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This paper is concerned with obtaining a system of Burgers-type equations in one limit case from
the system of equations of a two-�uid medium. The system in question di�ers from the system of
equations of a two-�uid medium by the absence of pressure and the incompressibility conditions. For
this reason, the problems associated with the Burgers-type system are called a system without pressure
for a two-�uid medium. In the case when the dissipative function does not depend on the viscosity
coe�cients of the medium, we will call the Burgers-type non-viscous system or the Hopf-type system.
In the one-dimensional case, we call it also the Riemann-type system of equations, which is a simple
quasilinear system of equations. The system of equations of a two-�uid medium and the system of
equations of the Burgers type have much in common. For example, the quadratic nonlinear terms -
due to the phase velocities - respond to advective terms, corresponding to the dependence of sound on
the amplitude of sound waves and linear terms caused by viscosities and the friction coe�cient, which
are responsible for the attenuation of the sound waves, whereinproperties of solutions are completely
di�erent. With a Burgers-type equation system with disappearing viscosity coe�cients and the friction
coe�cient, both strong (shock waves) and weak discontinuities are formed, whilethe solutions of a
two-�uid system, do not possess such features. However, the scope of applicability of the system
proposed is not limited to the examples given, such systems arise in many problems, which is what
determines its importance. A study of the system of the Burgers-type equations arising in the nonlinear
acoustics is presented. The proposed mathematical model is due to the combination of a conservative
nonlinear system with a dissipative term; here, the dissipation is due to both the viscosity of subsystems
and the inter-component friction coe�cient (analogous to the Darcy coe�cient), for which equivalent
di�usion representations can be e�ectively used. The Cauchy problem for a one-dimensional system
of the Burgers-type equations arising in a two-�uid medium is considered. The system under study
is quasilinear, and analytical research methods do not allow one to obtain solutions to the Cauchy
problem. One of the main methods for carrying out theoretical studies of the mathematical models
of a two-�uid medium and applying them to solving important practical problems is numerical
methods. Consequently, when studying e�cient numerical algorithms, one of the main methods for their
construction, is the method of weak approximation of di�erential equations. The weak approximation
method, steering a middle course between the di�erential problem and the corresponding di�erence
model can be used in two versions: as one of the methods for studying the correctness of the problem; as
a method for constructing and rigorous mathematical analysis of the corresponding di�erence splitting
schemes. The latter from this point of view are simple di�erence approximations of di�erential problems
in fractional steps. In this paper, using the weak approximation method, we prove the existence and
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uniqueness of the solution to the Cauchy problem for a one-dimensional Burgers-type system in the
dissipative approximation.

Key words: two-velocity hydrodynamics, Burgers type system, weak approximation method.
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Ïîëó÷åíà ñèñòåìà óðàâíåíèé òèïà Áþðãåðñà. Ðàññìîòðåíà çàäà÷à Êîøè äëÿ îäíîìåðíîé ñè-
ñòåìû óðàâíåíèé òèïà Áþðãåðñà âîçíèêàþùàÿ â äâóõñêîðîñòíîé ãèäðîäèíàìèêå. Ìåòîäîì
ñëàáîé àïïðîêñèìàöèè äîêàçàíî ñóùåñòâîâàíèå è åäèíñòâåííîñòü ðåøåíèÿ çàäà÷è Êîøè äëÿ
îäíîìåðíîé ñèñòåìû òèïà Áþðãåðñà.

Êëþ÷åâûå ñëîâà: äâóõñêîðîñòíàÿ ãèäðîäèíàìèêà, ñèñòåìà òèïà Áþðãåðñà, ìåòîä ñëàáîé
àïïðîêñèìàöèè.

Ââåäåíèå. Â ïîñëåäíèå äåñÿòèëåòèÿ ìàòåìàòèêè ñòàíîâÿòñÿ âñå áîëåå çàèíòåðåñîâàíû
â ïðîáëåìàõ, ñâÿçàííûõ ñ ïîâåäåíèåì ðåøåíèé ñèñòåì óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ,
ñ ìàëûì ïàðàìåòðîì ïðè ñòàðøèõ ïðîèçâîäíûõ è ñ ó÷åòîì êèíåòè÷åñêèõ ïàðàìåòðîâ. Ýòè
ïðîáëåìû âîçíèêëè èç ôèçè÷åñêèõ ïðèëîæåíèé, â îñíîâíîì èç ñîâðåìåííîé ãèäðîäèíà-
ìèêè (ñæèìàåìûõ ìíîãîôàçíûõ æèäêîñòåé ñ ìàëûìè âÿçêîñòÿìè). Àíàëîãèÿ óðàâíåíèþ
Áþðãåðñà âîçíèêàåò, íàïðèìåð, ïðè èññëåäîâàíèè ñëàáîíåëèíåéíîé îäíîìåðíîé àêóñòè÷å-
ñêîé âîëíû, äâèæóùåéñÿ ñ ëèíåéíîé ñêîðîñòüþ çâóêà. Â ýòîì ñëó÷àå íåëèíåéíûå ïî ñêî-
ðîñòÿì ÷ëåíû â ñèñòåìå óðàâíåíèé òèïà Áþðãåðñà ïðîèñõîäÿò èç çàâèñèìîñòè ñêîðîñòåé
çâóêà îò àìïëèòóäû çâóêîâîé âîëíû, à ÷ëåíû ñî âòîðîé ïðîèçâîäíîé è ðàçíîñòè ñêîðîñòåé
ïðåäñòàâëÿþò çàòóõàíèå çâóêîâûõ âîëí, ñâÿçàííîå ñ äèññèïàöèåé ýíåðãèè. Äðóãèìè ñëî-
âàìè, ýòè ÷ëåíû, îáåñïå÷èâàþò íåïðåðûâíîñòü ðåøåíèé è ïðåäñòàâëÿþò äèññèïàòèâíûå
ïðîöåññû, ñâÿçàííûå ñ ïðîèçâîäñòâîì ýíòðîïèè. Ýòè ÷ëåíû, â ñâîþ î÷åðåäü, îáåñïå÷èâàþò
íåîïðîêèäûâàíèå âîëí [1]. Ðàññìàòðèâàåìàÿ ñèñòåìà ÿâëÿåòñÿ ÷àñòíûì ñëó÷àåì ñèñòåìû
óðàâíåíèé äâóõñêîðîñòíîé ãèäðîäèíàìèêè â îäíîìåðíîì ñëó÷àå [2�5].

Îäíîìåðíûì àíàëîãîì óðàâíåíèé Íàâüå-Ñòîêñà äëÿ ñæèìàåìûõ æèäêîñòåé ìîæíî
ñ÷èòàòü ñèñòåìó óðàâíåíèé òèïà Áþðãåðñà, êîòîðàÿ ïðåäñòàâëÿåò ñîáîé ñèñòåìó íåëè-
íåéíûõ óðàâíåíèé êîíâåêöèè-äèôôóçèè

ut + uux = ν uxx − b̃ (u− ũ), (1)

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ãðàíò 18-51-41002).
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ũt + ũ ũx = ν̃ ũxx + b (u− ũ), (2)

ãäå âåëè÷èíû u è ũ ìîæíî ðàññìàòðèâàòü, êàê ñêîðîñòè ïîäñèñòåì ñ ðàçìåðíîñòüþ [x]/[t],
ñîñòàâëÿþùèõ äâóõñêîðîñòíîé êîíòèíóóì ñ ñîîòâåòñòâóþùèìè ïàðöèàëüíûìè ïëîòíîñòÿ-
ìè ρ è ρ̃, ρ̄ = ρ̃ + ρ � îáùàÿ ïëîòíîñòü êîíòèíóóìà, b̃ = ρ̃

ρ
b, b � êîýôôèöèåíò òðåíèÿ ñ

ðàçìåðíîñòüþ 1/[t], êîòîðûé ÿâëÿåòñÿ àíàëîãîì êîýôôèöèåíòà Äàðñè äëÿ ïîðèñòûõ ñðåä.
Ïîëîæèòåëüíûå êîíñòàíòû ν è ν̃ èãðàþò ðîëü êèíåìàòè÷åñêèõ âÿçêîñòåé ïîäñèñòåì ñ ðàç-
ìåðíîñòüþ [x]2/[t].

Ó ñèñòåìû óðàâíåíèé äâóõñêîðîñòíîé ãèäðîäèíàìèêè è ñèñòåìû óðàâíåíèé òèïà Áþð-
ãåðñà ìíîãî îáùåãî. Íàïðèìåð, êâàäðàòè÷íàÿ íåëèíåéíîñòü ïî u è ũ ÷ëåíû ñ àäâåêòèâ-
íûì ñëàãàåìûì, îòâå÷àþùèì çàâèñèìîñòè çâóêà îò àìïëèòóäû çâóêîâûõ âîëí è ëèíåé-
íûõ âÿçêîñòåé ν, ν̃, êîýôôèöèåíòà òðåíèÿ b [1] â ïðàâûõ ÷àñòÿõ, îòâå÷àþùèå çà çàòóõàíèå
çâóêîâûõ âîëí. ×òî êàñàåòñÿ ñâîéñòâ ðåøåíèé, òî îíè ñîâåðøåííî ðàçíûå. Ó ñèñòåìû
óðàâíåíèÿ Áþðãåðñà ïðè èñ÷åçàþùèõ êîýôôèöèåíòàõ ν, ν̃, b ôîðìèðóþòñÿ êàê ñèëüíûå
(óäàðíûå âîëíû), òàê è ñëàáûå ðàçðûâû, â òî âðåìÿ êàê ðåøåíèÿ ñèñòåìû äâóõñêîðîñòíîé
ãèäðîäèíàìèêè òàêèìè îñîáåííîñòÿìè íå îáëàäàþò. Îäíàêî îáëàñòü ïðèìåíèìîñòè ýòîé
ñèñòåìû îòíþäü íå îãðàíè÷èâàþòñÿ ïðèâåäåííûìè ïðèìåðàìè, òàêèå ñèñòåìû âîçíèêàþò
âî ìíîãèõ çàäà÷àõ, ÷åì è îïðåäåëÿåòñÿ åå çíà÷åíèå.

Â äàííîé ðàáîòå äëÿ äîêàçàòåëüñòâà ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ çàäà÷è
Êîøè äëÿ îäíîìåðíîé ñèñòåìû òèïà Áþðãåðñà èñïîëüçóåòñÿ ìåòîä ñëàáîé àïïðîêñèìàöèè.
Â íàèáîëåå ïîëíîì âèäå ìåòîä ñëàáîé àïïðîêñèìàöèè äëÿ ëèíåéíûõ óðàâíåíèé èññëåäîâàí
Ã.Â. Äåìèäîâûì è Â.À. Íîâèêîâûì [6].

Ç. Ã. Ãåãå÷êîðè èçó÷àë ðàñùåïëåíèå ìíîãîìåðíûõ ýëëèïòè÷åñêèõ îïåðàòîðîâ ñî ñìå-
øàííûìè ïðîèçâîäíûìè íà îäíîìåðíûå (ïî ðàçëè÷íûì íàïðàâëåíèÿì) è ñõîäèìîñòü òà-
êèõ ìåòîäîâ äëÿ ïàðàáîëè÷åñêèõ çàäà÷.

Ïåðâûå ðåçóëüòàòû î ñõîäèìîñòè ìåòîäà ñëàáîé àïïðîêñèìàöèè äëÿ íåëèíåéíûõ óðàâ-
íåíèé ïðèíàäëåæàò Ã.È. Ìàð÷óêó è Ã.Â. Äåìèäîâó, äîêàçàâøèì ñõîäèìîñòü ìåòîäà ðàñ-
ùåïëåíèÿ äëÿ îäíîé èç çàäà÷ êðàòêîñðî÷íîãî ïðîãíîçà ïîãîäû [8].

Þ.ß. Áåëîâûì è Ã.Â. Äåìèäîâûì èññëåäîâàíà ñõîäèìîñòü ÌÑÀ äëÿ ðàçëè÷íûõ âàðè-
àíòîâ ðàñùåïëåíèÿ êâàçèëèíåéíîé ñèñòåìû óðàâíåíèé òèïà Áþðãåðñà â [9].

Ã. Â. Äåìèäîâûì, Â.Ô. Ðàïóòîé ìåòîä ñëàáîé àïïðîêñèìàöèè èçó÷àëñÿ äëÿ àáñòðàêò-
íûõ íåëèíåéíûõ îïåðàòîðíûõ óðàâíåíèé, ÷àñòíûìè ñëó÷àÿìè êîòîðûõ ÿâëÿþòñÿ ñèñòåìû
òèïà Êîøè-Êîâàëåâñêîé [10, 11].

Þ.ß. Áåëîâ íà îñíîâå ÌÑÀ èññëåäîâàë âîïðîñû ðàçðåøèìîñòè è óñòîé÷èâîñòè ñòàöè-
îíàðíûõ ðåøåíèé ðàñïàäàþùèõñÿ êâàçèëèíåéíûõ ïàðàáîëè÷åñêèõ ñèñòåì óðàâíåíèé ïåð-
âîãî ïîðÿäêà. Þ.Å. Áîÿðèíöåâûì äîêàçàíû äîñòàòî÷íî îáùèå òåîðåìû ñõîäèìîñòè ÌÑÀ
äëÿ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé, èññëåäîâàíà âîçìîæíîñòü ïðèìåíåíèÿ
ìåòîäà ê çàäà÷àì îïòèìàëüíîãî óïðàâëåíèÿ [12].

1. Çàäà÷à Êîøè äëÿ ñèñòåìû óðàâíåíèé òèïà Áþðãåðñà. Ðàññìîòðèì äëÿ ñè-
ñòåìû (1), (2) â ïîëîñå Γ[0, T ] = {(t,x) : 0 6 t 6 T, x ∈ R} çàäà÷ó Êîøè ñî ñëåäóþùèìè
íà÷àëüíûìè äàííûìè

u|t=0 = u0(x), ũ|t=0 = ũ0(x), x ∈ R. (3)

Íàñ áóäóò èíòåðåñîâàòü ðåøåíèÿ çàäà÷è Êîøè äëÿ ñèñòåìû óðàâíåíèé òèïà Áþðãåðñà (1),
(2) â îòëè÷èå, à èìåííî u(t,x), ũ(t,x) ∈ C1,2(Γ[0, T ]) � êëàññ ôóíêöèé îäèí ðàç íåïðåðûâíî
äèôôåðåíöèðóåìûõ ïî t è äâà ðàçà íåïðåðûâíî äèôôåðåíöèðóåìûõ ïî x.
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2. Ìåòîä ñëàáîé àïïðîêñèìàöèè. Òåîðåìà ñõîäèìîñòè ìåòîäà ñëàáîé àïïðîê-

ñèìàöèè. Äëÿ ïîëíîòû èçëîæåíèÿ ïðèâåäåì êðàòêîå îïèñàíèå ìåòîäà ñëàáîé àïïðîêñè-
ìàöèè è îäíó òåîðåìó ñõîäèìîñòè ìåòîäà. Áîëåå ïîäðîáíî ýòà èíôîðìàöèÿ èçëîæåíà â
[13, 14].

Â áàíàõîâîì ïðîñòðàíñòâå H ðàññìîòðèì çàäà÷ó Êîøè

du

dt
+ L(t)u = f(t), t ∈ [0, T ], u|t=0 = u0, (1.5)

ãäå L(t) � íåëèíåéíûé, âîîáùå ãîâîðÿ, íåîãðàíè÷åííûé îïåðàòîð ñ ïåðåìåííîé îáëàñòüþ
îïðåäåëåíèÿ D(L(t)), ïðè÷åì ïðè êàæäîì ôèêñèðîâàííîì t ∈ 2[0, T ] îïåðàòîð L(t) îòîá-
ðàæàåò D(L(t)) â H.

Ïóñòü L =
∑m

i=1 Li, f =
∑m

i=1 fi è
⋂m
i=1 D(Li(t)) ⊆ D(L(t)). Ñ÷èòàåì, ÷òî îïåðàòîðû

Li(t) îòîáðàæàþò D(Li(t)) â H è ôóíêöèè fi(t) ∈ H, i = 1, . . . ,m.
Íàðÿäó ñ çàäà÷åé (1.5), ðàññìîòðèì ñåìåéñòâî çàäà÷, çàâèñÿùèõ îò ïàðàìåòðà τ :

duτ

dt
+ Lτ (t)u

τ = fτ (t), t ∈ [0, T ], uτ |t=0 = u0, (1.6)

ãäå

Lτ (t) =
m∑
i=1

αi(τ,t)Li(t), fτ (t) =
m∑
i=1

βi(τ,t) fi(t),

à ôóíêöèè αi(τ,t), βi(τ,t) ñëàáî àïïðîêñèìèðóþò åäèíèöó, ò. å. äëÿ ëþáûõ t1, t2 ∈ [0, T ] ïðè
τ → 0 ∫ t2

t1

(αi(τ,t)− 1)dt→ 0,

∫ t2

t1

(βi(τ,t)− 1)dt→ 0.

Ìåòîä ðåøåíèÿ çàäà÷è (1.5), ïðè êîòîðîì â êà÷åñòâå ïðèáëèæåííûõ ðåøåíèé uτ , τ > 0,
áåðóòñÿ ðåøåíèÿ çàäà÷è (1.6) è ðåøåíèå u çàäà÷è (1.5) íàõîäèòñÿ êàê ïðåäåë ïðè τ → 0
ðåøåíèé uτ (u = limτ→0 u

τ ), íàçûâàåòñÿ ìåòîäîì ñëàáîé àïïðîêñèìàöèè ([13], [15], [14]).
Åñëè ôóíêöèè αi(τ,t), βi(τ,t) âûáðàòü â âèäå

αi(τ,t) = βi(τ,t) =

{
m,

(
n+ i−1

m

)
τ < t 6

(
n+ i

m

)
τ,

0, â ïðîòèâíîì ñëó÷àå,

n = 0, 1, . . . ,N − 1, òî â ýòîì ñëó÷àå íàõîæäåíèå ðåøåíèÿ uτ çàäà÷è (1.6) ñâîäèòñÿ ê
ðåøåíèþ ïîñëåäîâàòåëüíîñòè çàäà÷ Êîøè:

duτ

dt
+mL1(t)uτ = mf1(t), t ∈ (0,

τ

m
] � ïåðâûé äðîáíûé øàã,

uτ |t=0 = u0,

duτ

dt
+mL2(t)uτ = mf2(t), t ∈ (

τ

m
,
2τ

m
] � âòîðîé äðîáíûé øàã.

Â êà÷åñòâå íà÷àëüíûõ äàííûõ íà ýòîì øàãå áåðåòñÿ çíà÷åíèå ðåøåíèÿ, ïîëó÷åííîãî íà
ïåðâîì äðîáíîì øàãå â ìîìåíò t = τ

m
. Ïðîäîëæàÿ àíàëîãè÷íûì îáðàçîì, îïðåäåëÿþò

ðåøåíèå íà ìíîæåñòâàõ ((2τ
m
, 3τ
m

], . . . ,( (m−1)τ
m

, τ ]. Òåì ñàìûì íàõîäÿò ðåøåíèå íà îòðåçêå
[0, τ ] � íóëåâîì öåëîì øàãå. Ïîñëå ýòîãî àíàëîãè÷íî íàõîäÿò ðåøåíèå íà îòðåçêå [τ, 2τ ] �
ïåðâîì öåëîì øàãå, çàòåì � íà îòðåçêå [2τ, 3τ ] è òàê äàëåå. ×åðåç êîíå÷íîå ÷èñëî øàãîâ
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(÷èñëî ýòî ðàâíî N) ðåøåíèå uτ íàõîäÿò íà îòðåçêå [0, T ]. Çàäà÷ó (1.6) íàçûâàþò ðàñùåï-
ëåíèåì çàäà÷è (1.5).

Ðàññìîòðèì â ïîëîñå Γ̃[0, T ] = {(t,x)|0 < t < T,x ∈ Rn} ñèñòåìó íåëèíåéíûõ äèôôåðåí-
öèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ

∂u

∂t
= ϕ(t,x, ū), (1.7)

ãäå u = u(t,x) = (u1(t,x), . . . , ul(t,x)), ϕ = (ϕ1, . . . , ϕl) � âåêòîð-ôóíêöèè ðàçìåðíîñòè l

(l > 0). ū =
(
u1, . . . , ul,

∂u1
∂x1
, ∂u1
∂x2
, . . . , ∂ul

∂xn
, . . . ,∂

ru1
∂xr1

, . . . ,∂
run
∂xrn

)
.

Ïóñòü ϕ =
∑m

i=1 ϕ
i, ϕj =

∑m
i=1 ϕ

i
j, j = 1, . . . ,l, ãäå ϕi � âåêòîð-ôóíêöèè ðàçìåðíîñòè l;

ϕi, ϕij � j-å êîìïîíåíòû âåêòîðîâ ϕ è ϕi ñîîòâåòñòâåííî. Ñèñòåìà

∂uτ

∂t
=

m∑
i=1

ai,τ (t)ϕi(t,x, ū
τ ), (1.8)

ãäå

ai,τ (t) =

{
m,

(
n+ i−1

m

)
τ < t 6

(
n+ i

m

)
τ,

0, â ïðîòèâíîì ñëó÷àå,

n = 0, 1, . . . ,N − 1; τ N = T ñëàáî àïïðîêñèìèðóåò ñèñòåìó (4). ϕi,τ (t,x, ū
τ ) � íåêîòîðûå

àïïðîêñèìàöèè âåêòîð-ôóíêöèé ϕi(t,x, ū
τ ), çàâèñÿùèå îò τ .

Íàêîíåö, ðàññìîòðèì ñèñòåìó

∂uτ

∂t
=

m∑
i=1

ai,τ (t)ϕi,τ (t,x, ū
τ ), (1.9)

ãäå âåêòîð-ôóíêöèè ϕi,τ (t,x, ū
τ ) åñòü íåêîòîðûå àïïðîêñèìàöèè âåêòîð-ôóíêöèé

ϕi(t,x, ū
τ ), çàâèñÿùèå îò τ .

Íèæå áóäåì ðàññìàòðèâàòü êëàññè÷åñêèå ðåøåíèÿ óðàâíåíèé (1.7), (1.8), (1.9). Ïîä
êëàññè÷åñêèìè ðåøåíèÿìè óðàâíåíèé (1.8) ((1.9)) ìû ïîíèìàåì ôóíêöèþ uτ , íåïðåðûâíóþ
âìåñòå ñî âñåìè ñâîèìè ïðîèçâîäíûìè ïî ïðîñòðàíñòâåííûì ïåðåìåííûì, êîòîðûå âõîäÿò
â óðàâíåíèå (1.8), â ïîëîñå Γ̃[0, T ], îáëàäàþùóþ êóñî÷íî-íåïðåðûâíîé ïðîèçâîäíîé uτt â

Γ̃[0, T ] (u
τ
t ìîæåò èìåòü ðàçðûâû ëèøü íà ãèïåðïëîñêîñòÿõ t =

(
n+ i

m

)
τ , n = 0, 1, . . . ,N−1,

τ N = T , i = 0, 1, . . . ,m− 1) è óäîâëåòâîðÿþùóþ óðàâíåíèþ (1.8) ((1.9)).
Ïðåäïîëîæèì, ÷òî âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ.
Óñëîâèå 1. Âåêòîð-ôóíêöèè ϕi îïðåäåëåíû è íåïðåðûâíû ïðè ëþáûõ çíà÷åíèÿõ ñâîèõ

àðãóìåíòîâ. Âåêòîð-ôóíêöèè ϕi,τ (t,x, ū
τ ) íà êëàññè÷åñêèõ ðåøåíèÿõ ūτ ñèñòåìû óðàâíå-

íèé (1.9) íåïðåðûâíû ïî ïåðåìåííûì (t,x) ∈ Γ̃[0, T ].
Ïóñòü {τk}∞k=1 (0 < τ 6 τ0) � íåêîòîðàÿ ïîñëåäîâàòåëüíîñòü, ñõîäÿùàÿñÿ ê íóëþ:

limk→∞ τk = 0. Çàìåòèì, ÷òî ïîñëåäîâàòåëüíîñòè {τk}∞k=1 ñîîòâåòñòâóåò ïîñëåäîâàòåëü-
íîñòü {Nk}∞k=1 k=1 öåëûõ ÷èñåë, òàêèõ, ÷òî τkNk = T . ×åðåç uτk(t,x) îáîçíà÷èì ðåøåíèå
ñèñòåìû (1.9) ïðè ôèêñèðîâàííîì τk > 0.

Óñëîâèå 2. Ïóñòü ïðè âñåõ τk > 0 êëàññè÷åñêîå ðåøåíèå uτk ñèñòåìû (1.9) ñóùåñòâóåò
è ïðè τk → 0 ðàâíîìåðíî â Γ̃N[0, T ] = {(t,x)|0 < t < T, |x| 6 N} ïîñëåäîâàòåëüíîñòü uτk
ñõîäèòñÿ ê íåêîòîðîé âåêòîð-ôóíêöèè u âìåñòå ñî âñåìè ïðîèçâîäíûìè ïî x, âõîäÿùèì â
(1.7), ïðè÷åì
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max
Γ̃N
[0, T ]

=| ϕi(t,x, ūτk)− ϕi,τk(t,x, ūτk) |→ 0, τk → 0, i = 1, . . . ,m.

Òåîðåìà. Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ 1, 2. Òîãäà âåêòîð-ôóíêöèÿ u(t,x) åñòü ðåøåíèå
ñèñòåìû (1.7)

â Γ̃N[0, T ].

Äîêàçàòåëüñòâî òåîðåìû 1.3 ïðèâåäåíî â [13].
3. Ìåòîä ñëàáîé àïïðîêñèìàöèè äëÿ çàäà÷è Êîøè äëÿ ñèñòåìû óðàâíåíèé

òèïà Áþðãåðñà. Ðàññìîòðèì îòíîñèòåëüíî äàííûõ Êîøè u0, ũ0 çàäà÷è (1)�(3), ïðåäïî-
ëîæèì, ÷òî u0, ũ0 ∈ C2(R) è

| d
nu0(x)

dxn
|6 cn, | d

nũ0(x)

dxn
|6 c̃n, x ∈ R, n = 0,1,2, (20)

ãäå cn, c̃n � íåêîòîðûå çàäàííûå íåîòðèöàòåëüíûå ïîñòîÿííûå.
Â íà÷àëå ðàññìîòðèì ñëó÷àé áåñêîíå÷íî äèôôåðåíöèðóåìûõ äàííûõ Êîøè. Ïðåäïî-

ëîæèì, ÷òî u0, ũ0 ∈ C∞(R) è

| d
nu0(x)

dxn
|6 cn, | d

nũ0(x)

dxn
|6 c̃n, x ∈ R, n = 0,1, . . . , (21)

Ñëåäóÿ [9, 16], ñëàáî àïïðîêñèìèðóåì çàäà÷ó Êîøè (1)�(3) çàäà÷åé

uτt = 3 ν uτxx, ũτt = 3 ν̃ ũτxx, nτ < t 6

(
n+

1

3

)
τ, (22)

uτt + 3uτ uτx = 0, ũτt + 3 ũτ ũτx = 0,

(
n+

1

3

)
τ < t 6

(
n+

2

3

)
τ, (23)

uτt = −3 b̃ (uτ − ũτ ), ũτt = 3 b (uτ − ũτ ),
(
n+

2

3

)
τ < t 6 (n+ 1)τ, (24)

uτ (0,x) = u0(x), ũτ (0,x) = ũ0(x), (25)

ãäå N τ = t∗, N > 1 � öåëîå, n = 0,1, . . . ,N−1, è ïîñòîÿííàÿ t∗ óäîâëåòâîðÿåò íåðàâåíñòâó
(30) (ñì. íèæå).

Çàìå÷àíèå. Ïðè ïîñòðîåíèè ðåøåíèÿ çàäà÷è (22)�(25) íà ïåðâûõ äðîáíûõ øàãàõ ðåøà-
åòñÿ çàäà÷à Êîøè äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè, à íà âòîðûõ äðîáíûõ øàãàõ � çàäà÷à
Êîøè äëÿ óðàâíåíèÿ ïåðåíîñà

vt + 3 v vx = 0, (26)

à íà òðåòüèõ äðîáíûõ øàãàõ � çàäà÷à Êîøè äëÿ ñèñòåìû îáûêíîâåííûõ äèôôåðåíöèàëü-
íûõ óðàâíåíèé, ðåøåíèå êîòîðîé èìååò âèä

uτt = u0(x) +
3 b̃

b̄
(ũ0(x)− u0(x))

(
1− e−b̄ t

)
,

ũτ = ũ0(x) e−b̄ t +
3 b̃

b̄
ũ0(x)

(
1− e−b̄ t

)
+

3 b

b̄
u0(x)

(
1− e−b̄ t

)
,

ãäå b̄ = 3(b+ b̃).
Èçâåñòíî, ÷òî â ñëó÷àå çàäà÷è Êîøè äëÿ óðàâíåíèÿ (26) ñ íà÷àëüíûìè äàííûìè
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v(0,x) = v0(x), (27)

îãðàíè÷åííûìè âìåñòå ñî ñâîèìè ïðîèçâîäíûìè, ìîæåò èìåòü ìåñòî ãðàäèåíòíàÿ êàòà-
ñòðîôà, òî åñòü ìîæåò ñóùåñòâîâàòü t1 > 0, òàêîå, ÷òî êëàññè÷åñêîå ðåøåíèå v ýòîé çàäà-
÷è ñóùåñòâóåò â ïîëîñå Γ[0, t1), ñàìî îñòàåòñÿ â ýòîé ïîëîñå îãðàíè÷åííûì, íî ïðîèçâîäíàÿ
vx â îêðåñòíîñòè íåêîòîðîé òî÷êè (t1, x

0) ñòàíîâèòñÿ íåîãðàíè÷åííîé: vx(t,x) → ∞ ïðè
t→ t1, x→ x0 [1, 11, 13].

Íåòðóäíî ïîêàçàòü, ÷òî åñëè

| dv0(x)

dx
|6 c1, (28)

òî êëàññè÷åñêîå ðåøåíèå çàäà÷è (26), (27) ñóùåñòâóåò â ïîëîñå Γ[0, t∗], îãðàíè÷åíî è

| vx(t,x) |6 c1

1− 3 c1 t
, (t,x) ∈ Γ[0, t∗], (29)

ãäå t óäîâëåòâîðÿåò íåðàâåíñòâó
1− 3 c1 t

∗ > 0.

Ïóñòü âûïîëíåíû ñîîòíîøåíèÿ (21) è ïîñòîÿííûå c1, c̃1 è t
∗ óäîâëåòâîðÿþò óñëîâèÿì

1− c1 t
∗ > 0, 1− c̃1 t

∗ > 0 (30)

òîãäà ðåøåíèå uτ è ũτ â ïîëîñå Γ[0, t∗] ñóùåñòâóåò è îãðàíè÷åíî âìåñòå ñî âñåìè ñâîèìè
ïðîèçâîäíûìè ïî ïåðåìåííûì t, x.

Î÷åâèäíî, ÷òî ïðè ëþáîì ôèêñèðîâàííîì τ ðåøåíèå uτ è ũτ çàäà÷è (22)�(25) îãðàíè-
÷åíû íåçàâèñèìî îò âåëè÷èíû τ :

| uτ (t, x) |6 c0, | ũτ (t, x) |6 c̃0. (31)

Ïîâòîðÿÿ ðàññóæäåíèå èç [9], ìîæíî ïîêàçàòü îãðàíè÷åííîñòü ÷àñòíûõ ïðîèçâîäíûõ ðå-
øåíèé uτ è ũτ ïî x ëþáîãî ïîðÿäêà ðàâíîìåðíî ïî τ :

| ∂
kuτ (t, x)

∂xk
|6 Ck, | ∂

kũτ (t, x)

∂xk
|6 C̃k, (t, x) ∈ Γ[0, t∗], k = 0,1, . . . , (32)

ãäå Ck, C̃k � íåêîòîðûå ïîëîæèòåëüíûå ïîñòîÿííûå, òàêèå ÷òî C0 = c0, C̃0 = c̃0.
Èç íåðàâåíñòâ (31), (32) è óðàâíåíèé (22)�(24) ñëåäóþò ðàâíîìåðíûå ïî τ îöåíêè:

| ∂
k+1uτ (t, x)

∂t∂xk
|6 sk, | ∂

k+1ũτ (t, x)

∂t∂xk
|6 s̃k, (t, x) ∈ Γ[0, t∗], k = 0,1, . . . , (33)

Èç ýòèõ îöåíîê ñëåäóåò, ÷òî uτ , ũτ è èõ ïðîèçâîäíûå ïî x ëþáîãî ïîðÿäêà ðàâíîìåðíî
îãðàíè÷åíû è ðàâíîñòåïåííî íåïðåðûâíû â Γ[0, t∗]. Íà îñíîâàíèè òåîðåìû Àðöåëà äèàãî-
íàëüíûì ñïîñîáîì ìîæíî âûáðàòü ïîäïîñëåäîâàòåëüíîñòü {uτk}, {ũτk} ïîñëåäîâàòåëüíî-
ñòåé {uτ}, {ũτ}, ñõîäÿùóþñÿ â Γ[0, t∗] ê ôóíêöèÿì u è ũ ñîîòâåòñòâåííî âìåñòå ñî âñåìè
ïðîèçâîäíûìè ïî x, ðàâíîìåðíî â êàæäîé îãðàíè÷åííîé îáëàñòè ïîëîñû Γ[0, t∗], âñëåäñòâèå
÷åãî ôóíêöèè u è ũ èìåþò ïðîèçâîäíûå ëþáîãî ïîðÿäêà ïî x è âûïîëíÿþòñÿ ñîîòíîøåíèÿ

u(0, x) = u0(x), ũ(0, x) = ũ0(x), (34)
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| ∂
ku(t, x)

∂xk
|6 Ck, | ∂

kũ(t, x)

∂xk
|6 C̃k, (t, x) ∈ Γ[0, t], k = 0,1, . . . . (35)

Åäèíñòâåííîñòü ðåøåíèÿ äîêàçûâàåòñÿ ñòàíäàðòíûì ñïîñîáîì. Ñëåäîâàòåëüíî, è ñàìè ïî-
ñëåäîâàòåëüíîñòè ôóíêöèé {uτ}, {ũτ} ïðè τ → 0 ñõîäÿòñÿ ðàâíîìåðíî â Γ[0, t] ê u è ũ ñî-
îòâåòñòâåííî, âìåñòå ñî âñåìè ïðîèçâîäíûìè. Ñëó÷àé, êîãäà u0, ũ0 ∈ C2(R), äîêàçûâàåòñÿ
ñ ïîìîùüþ ñðåäíèõ ôóíêöèé [17].

Çàêëþ÷åíèå. Ïîëó÷åíà ñèñòåìà óðàâíåíèé òèïà Áþðãåðñà. Ýòà ñèñòåìà ÿâëÿåòñÿ
óïðîùåíèåì ñèñòåìà óðàâíåíèé ìîäåëè äâóõæèäêîñòíîé ñðåäû è îòëè÷àåòñÿ îò ñèñòåìû
óðàâíåíèé ìîäåëè äâóõæèäêîñòíîé ñðåäû îòñóòñòâèåì äàâëåíèÿ è óñëîâèÿìè íåñæèìàå-
ìîñòè. Ïî ýòîé ïðè÷èíå ñåìåéñòâî çàäà÷ äëÿ ñèñòåìû òèïà Áþðãåðñà èíîãäà íàçûâàåòñÿ
äâóõñêîðîñòíîé ãèäðîäèíàìèêîé áåç äàâëåíèÿ. Ðàññìîòðåíà çàäà÷à Êîøè äëÿ îäíîìåð-
íîé ñèñòåìû óðàâíåíèé òèïà Áþðãåðñà, âîçíèêàþùåé â äâóõñêîðîñòíîé ãèäðîäèíàìèêå.
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çàäà÷è Êîøè äëÿ îäíîìåðíîé ñèñòåìû òèïà Áþðãåðñà.
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