàòðèâàåòñÿ êàê ïîêàçàòåëü ÷àñòîòû ïîñåùåíèÿ
êàæäîé âåðøèíû ãðàôà.

Ìàòðèöà P (11) èñïîëüçóåòñÿ òàêæå â ìåõàíèçìå k-êëàñòåðèçàöèè, ïðåäëîæåííîì â
ñòàòüå [19]. Îïðåäåëÿåòñÿ ðàññòîÿíèå ìåæäó âåðøèíàìè ãðàôà:

rij(t) =

√√√√ n∑
l=1

(P t
il − P t

jl)
2

degl
,

ãäå P t
il � âåðîÿòíîñòü ïåðåõîäà èç âåðøèíû i â âåðøèíó l çà t øàãîâ, deg l � ñòåïåíü âåð-

øèíû l. Ïîêàçàíî, ÷òî åñëè ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû P óïîðÿäî÷åíû ñîãëàñíî (12),
à v1,v2, . . . ,vn � ñîîòâåòñòâóþùèå èì ñîáñòâåííûå âåêòîðû, òî äëÿ äîñòàòî÷íî áîëüøèõ t
èìååò ìåñòî ðàâåíñòâî

rij(t) =
n∑

l=2

λ2tl (vl(i)− vl(j))2 ,

ãäå vl(i) � ýëåìåíò i âåêòîðà vl. Çàòåì îïðåäåëÿåòñÿ riC � ðàññòîÿíèå ìåæäó âåðøèíîé i
è êëàñòåðîì C. Ñòðîèòñÿ èåðàðõè÷åñêèé îáúåäèíÿþùèé àëãîðèòì, îñíîâàííûé íà ìåòîäå
Óîðäà [20], ðàññìàòðèâàþùåì â êà÷åñòâå êàíäèäàòîâ íà îáúåäèíåíèå C3 = C1∪C2 �áëèçêî�
ðàñïîëîæåííûå êëàñòåðû. Â äàííîì ñëó÷àå íà êàæäîì øàãå â êà÷åñòâå òàêèõ êàíäèäàòîâ
ðàññìàòðèâàþòñÿ ïàðû ñìåæíûõ êëàñòåðîâ. Ìèíèìèçèðóåòñÿ âûðàæåíèå

1

n

(∑
i∈C3

r2iC3
−
∑
i∈C1

r2iC1
−
∑
i∈C2

r2iC2

)
.

Àëãîðèòì WTR, ïðèìåíÿåìûé â íàøåé ðàáîòå, èñïîëüçóåò ýòó òåõíèêó.
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3. Êëàñòåðèçàöèÿ íà îñíîâå ìàòðèöû ìîäóëüíîñòè. Â ðàáîòå [21] çàäà÷à îïòè-
ìàëüíîãî ðàçáèåíèÿ ãðàôà ðàññìàòðèâàåòñÿ êàê ìàêñèìèçàöèÿ ÷èñëà ðåáåð âíóòðè êëà-
ñòåðîâ. Ïîíÿòèå �ìîäóëüíîñòè� áàçèðóåòñÿ íà ïðåäïîëîæåíèè, ÷òî ñòðóêòóðà èçó÷àåìîãî
ãðàôà, êàê ïðàâèëî, îòëè÷àåòñÿ îò ñòðóêòóðû ñëó÷àéíîãî ãðàôà. Îïðåäåëÿåòñÿ ôóíêöèÿ

Q = N1 −N2, (14)

ãäå N1 � ÷èñëî ðåáåð âíóòðè êëàñòåðîâ, N2 � îæèäàåìîå ÷èñëî òàêèõ ðåáåð. Ôóíêöèÿ
Q íàçâàíà �ìîäóëüíîñòüþ�, áîëüøèå çíà÷åíèÿ óêàçûâàþò íà òåñíóþ âçàèìîñâÿçü âíóò-
ðè êëàñòåðîâ. Âû÷èñëåíèå ìîäóëüíîñòè äå-ôàêòî ÿâëÿåòñÿ ñïîñîáîì ïðîâåðêè êà÷åñòâà
ðàçáèåíèÿ âåðøèí ãðàôà, ñì. [19, 22�24].

Îæèäàåìîå ÷èñëî ðåáåð N2 âû÷èñëÿåòñÿ ñîãëàñíî �íóëü-ìîäåëè� ãðàôà, êîòîðûé èìååò
òî æå ÷èñëî âåðøèí è ìîæåò áûòü ðàçäåëåí íà òî æå ÷èñëî êëàñòåðîâ, ÷òî è àíàëèçèðóå-
ìûé ãðàô. Âåðîÿòíîñòü íàëè÷èÿ ðåáðà (i,j) â ìîäåëè îáîçíà÷èì Pij. Ôîðìóëà (14) ìîæåò
áûòü ïðåäñòàâëåíà â âèäå:

Q =
1

2m

∑
i,j

(Aij − Pij)δ(Ci,Cj), (15)

ãäå Ci � êëàñòåð, â êîòîðûé ïîïàäàåò âåðøèíà i, δ(r,s) = 1, åñëè r = s. Âûáîð Pij îãðàíè-
÷åí ïî ñëåäóþùèì ïðè÷èíàì: âî-ïåðâûõ, ïîñêîëüêó ðàññìàòðèâàåòñÿ íåîðèåíòèðîâàííûé
ãðàô, òî Pij = Pji; âî-âòîðûõ, ïðåäïîëàãàåòñÿ, ÷òî Q = 0, åñëè âñå âåðøèíû ïîïàäàþò â
îäèí êëàñòåð, ò. å. ∑

i,j

(Aij − Pij) = 0.

Îòñþäà ∑
i,j

Pij =
∑
i,j

Aij = 2m. (16)

Îæèäàåìàÿ ñòåïåíü âåðøèíû i çàäàåòñÿ âûðàæåíèåì
∑
j

Pij; â ïðåäïîëîæåíèè, ÷òî îæè-

äàåìàÿ ñòåïåíü âåðøèíû ïðèáëèæàåòñÿ ê ðåàëüíîé, èìååì:∑
j

Pij = degi.

Äàëåå â êà÷åñòâå íóëü-ìîäåëè ðàññìàòðèâàåòñÿ ìîäåëü ñëó÷àéíîãî ãðàôà ñ ôèêñèðî-
âàííîé ñòåïåííîé ïîñëåäîâàòåëüíîñòüþ (ñì. [25�27]):

Pij =
degidegj

2m
.

Ðàññìîòðèì çàäà÷ó áèêëàñòåðèçàöèè. Ñîãëàñíî (2), (3) èìååì:

δ(Ci, Cj) =
1

2
(sisj + 1).

Òåïåðü (15) ìîæíî ïðåäñòàâèòü â âèäå:
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Q =
1

4m

∑
i,j

(Aij − Pij)(sisj + 1) =
1

4m

∑
i,j

(Aij − Pij)sisj.

Âòîðîå ðàâåíñòâî âûòåêàåò èç (16). Â ìàòðè÷íîé ôîðìå:

Q =
1

4m
s>Bs, (17)

ãäå B � ñèììåòðè÷íàÿ ìàòðèöà c ýëåìåíòàìè:

Bij = Aij − Pij.

Ìàòðèöà B íàçûâàåòñÿ ìàòðèöåé ìîäóëüíîñòè. Â ðàáîòå [10] ïðåäñòàâëåí ìåòîä ñïåê-
òðàëüíîé êëàñòåðèçàöèè íà îñíîâå ìàòðèöû B, êîòîðàÿ âûïîëíÿåò òó æå ðîëü, ÷òî è
ìàòðèöà Ëàïëàñà: óðàâíåíèå (17) ñîîòâåòñòâóåò (4). Ïîêàçàíî, ÷òî íà îñíîâå ñîáñòâåí-
íîãî âåêòîðà, ñîîòâåòñòâóþùåãî íàèáîëüøåìó ïîëîæèòåëüíîìó ñîáñòâåííîìó çíà÷åíèþ
ìàòðèöû B, ìîæíî ïðîèçâåñòè áèêëàñòåðèçàöèþ ñîãëàñíî çíàêàì ýëåìåíòîâ ñîáñòâåííîãî
âåêòîðà.

4. Âû÷èñëèòåëüíûé ýêñïåðèìåíò. Âûøå áûëà ïðåäñòàâëåíà ìåòîäèêà ñïåêòðàëü-
íîãî àíàëèçà, ïîñëóæèâøàÿ îñíîâîé äëÿ àëãîðèòìîâ êëàñòåðèçàöèè WTR è LEV. Öåëü
ýêñïåðèìåíòà ñîñòîÿëà â ñðàâíåíèè ðåçóëüòàòîâ ðàáîòû óêàçàííûõ àëãîðèòìîâ ïî âûÿâëå-
íèþ ñîîáùåñòâ â ìíîæåñòâå íàó÷íûõ æóðíàëîâ, ðàçìåùåííûõ â îäíîé áèáëèîãðàôè÷åñêîé
áàçå äàííûõ.

Â êà÷åñòâå èñõîäíûõ äàííûõ âûñòóïàåò ñåòü öèòèðîâàíèÿ æóðíàëîâ, ïîñòðîåííàÿ íà
îñíîâå èíôîðìàöèè î öèòèðîâàíèè, èçâëå÷åííîé èç ÁÄ RePEc [28]. Ñåòü ïðåäñòàâëÿåòñÿ
âçâåøåííûì îðãðàôîì áåç êðàòíûõ ðåáåð è ïåòåëü. Àíàëèçèðóåòñÿ ãëàâíàÿ êîìïîíåíòà
G = (V,E), |V | = 1729, |E| = 135702, ñ âçâåøåííîé ìàòðèöåé ñìåæíîñòè A. Ïîñêîëü-
êó àëãîðèòìû ïðåäíàçíà÷åíû äëÿ íåîðèåíòèðîâàííûõ ãðàôîâ, ïðåîáðàçóåì îðãðàô G â
íåîðèåíòèðîâàííûé òðåìÿ ñïîñîáàìè (ñì. [29]). Â ðåçóëüòàòå áûëè ïîëó÷åíû òðè íåîðè-
åíòèðîâàííûõ ãðàôà, êîòîðûå áûëè èñïîëüçîâàíû â ýêñïåðèìåíòå:

à) ãðàô GU , ïðåäñòàâëåí ìàòðèöåé ñìåæíîñòè A+A>, |E(GU)| = 116190 (ïàðû ðàçíî-
íàïðàâëåííûõ äóã çàìåíÿþòñÿ îäíèì ðåáðîì ñ ñóììàðíûì âåñîì);

á) ãðàô Gbib, ñîîòâåòñòâóþùèé �ñåòè áèáëèîãðàôè÷åñêîãî ñî÷åòàíèÿ�, ïðåäñòàâëåí íîð-
ìàëèçîâàííîé ìàòðèöåé AA>, áåç ó÷åòà îäèíî÷íûõ âåðøèí |V (Gbib)| = 1432, |E(Gbib)| =
844476;

â) ãðàô Gcoc, ñîîòâåòñòâóþùèé �ñåòè êîöèòèðîâàíèÿ�, ïðåäñòàâëåí íîðìàëèçîâàííîé
ìàòðèöåé A>A, áåç ó÷åòà îäèíî÷íûõ âåðøèí |V (Gcoc)| = 1582, |E(Gcoc)| = 820982.

Àëãîðèòì WTR ðåàëèçóåò ìåòîä, ïðåäëîæåííûé â ñòàòüå [19]. Ðàáîòà íà÷èíàåòñÿ ñ
ðàçáèåíèÿ R1 = {{v},v ∈ V }, êàæäàÿ âåðøèíà ÿâëÿåòñÿ êëàñòåðîì. Âû÷èñëÿþòñÿ âñå
ðàññòîÿíèÿ ìåæäó âñåìè ñìåæíûìè âåðøèíàìè. Íà øàãå k:

1. Âûáèðàþòñÿ äâà êëàñòåðà C1, C2, ñëèÿíèå êîòîðûõ ïðèâîäèò ê ìèíèìàëüíîìó óâå-
ëè÷åíèþ öåëåâîé ôóíêöèè (27);

2. Îáðàçóåòñÿ íîâûé êëàñòåð C3=C1∪C2 è íîâîå ðàçáèåíèå Rk+1=(Rk\{C1,C2})∪{C3};
3. Îáíîâëÿþòñÿ ðàññòîÿíèÿ ìåæäó ñìåæíûìè êëàñòåðàìè.
Íà øàãå n− 1 àëãîðèòì çàêàí÷èâàåò ðàáîòó, ïðè ýòîì Rn = {V }. Íà êàæäîì øàãå âû-

÷èñëÿåòñÿ Q (15). Ëó÷øèì ñ÷èòàåòñÿ ðàçáèåíèå ñ ìàêñèìàëüíûì çíà÷åíèåì Q. Ñëîæíîñòü
âû÷èñëåíèé îöåíèâàåòñÿ êàê O(|E||V |2), äëÿ ðàçðåæåííîãî ãðàôà � O(|V |2 log |V |).
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Òàáëèöà 1

Ðàçìåðû êëàñòåðîâ ãðàôà GU

WTR LEV

#Cl #J #Cl #J

1 692 1 1549

1 280 1 180

1 270

1 183

1 76

1 62

1 44

2 8

1 4

1 2

Òàáëèöà 2

Òåìàòèêà êëàñòåðîâ ãðàôà GU , àëãîðèòì WTR

#J Òåìàòèêà Êîäû Jel

183 Ñåëüñêîå õîçÿéñòâî, Q

ðåñóðñû, ýêîëîãèÿ

76 Çäðàâîîõðàíåíèå, ñîö. îáåñïå÷åíèå I

62 Òðàíñïîðòíàÿ ýêîíîìèêà, R

àäìèíèñòðèðîâàíèå

44 Ýêîíîìåòðè÷åñêèå è ñòàòèñòè÷åñêèå C1

ìåòîäû

8 Îáðàçîâàíèå A2, I2

Àëãîðèòì LEV ÿâëÿåòñÿ ðåàëèçàöèåé ìåòîäà, ïðåäëîæåííîãî â ñòàòüå [10]. Ýòî èòåðà-
öèîííûé ïðîöåññ äåëåíèÿ ìíîæåñòâà âåðøèí íà äâå ÷àñòè. Íà øàãå k:

1. Äëÿ ãðàôà/âûáðàííîãî ïîäãðàôà ñòðîèòñÿ ìàòðèöà ìîäóëüíîñòè B;
2. Âû÷èñëÿåòñÿ âåêòîð, ñîîòâåòñòâóþùèé íàèáîëüøåìó ïî àáñîëþòíîé âåëè÷èíå ñîá-

ñòâåííîìó çíà÷åíèþ; åñëè ýòî çíà÷åíèå βn ïîëîæèòåëüíî, òî ñîáñòâåííûé âåêòîð èñêîìûé;
åñëè îòðèöàòåëüíî, òî ïîâòîðÿåì âû÷èñëåíèå äëÿ ìàòðèöû B − βnI (ãäå I � åäèíè÷íàÿ
ìàòðèöà);

3. Êëàñòåð äåëèòñÿ íà äâå ÷àñòè ñîîòâåòñòâåííî çíàêàì ýëåìåíòîâ íàéäåííîãî ñîáñòâåí-
íîãî âåêòîðà.

4. Ïðîâåðÿåòñÿ, óâåëè÷èëîñü ëè çíà÷åíèå ìîäóëüíîñòè èñõîäíîãî ãðàôà; åñëè äà, òî
ñ÷èòàåì ðàçäåëåíèå ïðàâîìåðíûì è ïåðåõîäèì ê øàãó 1.

Àëãîðèòì LEV çàêàí÷èâàåò ðàáîòó, åñëè çíà÷åíèå Q íå óâåëè÷èâàåòñÿ èëè íè îäèí
êëàñòåð íåâîçìîæíî ðàçäåëèòü íà äâå ÷àñòè. Êëàñòåð íåâîçìîæíî ðàçäåëèòü íà ÷àñòè, åñ-
ëè âñå ñîáñòâåííûå çíà÷åíèÿ, êðîìå íóëåâîãî, îòðèöàòåëüíû. Ñëîæíîñòü LEV îöåíèâàåòñÿ
êàê O(|E| + |V |2×steps), ãäå steps � ÷èñëî øàãîâ äåëåíèÿ íà äâà ñîîáùåñòâà. Àëãîðèòìû
WTR è LEV ðåàëèçîâàíû ñ ïîìîùüþ áèáëèîòåêè C ïàêåòà igraph [30].

4.1. Êëàñòåðèçàöèÿ GU . Â òàáë. 1 ïðèâåäåíû ðàçìåðû êëàñòåðîâ, ïîëó÷åííûõ â ðå-
çóëüòàòå èñïîëíåíèÿ àëãîðèòìîâ WTR è LEV â ïðèìåíåíèè ê ãðàôó GU . Çäåñü è äàëåå
îäíîâåðøèííûå êëàñòåðû íå âêëþ÷àþòñÿ â òàáëèöû, òàê, ïðè êëàñòåðèçàöèèWTR ÷èñëî
îäíîâåðøèííûõ êëàñòåðîâ ðàâíî ñòà; #Cl � ÷èñëî êëàñòåðîâ ðàçìåðà #J . Äëÿ ñðàâíå-
íèÿ ðåçóëüòàòîâ êëàñòåðèçàöèè èñïîëüçîâàëèñü òðè èíäåêñà ñîãëàñîâàííîñòè: NMI [31],
RAND [32] è ADJUSTED_RAND (ARI ) [33]. Èíäåêñû ñîãëàñîâàííîñòè âûãëÿäÿò òàê:
NMI =0,12; RAND =0,38; ARI =0,07. Î÷åâèäíî, ÷òî ñõîäñòâî ìèíèìàëüíîå.

Ïðè êëàñòåðèçàöèè ñ ïîìîùüþ àëãîðèòìà LEV 89,6% æóðíàëîâ (1549) ïîïàëè â îäèí
êëàñòåð, ÷òî íå ïîçâîëÿåò èíòåðïðåòèðîâàòü ðåçóëüòàòû. Îäíàêî ñ ïîìîùüþ àëãîðèòìà
WTR áûëè âûäåëåíû òåìàòè÷åñêèå îáëàñòè (òàáë. 2.) íà îñíîâå êëþ÷åâûõ ñëîâ â íàçâà-
íèÿõ æóðíàëîâ è êëàññèôèêàòîðà Jel [34]. Èíòåðïðåòèðóåìûì ðåçóëüòàòîì áóäåì ñ÷èòàòü
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Òàáëèöà 3

Ðàçìåðû êëàñòåðîâ ãðàôà Gbib

WTR LEV

#Cl #J #Cl #J

1 718 1 486

1 369 1 339

1 288 1 316

1 30 1 291

1 25

Òàáëèöà 4

Òåìàòèêà êëàñòåðîâ ãðàôà Gbib, àëãîðèòì WTR

#J Òåìàòèêà Êîäû Jel

369 Ìàòåìàòè÷åñêèå ìåòîäû, áèçíåñ- C, M,

ýêîíîìèêà, ýêîíîìè÷åñêîå ðàçâèòèå, O, Q, R

ðåñóðñû, òðàíñïîðòíàÿ ýêîíîìèêà

288 Îáùàÿ ýêîíîìèêà, ìàòåìàòè÷åñêèå A, C, G

ìåòîäû, ôèíàíñîâàÿ ýêîíîìèêà

30 Ìàòåìàòè÷åñêèå ìåòîäû Ñ

25 Ìàòåìàòè÷åñêèå ìåòîäû, C, L

îðãàíèçàöèÿ ïðîèçâîäñòâà

êëàñòåðèçàöèþ, êîòîðàÿ ïîçâîëÿåò ñîîòíåñòè êëàñòåð ñ 1�2 òåìàòè÷åñêèìè îáëàñòÿìè.
Íåñìîòðÿ íà ðàçëè÷íûå ðåçóëüòàòû, 69% æóðíàëîâ, âõîäÿùèõ â WTR êëàñòåð, èìåþùèé
ðàçìåð 183 (ñì. òàáë. 1, ñòîëáåö 2, ñòðîêà 4) âõîäÿò â LEV êëàñòåð, èìåþùèé ðàçìåð
180 (ñì. òàáë. 1, ñòîëáåö 4, ñòðîêà 2). Åñëè ñðàâíèâàòü àëãîðèòìû ïî ðàçìåðó ðàçðåçà
ãðàôà GU , òî â ðåçóëüòàòå ðàçáèåíèÿ LEV ðàçìåð ðàçðåçà ìåíüøå. Òàêîå ñîîòíîøåíèå ñî-
õðàíÿåòñÿ äëÿ íîðìàëèçîâàííûõ ðàçðåçîâ, îïðåäåëåííûõ ñîãëàñíî [14, 16]. Íîðìàëèçàöèÿ
ñîãëàñíî [15] äàåò ìåíüøåå çíà÷åíèå äëÿ ðàçáèåíèÿ WTR.

4.2. Êëàñòåðèçàöèÿ Gbib. Ðàçìåðû êëàñòåðîâ, ïîëó÷åííûõ â ðåçóëüòàòå êëàñòåðèçàöèè
Gbib àëãîðèòìàìè WTR è LEV, ïðåäñòàâëåíû â òàáë. 3. Èíäåêñû ñîãëàñîâàííîñòè èìåþò
âèä: NMI =0,77; RAND =0,84; ARI =0,53. Åñëè ñðàâíèâàòü àëãîðèòìû WTR è LEV ïî
ðàçìåðó ðàçðåçà ãðàôà Gbib, òî â ðåçóëüòàòå ðàçáèåíèÿ WTR ðàçìåð ðàçðåçà ìåíüøå. Òà-
êîå ñîîòíîøåíèå ñîõðàíÿåòñÿ äëÿ íîðìàëèçîâàííîãî ðàçðåçà, îïðåäåëåííîãî ñîãëàñíî [15].
Íîðìàëèçàöèÿ ñîãëàñíî [14] è [16] äàåò ìåíüøåå çíà÷åíèå äëÿ ðàçáèåíèÿ LEV. Òåìàòèêà
WTR êëàñòåðîâ ïðåäñòàâëåíà â òàáë. 4.

4.3. Êëàñòåðèçàöèÿ Gcoc. Ðàçìåðû êëàñòåðîâ, ïîëó÷åííûõ â ðåçóëüòàòå êëàñòåðè-
çàöèè Gcoc ïðåäñòàâëåíû â òàáë. 5. Èíäåêñû ñîãëàñîâàííîñòè èìåþò âèä: NMI =0,57;
RAND =0,74; ARI=0,3. Ñîãëàñîâàííîñòü àëãîðèòìîâ íèæå, ÷åì ïðè êëàñòåðèçàöèè ãðà-
ôà Gbib.

Çàêëþ÷åíèå. Öåëü ðàáîòû ñîñòîÿëà â ñðàâíåíèè ñïåêòðàëüíûõ ìåòîäîâ êëàñòåðèçà-
öèè êîëëåêöèè íàó÷íûõ æóðíàëîâ ÁÄ RePEc, ñâÿçàííûõ îòíîøåíèåì öèòèðîâàíèÿ. Çàäà-
÷à êëàñòåðèçàöèè ïðåäñòàâëåíà êàê çàäà÷à ìèíèìèçàöèè ñáàëàíñèðîâàííîãî ðàçðåçà ñîîò-
âåòñòâóþùåãî ãðàôà. Ïðîàíàëèçèðîâàíà ñâÿçü îïðåäåëåíèÿ öåëåâîé ôóíêöèè è ìàòðèöû,
íà îñíîâå ñîáñòâåííûõ âåêòîðîâ êîòîðîé äîñòèãàåòñÿ îïòèìèçàöèÿ, à èìåííî, îáîñíîâàí-
íîñòü ïðèìåíåíèÿ ìàòðèö Ëàïëàñà, ñëó÷àéíîãî áëóæäàíèÿ è ìîäóëüíîñòè.

Ðåàëèçîâàíû àëãîðèòìû ñïåêòðàëüíîé êëàñòåðèçàöèè WTR è LEV. Èññëåäîâàíû
ðåçóëüòàòû èõ ðàáîòû äëÿ ãðàôîâ GU , Gbib è Gcoc. Ïðîâåäåííîå èññëåäîâàíèå ïîçâîëÿåò
çàêëþ÷èòü, ÷òî äëÿ ðàññìàòðèâàåìîé ñåòè öèòèðîâàíèÿ æóðíàëîâ áîëüøå ïîäõîäèò ñïåê-
òðàëüíàÿ êëàñòåðèçàöèÿ àëãîðèòìîì WTR íà îñíîâå ìàòðèöû ñëó÷àéíîãî áëóæäàíèÿ.
Ïðèåìëåìóþ ñîãëàñîâàííîñòü ðàññìàòðèâàåìûå àëãîðèòìû äîñòèãëè ïðè êëàñòåðèçàöèè
ãðàôà Gbib. Â ñâîþ î÷åðåäü, ãðàô GU ëó÷øå ïîääàåòñÿ êëàñòåðèçàöèè, ÷åì äâà äðóãèõ
âàðèàíòà ïðåîáðàçîâàíèÿ èñõîäíîãî îðãðàôà. Àíàëèç ïîêàçàë, ÷òî êëàñòåðû áîëüøîãî
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Òàáëèöà 5

Ðàçìåðû êëàñòåðîâ ãðàôà Gcoc

WTR LEV

#Cl #J #Cl #J

1 517 1 675

1 350 1 459

1 255 1 448

1 235

1 118

1 32

1 30

1 9

9 < 9

Òàáëèöà 6

Òåìàòèêà êëàñòåðîâ ãðàôà Gcoc, àëãîðèòì WTR

#J Òåìàòèêà Êîäû Jel

350 Ôèíàíñîâàÿ ýêîíîìèêà, áèçíåñ- E, G,

ýêîíîìèêà, òðàíñïîðòíàÿ ýêîíîìèêà M, R

255 Òðàíñïîðòíàÿ ýêîíîìèêà, R, M

áèçíåñ-ýêîíîìèêà

235 Ìàòåìàòè÷åñêèå ìåòîäû, îðãàíèçàöèÿ C, L,

ïðîèçâîäñòâà, ýêîíîìè÷åñêîå O, Q

ðàçâèòèå, ðåñóðñû

118 Âîñòî÷íàÿ Åâðîïà A, M

32 Ðóìûíèÿ

30 Ìàòåìàòè÷åñêèå ìåòîäû C

9 Âîñòî÷íàÿ Åâðîïà

ðàçìåðà (|Ci| > 200) íå óäàåòñÿ êëàññèôèöèðîâàòü ñîãëàñíî 1�2 òåìàòèêàì. Ïðè êëà-
ñòåðèçàöèè ãðàôà êîöèòèðîâàíèÿ àëãîðèòìîì WTR, êðîìå òåìàòè÷åñêèõ ñîîáùåñòâ,
âûäåëåíû ñîîáùåñòâà æóðíàëîâ, ñâÿçàííûõ ïî òåððèòîðèàëüíîìó ïðèçíàêó èçäàòåëüñòâ.
Îòìåòèì, ÷òî áîëüøèíñòâî êëàñòåðîâ, êðîìå æóðíàëîâ îñíîâíûõ òåìàòèê, ñîäåðæàò
æóðíàëû, îòíîñÿùèåñÿ ê �ìàòåìàòè÷åñêèì ìåòîäàì� (Jel êîä C). Âûÿâëåíà çàâèñèìîñòü
ðåçóëüòàòîâ êëàñòåðèçàöèè îò ïðèìåíÿåìîãî àëãîðèòìà, ñïîñîáà ïðåîáðàçîâàíèÿ îðãðàôà
â íåîðèåíòèðîâàííûé ãðàô è ñïîñîáà íîðìàëèçàöèè ðàçìåðà ðàçðåçà.
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