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This paper deals with obtaining a closed system of �rst order dynamic integro-di�erential equations
for the velocity components of the displacement vector of an elastic porous body, a saturating �uid, and
a stress tensor in a dissipative hydrodynamic approximation. The generalization of the poroelasticity
theory consists as a rule, of taking into account dispersion and absorption. The main e�ect of the
dissipation in a homogeneous medium of the theory of poroelasticity is caused by the friction at the
boundaries between the saturating �uid and the matrix in the pores (the viscous dissipation mechanism)
and leads to the introduction of additional terms into the equations of motion of the poroelasticity
theory. In the published works of some authors, it is proposed to introduce additional terms with
relaxation cores into the mathematical model of the poroelasticity of dissipation, as well as to take
into account the non-ideality of both phases (for example, visco-poroelastic models of the medium). In
di�erent types of acoustic waves, the e�ect of dissipation manifests itself in various ways. An important
result of the research into the propagation of acoustic waves in a saturated porous medium was the
prediction of the existence of three types of oscillations: longitudinal waves of the �rst and second
types (sometimes called fast and slow longitudinal waves) and a transverse wave (shear wave). If fast
longitudinal and shear waves are inherently close to the waves in an in�nite elastic medium, then a
slow longitudinal wave with its considerable dispersion and attenuation caused by the movement of
�uid particles relative to the skeleton is a new characteristic of a saturated porous medium. It is a
slow longitudinal wave which is generated as a result of the viscous dissipation that is the strongest
frequency-dependent attenuation, thus making this wave di�cult to observe in �uid-saturated rocks.
In the region of seismic (low) frequencies in a saturated porous �uid, described by the equations of the
poroelasticity theory in the dissipative approximation, only fast longitudinal and transverse waves with
low dispersion and attenuation propagate; the second longitudinal mode is di�usional and becomes a
propagating wave only at su�ciently high frequencies. In particular, the theoretical and applied tasks
of scienti�c instrumentation often have to deal with both ordinary problems of mechanics of porous
�uid-saturated media (for example, the case of zone electrophoresis, when a porous medium (gel) is
�uid-saturated), and problems of acoustics of porous media. This system of equations was obtained
from a system of thermodynamically consistent system of quasilinear equations under the following
assumptions: the porosity coe�cient is a small parameter, the shear coe�cients, and the inter-phase
friction is a function of strain rate and relative phases velocities, respectively. The dependence of the
dispersion relation of the resulting system on the physical and kinetic parameters was investigated.
This mathematical model allows a correct passage to the limit with the disappearance of porosity
to a nonlinear one-dimensional model of the elasticity theory in the case when the shear coe�cient
is a function of the strain rate. It is shown that the propagation velocity of shear waves in the high-
frequency approximation tends to the velocity of the transverse wave for a homogeneous porous medium
saturated with �uid.
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Â äèññèïàòèâíîì ãèäðîäèíàìè÷åñêîì ïðèáëèæåíèè ïîëó÷åíà çàìêíóòàÿ ñèñòåìà äèíàìè÷åñ-
êèõ èíòåãðîäèôôåðåíöèàëüíûõ óðàâíåíèé ïåðâîãî ïîðÿäêà îòíîñèòåëüíî êîìïîíåíò ñêîðî-
ñòåé âåêòîðà ñìåùåíèé óïðóãîãî ïîðèñòîãî òåëà, íàñûùàþùåé æèäêîñòè è òåíçîðà íàïðÿæå-
íèé. Èññëåäîâàíà çàâèñèìîñòü äèñïåðñèîííîãî ñîîòíîøåíèÿ ïîëó÷åííîé ñèñòåìû îò ôèçè÷åñ-
êèõ è êèíåòè÷åñêèõ ïàðàìåòðîâ.

Êëþ÷åâûå ñëîâà: ïîðèñòàÿ ñðåäà, ñèëà òðåíèå, ïðîíèöàåìîñòü, ãèïåðáîëè÷åñêàÿ ñèñòåìà,
ñêîðîñòü ñìåùåíèé, îòíîñèòåëüíàÿ ñêîðîñòü, èíòåãðàë ñâåðòêè.

Ââåäåíèå. Ïðèñóòñòâèå âîäû è ãàçà â ïîäçåìíûõ ðåçåðâóàðàõ ïðèâîäèò ê ôàçîâûì
ñäâèãàì è çàâèñèìîñòè îò ÷àñòîòû èçìåíåíèÿ àìïëèòóäû ñåéñìè÷åñêèõ âîëí (íàïðèìåð,
[1, 2]).

Â ðàáîòàõ [3, 4] ââåëè äâóõôàçíóþ ìîäåëü ñðåäû äëÿ îïèñàíèÿ âçàèìîñâÿçàííîãî ðàñ-
ïðîñòðàíåíèÿ âîëí â ïîðèñòîé ôëþèäîíàñûùåííîé ñðåäå. Áîëüøîå âíèìàíèå óäåëÿåòñÿ
òàêæå ìîäåëÿì äèññèïàöèè ïîðèñòîé ñðåäû è ñïîñîáàì åå ó÷åòà â óðàâíåíèÿõ ñîñòîÿíèÿ.

Òåîðèÿ Ôðåíêåëÿ-Áèî ÿâëÿåòñÿ ëèíåéíîé òåîðèåé ýôôåêòèâíûõ äâóõôàçíûõ ñðåä (ìî-
äåëü ñðåäû ñîñòîèò èç æåñòêîãî ïîðèñòîãî êàðêàñà è íàñûùàþùåé æèäêîñòè, çàïîëíÿþ-
ùåé ïîðû), óðàâíåíèÿ êîòîðîé âûâîäÿòñÿ ïðè íåêîòîðûõ äîïóùåíèÿõ íà îñíîâå ïîñòóëè-
ðîâàíèÿ îïðåäåëåíèé ôóíêöèè ïëîòíîñòè ýíåðãèè óïðóãîé äåôîðìàöèè è êèíåòè÷åñêîé
ýíåðãèè. Ñ èñïîëüçîâàíèåì ìåòîäîâ îñðåäíåíèÿ ðàçíûìè àâòîðàìè áûëè ïîëó÷åíû ìàê-
ðîñêîïè÷åñêèå óðàâíåíèÿ äèíàìè÷åñêîé ïîðîóïðóãîñòè (ñì., íàïðèìåð, [5�11]), êîòîðûå â
öåëîì ñîãëàñóþòñÿ ñ òåîðèåé Ôðåíêåëÿ-Áèî â ñëó÷àå ñëàáîâÿçêîãî íàñûùàþùåãî ôëþèäà.

Ôóíäàìåíòàëüíîå ñâîéñòâî óïðóãî-ïîðèñòîé íàñûùåííîé ñðåäû, ñëåäóþùåå èç òåîðèè
Áèî, ñîñòîèò â òîì, ÷òî â òàêèõ ñðåäàõ ìîãóò ðàñïðîñòðàíÿòüñÿ äâå ïðîäîëüíûå âîëíû,
áûñòðàÿ è ìåäëåííàÿ, à òàêæå ïîïåðå÷íàÿ âîëíà.

Ýòà ñèñòåìà îïèñûâàåò ðàñïðîñòðàíåíèÿ ñåéñìè÷åñêèõ âîëí â ïîðèñòîé ñðåäå è â èçî-
òðîïíîì ñëó÷àå ñîäåðæèò ÷åòûðå íåçàâèñèìûõ óïðóãèõ ïàðàìåòðà [3, 4]. Ëèíåàðèçîâàííàÿ
òåîðèÿ êîíòèíóàëüíîé òåîðèè ôèëüòðàöèè ÿâëÿåòñÿ çàìêíóòîé ñèñòåìîé äèôôåðåíöè-
àëüíûõ óðàâíåíèé âòîðîãî ïîðÿäêà îòíîñèòåëüíî âåêòîðîâ ñêîðîñòè ñìåùåíèé óïðóãîãî
ïîðèñòîãî òåëà è ñêîðîñòè æèäêîñòè [12, 13], òàêæå êàê òåîðèÿ Ôðåíêåëÿ-Áèî îïèñûâàåò

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâàíèé (êîä ïðîåêòà
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ðàñïðîñòðàíåíèÿ ñåéñìè÷åñêèõ âîëí â ïîðèñòîé ñðåäå. Ôóíäàìåíòàëüíîå ñâîéñòâî óïðóãî-
ïîðèñòîé íàñûùåííîé ñðåäû ñîñòîèò â òîì, ÷òî â òàêèõ ñðåäàõ ìîãóò ðàñïðîñòðàíÿòüñÿ
äâå ïðîäîëüíûå âîëíû, áûñòðàÿ è ìåäëåííàÿ, à òàêæå ïîïåðå÷íàÿ âîëíà. Â îòëè÷èå îò
íåãî, â èçîòðîïíîì ñëó÷àå îïèñûâàåòñÿ òðåìÿ íåçàâèñèìûìè óïðóãèìè ïàðàìåòðàìè.

Â 1987 ãîäó Äæîíñîí�Êîïëèê�Äàøåí (JKD) [14] ïîëó÷èëè îáùåå âûðàæåíèå äëÿ äèñ-
ñèïàöèè â ñëó÷àå ñëó÷àéíûõ ïîð. Âÿçêèå ñèëû çàâèñÿò â ýòîé ìîäåëè â ÷àñòîòíîé îáëàñòè
îò êâàäðàòíîãî êîðíÿ îò ÷àñòîòû. Ñëåäîâàòåëüíî, ýòî ïðèâîäèò âî âðåìåííîé îáëàñòè ê
èíòåãðîäèôôåðåíöèàëüíîìó óðàâíåíèþ ñ ñèíãóëÿðíûì ÿäðîì.

Â äàííîé ðàáîòå ïîëó÷åíà îäíîìåðíàÿ ñèñòåìà äèíàìè÷åñêèõ óðàâíåíèé ïåðâîãî ïî-
ðÿäêà îòíîñèòåëüíî êîìïîíåíò âåêòîðà ñìåùåíèé óïðóãîãî ïîðèñòîãî òåëà, íàñûùàþùåé
æèäêîñòè è òåíçîðà íàïðÿæåíèé â äèññèïàòèâíîì ïðèáëèæåíèè.

1. Îäíîìåðíàÿ ñèñòåìà äèíàìè÷åñêèõ óðàâíåíèé ïîðîóïðóãîñòè äëÿ ïîïå-

ðå÷íûõ âîëí â äèññèïàòèâíîì ïðèáëèæåíèè. Ðàññìîòðèì ðàñïðîñòðàíåíèå íåëè-
íåéíûõ ïîïåðå÷íûõ ñåéñìè÷åñêèõ âîëí â ñëó÷àå, êîãäà ïàðöèàëüíûå ïëîòíîñòè ìàòðèöû
ïîðèñòîãî òåëà ρs, íàñûùàþùåé æèäêîñòè ρl, à òàêæå ìîäóëü ñäâèãà µ ÿâëÿþòñÿ ïîñòî-
ÿííûìè, à ñèëà òðåíèÿ, îïðåäåëÿþùàÿ äèññèïàöèþ ýíåðãèè, ÿâëÿåòñÿ ôóíêöèåé ðàçíîñòè
ñêîðîñòåé ϕ = ϕ(u − v). Ïðè òàêèõ ïðåäïîëîæåíèÿõ ñèñòåìà íåëèíåéíûõ îäíîìåðíûõ
óðàâíåíèé ïîðîóïðóãîñòè ìîæåò áûòü çàïèñàíà â ñëåäóþùåì âèäå [15, 16]:

ut = σ̃x − εϕ,

σ̃t = c2
t ux, (1)

vt = ϕ,

ãäå u è v � ñêîðîñòè ïîðèñòîé ìàòðèöû è íàñûùàþùåé æèäêîñòè, ñîîòâåòñòâåííî; ut = ∂u
∂t
,

ux = ∂u
∂x

� îïåðàòîðû äèôôåðåíöèðîâàíèÿ; ρs = ρfs (1 − φ), ρl = ρfl φ, φ � ïîðèñòîñòü, ρfs
è ρfl � ôèçè÷åñêèå ïëîòíîñòè ïîðèñòîãî òåëà è íàñûùàþùåé æèäêîñòè, ñîîòâåòñòâåííî;

ρsσ̃ � òåíçîð íàïðÿæåíèé, ct =
√
µ/ρs, ε = ρl/ρs.

Ëèíåàðèçóåì ñèñòåìó (1), ïîëó÷èì ñèñòåìó óðàâíåíèé ïåðâîãî ïîðÿäêà

ut = σ̃x − εχρl(u− v),

σ̃t = c2
t ux, (2)

vt = χρl(u− v),

ãäå χ � êîýôôèöèåíò ìåæôàçíîãî òðåíèÿ.
Â ñëó÷àå, êîãäà ïîðèñòàÿ ñðåäà ÿâëÿåòñÿ ñ ïàìÿòüþ, â ñèñòåìå (2) ââîäÿòñÿ èíòåãðàëü-

íûå îïåðàòîðû ñâåðòêè [14, 17]:

ut = σ̃x − εχρl ∗ (u− v),

σ̃t = c2
t ux, (3)

vt = χρl ∗ (u− v),

ãäå ∗ � ÿâëÿåòñÿ îïåðàòîðîì ñâåðòêè âî âðåìåíè.
Â ñëó÷àå, êîãäà ïîòîê æèäêîñòè â ïîðàõ îòíîñèòñÿ ê òèïó Ïóàçåéëÿ, äèññèïàòèâíûå

÷ëåíû â (3) äàþòñÿ âûðàæåíèåì
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χ(t) = χ0 δ(t)⇐⇒ χ(t) ∗ w(x,t) = χ0w(x,t),

ãäå δ(t) � ôóíêöèÿ Äèðàêà.
2. Äèñïåðñèîííûé àíàëèç. Èññëåäóåì óñëîâèå ñóùåñòâîâàíèÿ ðåøåíèÿ ñèñòåìû (3)

â âèäå ïëîñêèõ ìîíîõðîìàòè÷åñêèõ âîëí

(u, v, σ̃) = (u0, v0, σ̃0) ei(kx−ω t). (4)

Ïîäñòàâëÿÿ ðåøåíèÿ (4) â ñèñòåìå (3), ïðèõîäèì ê îäíîðîäíûì ëèíåéíûì àëãåáðàè÷åñêèì
óðàâíåíèÿì íà àìïëèòóäû u0, v0, σ̃0:

(ω + i ε ρl χ̂(ω))u0 − i ε ρl χ̂(ω) v0 + kσ̃0 = 0,

k c2
t u0 + ω σ̃0 = 0, (5)

i ρl χ̂(ω)u0 + (ω + i ρl χ̂(ω)) v0 = 0.

Â (5) χ̂(ω) � ïðåîáðàçîâàíèå Ôóðüå îò ôóíêöèè χ(t) ïî âðåìåíè.
Óñëîâèå ñóùåñòâîâàíèÿ ðåøåíèé âèäà (4) ñâîäèòñÿ ê ðàâåíñòâó íóëþ îïðåäåëèòåëÿ

ñèñòåìû (5), è äèñïåðñèîííîå ñîîòíîøåíèå ïðèíèìàåò âèä

ω2

k2

(
1 + i

χ̂(ω)

ω

ρl
ρs
ρ

)
=

µ

ρs

(
1 + i

χ̂(ω)

ω
ρl

)
.

Ýòî âûðàæåíèå ïîçâîëÿåò îïðåäåëèòü ñêîðîñòü ct(ω) = ω
k
.

Ïðåäñòàâèì ct(ω) â âèäå
ct(ω) = A(ω)− i B(ω),

ãäå A(ω) = Re ct(ω), B(ω) = −Im ct(ω). Â ýòîì ñëó÷àå âûðàæåíèå (4) ìîæíî ïðåîáðàçîâàòü
[13]

(u, v, σ̃) = (u0, v0, σ̃0) e−iω(t−x/u(ω)) e−x/λ∂(ω). (7)

Ñêîðîñòü ïîïåðå÷íîé âîëíû u(ω) è äëèíà ïîãëîùåíèÿ λ∂(ω) îïðåäåëÿþòñÿ ïîñðåäñòâîì
A(ω) è B(ω) ôîðìóëàìè

u(ω) =
A2(ω) +B2(ω)

A(ω)
,

λ∂(ω) =
A2(ω) +B2(ω)

ωB(ω)
. (8)

Âûñîêî÷àñòîòíûì ïðåäåëàì ôàçîâîé ñêîðîñòè âîëí ñäâèãà óäîâëåòâîðÿåò ñîîòíîøåíèå

c̄∞t =

√
µ

ρs
.

Íà ðèñ. 1 è 2 ïîêàçàíû äèñïåðñèîííûå êðèâûå, ñîîòâåòñòâóþùèå ñêîðîñòè è äëèíå
ïîãëîùåíèÿ ïîïåðå÷íîé âîëíû. Ôèçè÷åñêèå ïàðàìåòðû, èñïîëüçóåìûå â ÷èñëåííûõ ýêñ-
ïåðèìåíòàõ, âçÿòû èç [13, 14]:

� χ̂(ω) = η
κρρl

/
√

1 + iω
Ω
, Ω = η φ2Λ2

4 a2 κ2 ρfl
,

� ρfl = 1040 (êã/ì3), ρfs = 2650 (êã/ì3),
� η = 1.5 · 10−3 (Ïà·ñ), µ = 2.93 · 109 (Ïà), φ = 0.335,
� a = 2, κ = 10−11 (ì2), Λ = 2.19 · 10−5 (ì).
Ñèñòåìó (3) ìîæíî ïðåäñòàâèòü â ñëó÷àå ñ ïåðåìåííûìè êîýôôèöèåíòàìè â âèäå

èíòåãðî-äèôôåðåíöèàëüíîãî óðàâíåíèÿ îòíîñèòåëüíî ñêîðîñòè ñìåùåíèé óïðóãîãî ïîðèñ-
òîãî òåëà. Â ñëó÷àå äëÿ ìàëûõ çíà÷åíèé ïîðèñòîñòè äàííîå óðàâíåíèå èìååò âèä [18]
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Ðèñ. 1. Äèñïåðñèîííàÿ êðèâàÿ ñêîðîñòè ïîïåðå÷íîé âîëíû
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Ðèñ. 2. Äèñïåðñèîííàÿ êðèâàÿ äëèíû ïîãëîùåíèÿ ïîïåðå÷íîé âîëíû

utt(t,x)− c2
t (t,x)uxx + α1(t,x)ut(t,x) + α2(t,x)ux(t,x)+

+α3(t,x)u(t,x) +

∫ t

0

α4(τ,x)u(τ,x)dτ = f(t,x),

ãäå êîýôôèöèåíòû αk(t,x)ut(t,x) (k=1,2,3,4) � çàäàííûå, íå îáðàùàþùèåñÿ â íóëü íè â
îäíîé òî÷êå ôóíêöèè, f(t,x) � îïèñûâàåò èñòî÷íèê.

Çàêëþ÷åíèå. Ïîñòðîåíà òåðìîäèíàìè÷åñêè ñîãëàñîâàííàÿ ìàòåìàòè÷åñêàÿ ìîäåëü
äëÿ îïèñàíèÿ ðàñïðîñòðàíåíèÿ ñäâèãîâûõ àêóñòè÷åñêèõ âîëí â íàñûùåííûõ æèäêî-
ñòüþ ïîðèñòûõ ñðåäàõ ñ ó÷åòîì äèñïåðñèè, îáóñëîâëåííîé ìåæêîìïîíåíòíûì òðåíèåì.
Ïðîâåäåí äèñïåðñèîííûé àíàëèç ïîñòðîåííîé ìàòåìàòè÷åñêîé ìîäåëè. Ïðåäñòàâëåíû
ðåçóëüòàòû ÷èñëåííîãî ìîäåëèðîâàíèÿ ðàñïðîñòðàíåíèÿ ñåéñìè÷åñêèõ âîëí äëÿ ñêîðîñòè
è äëèíû ïîãëîùåíèÿ ïðîáíîé ìîäåëè ñðåäû.
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