
Problems of Informatics. 2020. � 3

QUEUING MODEL OF A PROCESSING NODE IN MOBILE GEO
MONITORING NETWORK

M. Pagano, A. Rodionov∗, O. Sokolova∗∗, K. Tkachev∗∗

University of Pisa,
Italy

∗Novosibirsk State University,
630090, Novosibirsk, Russia

∗∗Institute of Computational Mathematics and Mathematical Geophysics SB RAS,
630090, Novosibirsk, Russia

DOI: 10.24411/2073-0667-2020-10009

The article discusses a mathematical model of the data �ow received by a processing center with a
limited input bu�er, receiving packets of the same type from a large number of independent sources.
All sources send packets with the same frequency, and the initial moment (the moment when the �rst
packet is sent) for each source is random in the �rst period. There is a probability of packet loss on
the network, which is the same for all sources.

The model arose in connection with the task of collecting information on air pollution in cities using
sensors located on city electric transport cars and serves to assess the parameters of the corresponding
system: the volume of the receiving bu�er depending on a given interval of sending packets or vice
versa, determining such an interval with a known size of the receiving bu�er. Both tasks are solved
based on the acceptable level of losses due to refusal to receive packets due to the lack of space in the
receiving bu�er.

The analytical model is built on the basis of LDT � large deviation theory. The obtained analytical
estimates were compared with the results of simulation experiments and showed good quality in terms
of behavior when changing the model parameters.
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Â ñòàòüå ðàññìàòðèâàåòñÿ ìàòåìàòè÷åñêàÿ ìîäåëü ïîòîêà äàííûõ, ïîëó÷àåìûõ îáðàáàòûâàþ-
ùèì öåíòðîì ñ îãðàíè÷åííûì âõîäíûì áóôåðîì, ïîëó÷àþùèõ îäíîòèïíûå ïàêåòû îò áîëüøîãî
êîëè÷åñòâà íåçàâèñèìûõ èñòî÷íèêîâ. Âñå èñòî÷íèêè ïîñûëàþò ïàêåòû ñ îäèíàêîâîé ïåðèîäè÷-
íîñòüþ, ïðè ýòîì íà÷àëüíûé ìîìåíò (ìîìåíò îòïðàâêè ïåðâîãî ïàêåòà) äëÿ êàæäîãî èñòî÷-
íèêà ñëó÷àåí íà ïåðâîì ïåðèîäå. Ñóùåñòâóåò âåðîÿòíîñòü ïîòåðè ïàêåòà â ñåòè, îäèíàêîâàÿ
äëÿ âñåõ èñòî÷íèêîâ.
Ìîäåëü âîçíèêëà â ñâÿçè ñ çàäà÷åé ñáîðà èíôîðìàöèè î çàãðÿçíåíèè âîçäóõà â ãîðîäàõ ñ
ïîìîùüþ äàò÷èêîâ, ðàçìåùåííûõ íà âàãîíàõ ãîðîäñêîãî ýëåêòðîòðàíñïîðòà, è ñëóæèò äëÿ
îöåíêè ïàðàìåòðîâ ñîîòâåòñòâóþùåé ñèñòåìû: îáúåìà ïðèíèìàþùåãî áóôåðà ïðè çàäàííîì
èíòåðâàëå ïîñûëêè ïàêåòîâ èëè íàîáîðîò, îïðåäåëåíèè òàêîãî èíòåðâàëà ïðè èçâåñòíîì îáú-
åìå ïðèíèìàþùåãî áóôåðà. Îáå çàäà÷è ðåøàþòñÿ èñõîäÿ èç äîïóñòèìîãî óðîâíÿ ïîòåðü èç-çà
îòêàçà â ïðèåìå ïàêåòîâ ïî ïðè÷èíå îòñóòñòâèÿ ìåñòà â ïðèíèìàþùåì áóôåðå.
Àíàëèòè÷åñêàÿ ìîäåëü ïîñòðîåíà íà îñíîâå LDT � òåîðèè áîëüøèõ îòêëîíåíèé. Ïîëó÷åí-
íûå àíàëèòè÷åñêèå îöåíêè ñðàâíåíû ñ ðåçóëüòàòàìè èìèòàöèîííûõ ýêñïåðèìåíòîâ è ïîêàçàëè
õîðîøåå êà÷åñòâî â ñìûñëå ïîâåäåíèÿ ïðè èçìåíåíèè ïàðàìåòðîâ ìîäåëè.

Êëþ÷åâûå ñëîâà: ìîäåëè î÷åðåäåé, öåíòð îáðàáîòêè, ãåîìîíèòîðèíã.

Introduction. In this paper we examine some properties of an system for environment
monitoring, that use mobile sensors which are installed on city trams. Ecological problems
became of prime importance in last decades, especially in large cities and industrial regions.
Traditionally, monitoring systems use immobile, stationary sensors installed for long time period
and using wired communication networks. Next generation monitoring networks use additional
mobile equipment, which is installed in special cars, that may be placed in arbitrary points for
some short time period, during which they are immobile. Such stations use radio channels for
data transmission. Modern state of technique allows using miniature mobile equipment which
may be installed in any mobile vehicle and can send data during its move by cellular network.
Of prime importance is the fact, that being installed in trams or trollies, such sensors are not

Äàííàÿ ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ãðàíòà Íîâîñèáèðñêîãî ãîñóäàðñòâåííîãî óíèâåðñèòåòà.
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a�ected by pollution from the engine of the carrier vehicle. Such monitoring systems became
popular in the last years [1].

There are many problems concerning design of monitoring networks with mobile nodes,
including design of hardware and software, network protocols, mathematical models and
numerical methods for data processing and so on. Some of these problems are discussed in
[1�6]. Usage of trams as carriers of sensors, besides lack of own pollution from the engine, has
some additional advantages, one of which is stable routes and a schedule known beforehand.
These features allow simplify mathematical models used for data processing.

In the current paper we examine one of little, but signi�cant problem: estimation of storage,
needed in the processing center for organizing queue of messages received from sensors. Note,
that results may be used for solving the inverse problem: �nding minimum period between
message sending that provides their processing in real time based on a processing center capacity
and given loss rate.

We assume that all the sensors are of the same type, send messages with the same size and
with the same period. We assume also, that the transmission time is much lesser than the period
between messages sending by a sensor. We assume also, that, for avoiding burst in arrival of
messages to the processing center, sensor starts its work at random moment in period.

The rest of the paper is organized as follows: in section 1 we present the formal mathematical
model; section 2 contains the description of corresponding simulation model; in section 3 we
discuss numerical and simulation results. The paper ends with brief conclusion.

1. Mathematical model. Let us consider a simple scenario in which n sensors, installed in
trams, send data to a central station. Each sensor periodically (with period T ) sends a �xed-size
packet, wich is successfully received with probability p. The sensors are not synchronized, so it
is reasonable to assume that the sending times are uniformly distributed over the interval (0,T )
and packet losses are independent since trams are in di�erent positions. Hence, the system can
be modeled as a discrete-time single server queueing system, in which the arrival process At
is the superposition of n independent Bernoulli processes (with parameter p) and the server is
able to process C packets in every time unit (equal to the period T ). In more detail, due to the
loss independence assumption, the RVs describing the number of arrivals in every interval are
independent, identically distributed with binomial distribution B(n,p), i.e.

P(k arrivals) = P(At = k) =

(
n

k

)
pkqn−k, 0 6 k 6 n, (1)

where q = 1− p.
The Large Deviation Theory (LDT), a powerful generalization of classical limit theorems [7],

provides a general framework for the asymptotic analysis of queueing system with non
Markovian input and service processes [8]. LDT has a beautiful and powerful formulation due
to Varadhan [9], based on the so-called Large Deviation Principle (LDP). In [10] the following
LDP for queue size is derived:

Theorem 1. LDP for queue size

Let (At, t ∈ Z) be a stationary random process, with EAt < C and let

Λt (θ) = logEeθSt where St =
∑
i≤t

At .

Suppose that

1. the limit
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Λ (θ) = lim
t→∞

1

t
Λt (θ) (2)

exists in R
⋃ {
∞
}
for each θ ∈ R

2. Λ(θ) is essentially smooth, and �nite in a neighbourhood of θ = 0

3. Λt (θ) is �nite for all t whenever Λ(θ) < θC

Then, for b > 0:

lim
l→∞

1

l
logP

(
Q

l
> b

)
= −I(b) (3)

where

I(b) = inf
t∈R+

t Λ∗ (C + b/t)

= inf
t∈R+

sup
θ≥0

θ (b+ Ct) − tΛ(θ)

= b sup {θ > 0 : Λ(θ) < θC} (4)

and Λ∗(x) is the convex dual or Fenchel-Legendre transform of Λ(θ):

Λ∗(x) = sup
θ

(θx− Λ(θ)) (5)

Equation (3) is usually written in a visually simpler equivalent form

lim
b→∞

1

b
logP (Q > b) = −I(1) (6)

Moreover, in case of iid arrivals the limiting scaled cumulant generating function Λ(θ)
coincides with the logarithmic moment generating function or cumulant generating function

of the real-valued RV At, i.e.,

Λ(θ) = logM(θ) = logE
(
eθAt

)
(7)

where M(θ) is the moment generating function of At. In our case, At ∈ B(n,p) and it is easy
to see that

Λ(θ) = n log
(
q + peθ

)
and the decay rate in (6), according to (4), is given by:

I(1) = sup {θ > 0 : Λ(θ) < θC}

i.e., by the (unique) positive solution of the equation
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Fig. 1. Over�ow probability for C = 960 (I(1) = 0.48525)

n log
(
q + peθ

)
− θC = 0 (8)

under the stability condition EAt < C, i.e. np < C.
2. Simulation results. Equation (6) can be used to estimate the bu�er size required to

have a loss probability lower than a given threshold. Indeed, if the number of arrivals is bigger
than C, the unprocessed packets must be kept in a bu�er and, if the bu�er size is overcome,
the excess packets are lost. However, LDT only provides logarithmic asymptotics [11] for the
over�ow probability in in�nite bu�er queueing systems and their accuracy must be veri�ed by
means of discrete-event simulation. To this aim, we assume that n = 1000 (it is reasonable
that several hundreds of trams are used to cover a metropolitan area) and p = 0.95 (if the
transmission system is well-dimensioned, only a small percentage of packets should be lost), so
values of C in the interval (950, 1000) may be considered.

According to (1), even in a bu�erless system the loss probability goes to zero when C → n.
In our case, it is easy to verify that such probability is less than 0.01 for C = 965 and less than
0.001 for C = 970, so it is reasonable to study the bu�er dimensioning for smaller values of C.

At �rst, the theoretical decay of the over�ow probability (6) is compared with its estimation
by discrete-event simulation (in all experiments 1010 arrival epochs are considered). In more
detail, Figures 1 and 2 show the results for C = 960 and C = 952 respectively. As expected,
LDT is able to capture the decay rate of the over�ow probability (i.e., the value of I(1) for the
considered service rate C), but can be inaccurate especially for small values of b (as highlighted
by Figure 1).

The over�ow probability provides an upper bound for the loss probability Pl in the
corresponding �nite-bu�er system. Hence, the next step consists in using equation (6) to
estimate the bu�er size b required to obtain a given value of Pl due to bu�er over�ow. Then
the theoretical bu�er size is rounded to the closest integer and the corresponding �nite-size
queueing system is simulated in order to estimate the actual loss probability. As highlighted by
table 1, for C = 960 the estimations are slightly conservative, and the actual values di�er from
the target ones at most by a factor of 3. The approximation is even better for C = 952 (see
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Fig. 2. Over�ow probability for C = 952 (I(1) = 0.0864126)

Table 1

Loss probabilities for C = 960

Required Pl value Theoretical bu�er size Actual Pl value

10−2 9.49031 (9) 0.004685910
10−3 14.23550 (14) 0.000399246
10−4 18.98060 (19) 3.4742e-05
10−5 23.72580 (24) 3.0898e-06
10−6 28.47090 (28) 4.481e-07

table 2), as could be expected by the visual comparison of the over�ow probabilities in Figure
2.

For veri�cation of our results we use discrete-event simulation. Independent sources were
modeled. Each source generated about 108 packets. The initial simulation data was the same
as in theoretical modeling described above. Comparison of analytical and simulation results is
presented in �gures. It is easy to see qualitive similitary of results.

Conclusion. Presented model may be used for raw estimation of resources needed for data
processing in systems with regular data �ows received from many sources with possible losts.
Our further researches include cases with several classes of sensors which send packets with
di�erent periods and requirer di�erent time for processing these packets.
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