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Problems of description of the motion of bodies that roll on a �xed or moving rigid surface have a
long history. They are closely related to the process of formation and development of a large branch
of analytical mechanics, namely, dynamics of nonholonomic systems. In works of I. Newton, L. Euler,
I. Bernoulli, J. D'Alembert and J. Lagrange, some problems on the rolling of rigid bodies without sliding
were studied; these problems are typical in the dynamics of systems with nonholonomic constraints
and hence they are considered as classical problems of nonholonomic mechanics.

One of such classical problems is the problem of rolling without sliding of a homogeneous ball
on a �xed surface under the action of gravity. For the �rst time this problem has been studied by
E. J. Routh in his classical treatise

”
The Advanced Part of a Treatise on the Dynamics of a System

of Rigid Bodies“. Routh derived the equations of motion of the ball in semi�xed axes and indicated
the cases of their integrability. In particular, Routh �rstly proved that a homogeneous ball, moving
within a vertical cylinder under the action of gravity, does not tending downwards on the average. This
physical fact may be observed while playing basketball, when the ball has almost hit the basket, but
then rapidly jumps out of it, suddenly lifting upwards. Actually, the majority of the subsequent authors
were just stating the results, obtained by Routh, without any essential additions. In particular, this
problem has been considered in details by Ju. I. Neimark and N. A. Fufaev in his classical monograph

”
Dynamics of Nonholonomic Systems“.

Usually, when considering this problem, following the E. J. Routh approach it is convenient to de�ne
explicitly the surface, on which the ball's centre of gravity is moving and not the supporting surface
along which the ball rolls. The surface, on which the ball's centre of gravity is moving, is equidistant
to the surface, over which the ball rolls. From the classical works of E. J. Routh and F. Noether it
was known that if the ball rolls on a surface such that its centre of gravity moves along a surface of
revolution, then the problem is reduced to solving the second order linear di�erential equation with
respect to the projection of velocity of the ball's centre of gravity onto the tangent to the parallel of
the corresponding surface of revolution. However it is impossible to �nd the general solution of the
corresponding second order linear di�erential equation for the arbitrary surface of revolution in explicit
form. Therefore it is interesting to study for which surface of revolution the general solution of the
corresponding second order linear di�erential equation can be expressed explicitly, in particular, in
terms of liouvillian functions. Recall that liouvillian functions are functions constructed from rational
functions by algebraic operations, taking exponentials, and integration. To solve this problem it is
possible to apply the so-called Kovacic algorithm to the corresponding second order linear di�erential
equation. In 1986, the American mathematician J. Kovacic presented a very e�ective algorithm for
�nding a general solution of a second order linear di�erential equation with variable coe�cients for
the case where this solution can be expressed in terms of liouvillian functions. If a linear di�erential
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equation has no liouvillian solutions, the Kovacic algorithm also allows one to ascertain this fact.
The necessary condition for application of the Kovacic algorithm to a second order linear di�erential
equation is that the coe�cients of this equation should be rational functions of independent variable.
There are no new ideas in the algorithm. It is simply brute-force calculations. The algorithm does
require that the partial fraction expansion of the coe�cients of the di�erential equation be known,
thus one needs to factor a polynomial in one independent variable over the complex numbers into
linear factors. Once the partial fraction expansions are known, only linear algebra is required.

In this paper we apply the Kovacic algorithm to the problem of rolling of a heavy homogeneous
ball on a �xed surface such that the centre of gravity of the ball moves along a given surface of
revolution. We present our own method to derive the corresponding second order linear di�erential
equation, the integration of which leads to the solution of the problem. In the case when the centre
of gravity of the ball moves along the paraboloid of revolution we are presenting the corresponding
linear di�erential equation in explicit form and reduce its coe�cients to a form of rational functions.
Using the Kovacic algorithm we prove that the general solution of the corresponding second order
linear di�erential equation is expressed in terms of liouvillian functions for all values of parameters of
the problem.

Key words: rolling without sliding; homogeneous ball; surface of revolution; Kovacic algorithm;
Liouvillian solutions.
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Çàäà÷à î êà÷åíèè áåç ñêîëüæåíèÿ îäíîðîäíîãî øàðà ïî íåïîäâèæíîé ïîâåðõíîñòè ïîä äåé-
ñòâèåì ñèëû òÿæåñòè ÿâëÿåòñÿ îäíîé èç êëàññè÷åñêèõ çàäà÷ ìåõàíèêè íåãîëîíîìíûõ ñèñòåì.
Îáû÷íî ïðè ðàññìîòðåíèè ýòîé çàäà÷è, ñëåäóÿ ïîäõîäó, ïðåäëîæåííîìó â òðàêòàòå Ý. Äæ. Ðà-
óñà [1], ïðèíÿòî çàäàâàòü â ÿâíîì âèäå ïîâåðõíîñòü, ïî êîòîðîé äâèæåòñÿ öåíòð øàðà, à íå
îïîðíóþ ïîâåðõíîñòü, ïî êîòîðîé êàòèòñÿ øàð. Ïîâåðõíîñòü, ïî êîòîðîé äâèæåòñÿ öåíòð øà-
ðà, ÿâëÿåòñÿ ýêâèäèñòàíòíîé ê ïîâåðõíîñòè, ïî êîòîðîé äâèæåòñÿ òî÷êà êîíòàêòà. Åùå èç
ðàáîò Ý. Äæ. Ðàóñà [1] è Ô. Íåòåðà [2] áûëî èçâåñòíî, ÷òî åñëè ïðè êà÷åíèè øàðà ïî ïîâåðõ-
íîñòè ïîä äåéñòâèåì ñèëû òÿæåñòè åãî öåíòð äâèæåòñÿ ïî ïîâåðõíîñòè âðàùåíèÿ, òî çàäà÷à
ñâîäèòñÿ ê èíòåãðèðîâàíèþ îäíîãî ëèíåéíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ âòîðîãî ïîðÿä-
êà îòíîñèòåëüíî êîìïîíåíòû ñêîðîñòè öåíòðà øàðà â ïðîåêöèè íà íàïðàâëåíèå êàñàòåëüíîé
ê ïàðàëëåëè ïîâåðõíîñòè âðàùåíèÿ. Â îáùåì ñëó÷àå (äëÿ ïðîèçâîëüíîé ïîâåðõíîñòè âðàùå-
íèÿ) ïîëó÷èòü ðåøåíèå ýòîãî óðàâíåíèÿ â ÿâíîì âèäå íåâîçìîæíî. Ïîýòîìó ïðåäñòàâëÿåò
èíòåðåñ âîïðîñ, äëÿ êàêèõ ïîâåðõíîñòåé âðàùåíèÿ ñîîòâåòñòâóþùåå ëèíåéíîå äèôôåðåíöè-
àëüíîå óðàâíåíèå âòîðîãî ïîðÿäêà äîïóñêàåò îáùåå ðåøåíèå, âûðàæàþùååñÿ â ÿâíîì âèäå,
íàïðèìåð, ñ ïîìîùüþ ëèóâèëëåâûõ ôóíêöèé. Ëèóâèëëåâû ôóíêöèè � ýòî ôóíêöèè, êîòî-
ðûå ñòðîÿòñÿ ïîñëåäîâàòåëüíî èç ðàöèîíàëüíûõ ôóíêöèé ñ èñïîëüçîâàíèåì àëãåáðàè÷åñêèõ
îïåðàöèé, íåîïðåäåëåííîãî èíòåãðèðîâàíèÿ è âçÿòèÿ ýêñïîíåíòû çàäàííîãî âûðàæåíèÿ [3, 4].
Íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ ðåøåíèÿ ëèíåéíîãî äèôôåðåíöèàëüíîãî
óðàâíåíèÿ âòîðîãî ïîðÿäêà, âûðàæàþùåãîñÿ ÷åðåç ëèóâèëëåâû ôóíêöèè, äàåò òàê íàçûâàå-
ìûé àëãîðèòì Êîâà÷è÷à [4]. Â äàííîé ðàáîòå ìû ïðèâîäèì íàø ñîáñòâåííûé ñïîñîá ïîëó÷åíèÿ
ëèíåéíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà, ê èíòåãðèðîâàíèþ êîòîðîãî ñâî-
äèòñÿ çàäà÷à î êà÷åíèè òÿæåëîãî øàðà ïî íåïîäâèæíîé ïîâåðõíîñòè, òàêîé ÷òî öåíòð øàðà ïðè
êà÷åíèè äâèæåòñÿ ïî çàäàííîé ïîâåðõíîñòè âðàùåíèÿ. Çàòåì ïðè ïîìîùè çàìåíû íåçàâèñè-
ìîé ïåðåìåííîé ìû ïðèâîäèì êîýôôèöèåíòû ýòîãî óðàâíåíèÿ ê âèäó ðàöèîíàëüíûõ ôóíêöèé.
Ïðèìåíÿÿ çàòåì ê ïîëó÷åííîìó ëèíåéíîìó äèôôåðåíöèàëüíîìó óðàâíåíèþ âòîðîãî ïîðÿäêà
àëãîðèòì Êîâà÷è÷à, ìû ïîêàçûâàåì, ÷òî äëÿ ñëó÷àÿ, êîãäà öåíòð øàðà ïðèíàäëåæèò ïàðàáî-
ëîèäó âðàùåíèÿ, îáùåå ðåøåíèå äàííîãî óðàâíåíèÿ âûðàæàåòñÿ ÷åðåç ëèóâèëëåâû ôóíêöèè.

Êëþ÷åâûå ñëîâà: êà÷åíèå áåç ïðîñêàëüçûâàíèÿ; îäíîðîäíûé øàð; ïîâåðõíîñòü âðàùåíèÿ;
àëãîðèòì Êîâà÷è÷à; ëèóâèëëåâû ðåøåíèÿ.
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Ïîñòàíîâêà çàäà÷è. Ðàññìîòðèì çàäà÷ó î äâèæåíèè îäíîðîäíîãî øàðà ïî ïðîèç-
âîëüíîé àáñîëþòíî øåðîõîâàòîé ïîâåðõíîñòè ïîä äåéñòâèåì ñèë, ðåçóëüòèðóþùàÿ êîòî-
ðûõ ïðîõîäèò ÷åðåç öåíòð øàðà [1]. Ïóñòü G � öåíòð òÿæåñòè øàðà, à ïîäâèæíûìè îñÿìè
GC, GA, GB áóäóò ñîîòâåòñòâåííî íîðìàëü ê îïîðíîé ïîâåðõíîñòè è äâå ïåðïåíäèêó-
ëÿðíûå ïðÿìûå, ëåæàùèå â êàñàòåëüíîé ïëîñêîñòè, ïîñòðîåííîé â òî÷êå ñîïðèêîñíîâåíèÿ
øàðà ñ ïîâåðõíîñòüþ. Íàïðàâëåíèÿ ïðÿìûõ GA è GB îïðåäåëèì ïîçäíåå. Îáîçíà÷èì ÷å-
ðåç e1, e2, e3 åäèíè÷íûå áàçèñíûå âåêòîðû îñåé GA, GB è GC ñîîòâåòñòâåííî. Ïóñòü
Ω = θ1e1 + θ2e2 + θ3e3 � óãëîâàÿ ñêîðîñòü âûáðàííîé ïîäâèæíîé ñèñòåìû êîîðäèíàò;
vG = ue1 + ve2 +we3 � âåêòîð ñêîðîñòè òî÷êè G (ïðè÷åì î÷åâèäíî, ÷òî w = 0, ïîñêîëüêó
øàð íå îòðûâàåòñÿ îò îïîðíîé ïîâåðõíîñòè âî âñå âðåìÿ äâèæåíèÿ); ω = ω1e1+ω2e2+ω3e3

� óãëîâàÿ ñêîðîñòü âðàùåíèÿ øàðà â ïðîåêöèè íà îñè ðàññìàòðèâàåìîé ñèñòåìû êîîð-
äèíàò. Îáîçíà÷èì ÷åðåç R = Fe1 + F ′e2 + Re3 ñèëó ðåàêöèè, äåéñòâóþùåé íà øàð ñî
ñòîðîíû îïîðíîé ïîâåðõíîñòè. ×åðåç P = Xe1 + Y e2 + Pe3 îáîçíà÷èì ðåçóëüòèðóþùóþ
ñèëó, ïðèëîæåííóþ ê öåíòðó ìàññ øàðà. Ïóñòü m � ìàññà øàðà, a � åãî ðàäèóñ, J �
ìîìåíò èíåðöèè øàðà îòíîñèòåëüíî ëþáîé îñè, ïðîõîäÿùåé ÷åðåç åãî öåíòð òÿæåñòè (ñîâ-
ïàäàþùèé ñ ãåîìåòðè÷åñêèì öåíòðîì øàðà). Ïðåäïîëàãàÿ, ÷òî øàð êàòèòñÿ ïî âûïóêëîé
ñòîðîíå íåïîäâèæíîé ïîâåðõíîñòè, è ÷òî ïîëîæèòåëüíîå íàïðàâëåíèå îñè GC íàïðàâëåíî
íàðóæó â ñòîðîíó âûïóêëîñòè, çàïèøåì óðàâíåíèÿ äâèæåíèÿ øàðà â âåêòîðíîì âèäå:

mv̇G + [Ω× vG] = P + R, (1)

Jω̇ + [Ω× Jω] =
[−−→
GK ×R

]
. (2)

Óðàâíåíèÿ (1) è (2) âûðàæàþò, ñîîòâåòñòâåííî, çàêîíû èçìåíåíèÿ èìïóëüñà è êèíå-
òè÷åñêîãî ìîìåíòà øàðà îòíîñèòåëüíî âûáðàííîé ïîäâèæíîé ñèñòåìû êîîðäèíàò. Çäåñü−−→
GK = −ae3 � ðàäèóñ-âåêòîð èç öåíòðà ìàññ G øàðà â òî÷êó êàñàíèÿ ñ îïîðíîé ïî-
âåðõíîñòüþ. Ïîñêîëüêó ñêîðîñòü òî÷êè øàðà, íàõîäÿùåéñÿ â ñîïðèêîñíîâåíèè ñ îïîðíîé
ïîâåðõíîñòüþ, â êàæäûé ìîìåíò âðåìåíè ðàâíà íóëþ, òî èìååì:

vG +
[
ω ×
−−→
GK

]
= 0. (3)

Â ñêàëÿðíîé ôîðìå óðàâíåíèÿ (1)�(3) çàïèñûâàþòñÿ ñëåäóþùèì îáðàçîì:

mu̇−mθ3v = X + F, mv̇ +mθ3u = Y + F ′, mθ1v −mθ2u = P +R; (4)

Jω̇1 + Jθ2ω3 − Jθ3ω2 = F ′a, Jω̇2 + Jθ3ω1 − Jθ1ω3 = −Fa, ω̇3 + θ1ω2 − θ2ω1 = 0; (5)

u− aω2 = 0, v + aω1 = 0. (6)

Èñêëþ÷àÿ F , F ′, ω1, ω2 èç óðàâíåíèé (4)�(6), ïîëó÷àåì:

u̇− θ3v =
a2X

J +ma2
+

Jaθ1ω3

J +ma2
, v̇ + θ3u =

a2Y

J +ma2
+

Jaθ2ω3

J +ma2
. (7)

Óðàâíåíèÿ (7) ìîæíî ðàññìàòðèâàòü êàê óðàâíåíèÿ òàêîãî äâèæåíèÿ öåíòðà ìàññ øà-
ðà, êîòîðîå ïîëó÷àåòñÿ â ïðåäïîëîæåíèè, ÷òî öåíòð ìàññ G äâèæåòñÿ ïî ãëàäêîé ïîâåðõ-
íîñòè, â òî÷êå G ïðèëîæåíû äîïîëíèòåëüíûå ñèëû
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Jaθ1ω3

J +ma2
è

Jaθ2ω3

J +ma2

ïî îñÿì GA è GB, à ðàíåå ïðèëîæåííûå ñèëû óìåíüøåíû â îòíîøåíèè

a2

J +ma2
.

Öåíòð òÿæåñòè øàðà G äâèæåòñÿ ïî ïîâåðõíîñòè, ïîëó÷åííîé èç äàííîé ïîâåðõíîñòè
ñìåùåíèåì ïî íîðìàëè íà ðàññòîÿíèå, ðàâíîå ðàäèóñó øàðà. Ïóñòü îñè GA è GB íà-
ïðàâëåíû ïî êàñàòåëüíûì ê ëèíèÿì êðèâèçíû ýòîé ïîâåðõíîñòè. Íàéäåì âûðàæåíèå äëÿ
óãëîâîé ñêîðîñòè Ω âûáðàííîé ïîäâèæíîé ñèñòåìû êîîðäèíàò GA, GB, GC â çàâèñèìî-
ñòè îò êîìïîíåíò u è v ñêîðîñòè öåíòðà ìàññ G øàðà. Áóäåì ñ÷èòàòü, ÷òî ïîâåðõíîñòü, ïî
êîòîðîé äâèæåòñÿ öåíòð øàðà, çàäàåòñÿ îòíîñèòåëüíî íåêîòîðîé íåïîäâèæíîé ñèñòåìû
êîîðäèíàò óðàâíåíèåì

r = r (q1, q2) , (8)

ãäå q1 è q2 � ãàóññîâû êîîðäèíàòû íà ïîâåðõíîñòè. Ïðåäïîëîæèì, ÷òî êîîðäèíàòíàÿ ñåòü
íà ïîâåðõíîñòè (8) ñîñòàâëåíà èç ëèíèé êðèâèçíû. Íàïðàâëåíèÿ ýòèõ ëèíèé â êàæäîé
òî÷êå óêàçûâàþòñÿ îðòîãîíàëüíûìè åäèíè÷íûìè âåêòîðàìè

e1 =
1

h1

∂r

∂q1
, e2 =

1

h2

∂r

∂q2
, (ei · ej) = δi j. (9)

Çäåñü ÷åðåç h1, h2 îáîçíà÷åíû ïàðàìåòðû Ëàìå

hi (q1, q2) =

∣∣∣∣ ∂r

∂qi

∣∣∣∣ , i = 1,2.

Âåêòîð e3 = [e1 × e2] ÿâëÿåòñÿ âåêòîðîì íîðìàëè ê ïîâåðõíîñòè (8) â òî÷êå (q1, q2).
Ñ äðóãîé ñòîðîíû, ñêîðîñòü öåíòðà ìàññ vG øàðà ìîæåò áûòü îïðåäåëåíà ïî ôîðìóëå:

vG =
dr

dt
=

∂r

∂q1
q̇1 +

∂r

∂q2
q̇2 = ue1 + ve2.

Îòñþäà ñëåäóåò, ÷òî êîìïîíåíòû ñêîðîñòè u è v ñâÿçàíû ñ êîîðäèíàòàìè q1, q2 è èõ
ïðîèçâîäíûìè ôîðìóëàìè:

u = h1q̇1, v = h2q̇2. (10)

Îáîçíà÷àÿ ÷åðåç ki (q1, q2), i = 1,2 ãëàâíûå êðèâèçíû ïîâåðõíîñòè (8), èìååì:

∂e3

∂q1
= −h1k1e1,

∂e3

∂q2
= −h2k2e2. (11)

Ôîðìóëû (11) ÿâëÿþòñÿ ñëåäñòâèåì èçâåñòíîé â äèôôåðåíöèàëüíîé ãåîìåòðèè òåîðå-
ìû (ôîðìóëû) Ðîäðèãà [5], â êîòîðîé äîïîëíèòåëüíî íóæíî ó÷åñòü, ÷òî âûáðàííàÿ íàìè
êîîðäèíàòíàÿ ñåòü íà ïîâåðõíîñòè (8) ÿâëÿåòñÿ îðòîãîíàëüíîé è ñîñòàâëåííîé èç ëèíèé
êðèâèçíû. Ñ ïîìîùüþ ôîðìóë (9) è (11) ìîæíî ïîëó÷èòü ñëåäóþùèå ñîîòíîøåíèÿ:

∂e1

∂q1
= − 1

h2

∂h1
∂q2

e2 + h1k1e3,
∂e1

∂q2
=

1

h1

∂h2
∂q1

e2,

∂e2

∂q1
=

1

h2

∂h1
∂q2

e1,
∂e2

∂q2
= − 1

h1

∂h2
∂q1

e1 + h2k2e3.

(12)

Óãëîâàÿ ñêîðîñòü ñèñòåìû êîîðäèíàò GA, GB, GC íàõîäèòñÿ ïî ñòàíäàðòíîé ôîðìóëå:
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Ω = (ė2 · e3) e1 + (ė3 · e1) e2 + (ė1 · e2) e3,

ãäå îáîçíà÷åíî

ėi =
dei
dt

=
∂ei
∂q1

q̇1 +
∂ei
∂q2

q̇2, i = 1, 2, 3.

Ïðèíèìàÿ âî âíèìàíèå ôîðìóëû (11)�(12), äëÿ óãëîâîé ñêîðîñòè Ω ïîëó÷èì ñëåäóþ-
ùåå âûðàæåíèå:

Ω = h2k2q̇2e1 − h1k1q̇1e2 +

(
q̇2
h1

∂h2
∂q1
− q̇1
h2

∂h1
∂q2

)
e3.

Ó÷èòûâàÿ ôîðìóëû (10), ïåðåïèøåì âûðàæåíèå äëÿ óãëîâîé ñêîðîñòè Ω â âèäå:

Ω = k2ve1 − k1ue2 +
1

h1h2

(
∂h2
∂q1

v − ∂h1
∂q2

u

)
e3.

Òàêèì îáðàçîì, äëÿ êîìïîíåíò θ1, θ2, θ3 óãëîâîé ñêîðîñòè Ω ïîäâèæíîé ñèñòåìû êî-
îðäèíàò GA, GB, GC ìû èìååì ñëåäóþùèå âûðàæåíèÿ:

θ1 = k2v, θ2 = −k1u, θ3 =
1

h1h2

(
∂h2
∂q1

v − ∂h1
∂q2

u

)
. (13)

Òåïåðü ïðåäïîëîæèì, ÷òî ïîâåðõíîñòü, ïî êîòîðîé äâèæåòñÿ öåíòð ìàññ G øàðà, ÿâ-
ëÿåòñÿ ïîâåðõíîñòüþ âðàùåíèÿ, çàäàííîé îòíîñèòåëüíî íåêîòîðîé íåïîäâèæíîé ñèñòåìû
êîîðäèíàò óðàâíåíèåì

r =

 ρ (q1) cos q2
ρ (q1) sin q2
ζ (q1)

 . (14)

Â ýòîì ñëó÷àå ïàðàìåòðû Ëàìå h1 è h2 èìåþò âèä:

h1 = h1 (q1) =

√(
dρ

dq1

)2

+

(
dζ

dq1

)2

, h2 = h2 (q1) = ρ (q1) , (15)

à ãëàâíûå êðèâèçíû k1 è k2 ïîâåðõíîñòè âû÷èñëÿþòñÿ ïî ôîðìóëàì:

k1 = k1 (q1) =

(
d2ζ

dq21

dρ

dq1
− dζ

dq1

d2ρ

dq21

)
((

dρ

dq1

)2

+

(
dζ

dq1

)2
) 3

2

, k2 = k2 (q1) =

dζ

dq1

ρ

√(
dρ

dq1

)2

+

(
dζ

dq1

)2
. (16)

Ëèíèÿìè êðèâèçíû íà ïîâåðõíîñòè âðàùåíèÿ ÿâëÿþòñÿ åå ìåðèäèàíû è ïàðàëëåëè.
Ïóñòü âåðòèêàëüíàÿ îñü Z ÿâëÿåòñÿ îñüþ ñèììåòðèè ðàññìàòðèâàåìîé ïîâåðõíîñòè âðà-
ùåíèÿ. Êðîìå êîîðäèíàò q1 è q2, ââåäåì óãëû Ýéëåðà θ, ψ è ϕ òàê, ÷òî óãîë, êîòîðûé
îñü GC ñîñòàâëÿåò ñ îñüþ Z, ðàâåí π/2− θ, à ψ � óãîë, êîòîðûé ïëîñêîñòü, ñîäåðæàùàÿ
îñè Z è GC, ñîñòàâëÿåò ñ íåêîòîðîé ôèêñèðîâàííîé âåðòèêàëüíîé ïëîñêîñòüþ. Áóäåì
ñ÷èòàòü, ÷òî êîìïîíåíòû θ1, θ2, θ3 óãëîâîé ñêîðîñòè Ω ñèñòåìû êîîðäèíàò GA, GB, GC,
îïðåäåëÿþòñÿ ïðè ïîìîùè ñòàíäàðòíûõ êèíåìàòè÷åñêèõ ôîðìóë Ýéëåðà
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θ1 = ψ̇ sin θ sinϕ+ θ̇ cosϕ, θ2 = ψ̇ sin θ cosϕ− θ̇ sinϕ, θ3 = ψ̇ cos θ + ϕ̇,

â êîòîðûõ çíà÷åíèå óãëà ϕ ïîëîæåíî ðàâíûì −π/2. Ïîýòîìó ïîëó÷àåì:

θ1 = −ψ̇ sin θ, θ2 = θ̇, θ3 = ψ̇ cos θ. (17)

Ñ äðóãîé ñòîðîíû, ñðàâíèâàÿ ïîëó÷åííûå ôîðìóëû ñ ôîðìóëàìè (13), íàõîäèì

−ψ̇ sin θ = k2h2q̇2, θ̇ = −k1h1q̇1, ψ̇ cos θ =
1

h1

dh2
dq1

q̇2. (18)

Èç âòîðîãî óðàâíåíèÿ ñèñòåìû (18) îïðåäåëÿåòñÿ ñâÿçü ìåæäó ïåðåìåííûìè θ è q1.
Ïîýòîìó ìîæíî ñ÷èòàòü, ÷òî ïîâåðõíîñòü (14) çàäàíà â çàâèñèìîñòè îò θ è q2, òî åñòü

ρ|q1=q1(θ) = σ (θ) , ζ|q1=q1(θ) = τ (θ) . (19)

Ïàðàìåòðû Ëàìå, âû÷èñëÿåìûå ñîãëàñíî (15), îïðåäåëÿþòñÿ òåïåðü ôîðìóëàìè:

h1 = h1 (θ) =

√(
dσ

dθ

)2

+

(
dτ

dθ

)2

, h2 = h2 (θ) = σ (θ) , (20)

à ãëàâíûå êðèâèçíû k1 = k1 (θ) è k2 = k2 (θ) ïîâåðõíîñòè ðàâíû

k1 = k1 (θ) =

(
d2τ

dθ2
dσ

dθ
− dτ

dθ

d2σ

dθ2

)
((

dσ

dθ

)2

+

(
dτ

dθ

)2
) 3

2

, k2 = k2 (θ) =

dτ

dθ

σ

√(
dσ

dθ

)2

+

(
dτ

dθ

)2
. (21)

Òåïåðü ó÷òåì âòîðóþ èç ôîðìóë (18), êîòîðóþ ïðåäñòàâèì â âèäå θ̇ = −k1u, è íàéäåì
èç íåå, ÷òî

u = − θ̇

k1
. (22)

Òåïåðü ðàññìîòðèì òðåòüþ èç ôîðìóë (5) è ôîðìóëû (6). Èç ôîðìóë (6) ñëåäóåò, ÷òî

ω1 = −
v

a
, ω2 =

u

a
= − θ̇

ak1
.

Ó÷èòûâàÿ ýòè ôîðìóëû, à òàêæå ôîðìóëû (13) è (18), èç òðåòüåãî óðàâíåíèÿ ñèñòå-
ìû (5) ïîëó÷àåì:

ω̇3 = θ2ω1 − θ1ω2 =
vθ̇

ak1
(k2 − k1) . (23)

Îêîí÷àòåëüíî èç ôîðìóëû (23) ïîëó÷àåì óðàâíåíèå

dω3

dθ
=

v

ak1
(k2 − k1) . (24)

Òåïåðü ïðåäïîëîæèì, ÷òî êà÷åíèå øàðà ïðîèñõîäèò ïîä äåéñòâèåì ñèëû òÿæåñòè. Òî-
ãäà èìååì:
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Y = 0, θ3 =
1

h1h2

dh2
dθ

v

è âòîðîå èç óðàâíåíèé (7) ïðèíèìàåò âèä:

dv

dθ
− v

h1h2k1

dh2
dθ

=
Ja

J +ma2
ω3. (25)

Äèôôåðåíöèðóÿ ïîâòîðíî ôîðìóëó (25) è ïðèíèìàÿ âî âíèìàíèå óðàâíåíèå (24), íàé-
äåì:

d

dθ

(
dv

dθ
− v

h1h2k1

dh2
dθ

)
=

J

J +ma2
v

k1
(k2 − k1) . (26)

Òàêèì îáðàçîì, çàäà÷à î êà÷åíèè øàðà ïî íåïîäâèæíîé âûïóêëîé ïîâåðõíîñòè ïîä
äåéñòâèåì ñèëû òÿæåñòè â ïðåäïîëîæåíèè, ÷òî öåíòð òÿæåñòè G øàðà äâèæåòñÿ ïî ïî-
âåðõíîñòè âðàùåíèÿ, ñâîäèòñÿ ê èíòåãðèðîâàíèþ ëèíåéíîãî äèôôåðåíöèàëüíîãî óðàâ-
íåíèÿ âòîðîãî ïîðÿäêà (26) îòíîñèòåëüíî êîìïîíåíòû ñêîðîñòè v öåíòðà òÿæåñòè øà-
ðà. Êîýôôèöèåíòû äàííîãî óðàâíåíèÿ îïðåäåëÿþòñÿ ôîðìîé ïîâåðõíîñòè âðàùåíèÿ, ïî
êîòîðîé äâèæåòñÿ öåíòð òÿæåñòè øàðà. Ìîæíî ïîñòàâèòü âîïðîñ î òîì, äëÿ êàêèõ ïî-
âåðõíîñòåé âðàùåíèÿ óðàâíåíèå (26) èíòåãðèðóåòñÿ â ÿâíîì âèäå, íàïðèìåð, åãî îáùåå
ðåøåíèå âûðàæàåòñÿ ñ ïîìîùüþ ëèóâèëëåâûõ ôóíêöèé. Ëèóâèëëåâû ôóíêöèè ñòðîÿòñÿ
ïîñëåäîâàòåëüíî èç ðàöèîíàëüíûõ ôóíêöèé ñ èñïîëüçîâàíèåì àëãåáðàè÷åñêèõ îïåðàöèé,
íåîïðåäåëåííîãî èíòåãðèðîâàíèÿ è âçÿòèÿ ýêñïîíåíòû çàäàííîãî âûðàæåíèÿ [3, 4]. Äëÿ
îòâåòà íà âîïðîñ î ñóùåñòâîâàíèè ëèóâèëëåâûõ ðåøåíèé ó ëèíåéíîãî äèôôåðåíöèàëüíîãî
óðàâíåíèÿ âòîðîãî ïîðÿäêà îáû÷íî èñïîëüçóåòñÿ àëãîðèòì Êîâà÷è÷à [3]. Íèæå äîêàçàíî,
÷òî çàäà÷à î êà÷åíèè òÿæåëîãî øàðà ïî ïàðàáîëîèäó âðàùåíèÿ èíòåãðèðóåòñÿ â ëèóâèë-
ëåâûõ ôóíêöèÿõ.

Êà÷åíèå ïî ïàðàáîëîèäó âðàùåíèÿ. Ïóñòü àáñîëþòíî øåðîõîâàòàÿ ïîâåðõíîñòü,
ïî êîòîðîé êàòèòñÿ øàð, òàêîâà, ÷òî ãåîìåòðè÷åñêîå ìåñòî öåíòðîâ øàðà åñòü ïàðàáîëîèä
âðàùåíèÿ ñ âåðòèêàëüíîé îñüþ, ðàñïîëîæåííûé âåðøèíîé ââåðõ. Óðàâíåíèå ïàðàáîëîèäà
çàïèøåì â âèäå (14):

r =

 Rq1 cos q2
Rq1 sin q2

−Rq
2
1

2

 .

Â ðàññìàòðèâàåìîì ñëó÷àå

ρ (q1) = Rq1, ζ (q1) = −
Rq21
2
.

Çäåñü R � íåêîòîðûé ïàðàìåòð, èìåþùèé ðàçìåðíîñòü äëèíû. Ïàðàìåòðû Ëàìå h1 è
h2, âû÷èñëÿåìûå ïî ôîðìóëå (15), èìåþò âèä

h1 = R
√

1 + q21, h2 = Rq1,

à ãëàâíûå êðèâèçíû k1 è k2 ïîâåðõíîñòè, âû÷èñëÿåìûå ïî ôîðìóëàì (16), ðàâíû:

k1 = −
1

R (1 + q21)
3
2

, k2 = −
1

R
√

1 + q21
.

Âòîðîå èç óðàâíåíèé (18) îïðåäåëÿåò ñâÿçü ìåæäó ïåðåìåííûìè q1 è θ:
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θ̇ =
q̇1

1 + q21
,

îòêóäà ñëåäóåò, ÷òî

q1 = tg θ. (27)

Ó÷èòûâàÿ ôîðìóëó (27), ìû ìîæåì ñ÷èòàòü òåïåðü, ÷òî âûðàæåíèÿ äëÿ ρ (q1) è ζ (q1)
ïåðåïèñûâàþòñÿ â âèäå:

σ (θ) = ρ (q1)|q1=tg θ = R tg θ, τ (θ) = ζ (q1)|q1=tg θ = −
R

2
tg2 θ.

Â ðåçóëüòàòå ïîëó÷èì ñëåäóþùèå âûðàæåíèÿ äëÿ ïàðàìåòðîâ Ëàìå h1 è h2 è ãëàâíûõ
êðèâèçí k1 è k2:

h1 =
R

cos3 θ
, h2 = R tg θ, k1 = −

cos3 θ

R
, k2 = −

cos θ

R
.

Ëèíåéíîå äèôôåðåíöèàëüíîå óðàâíåíèå âòîðîãî ïîðÿäêà (26) ìîæåò áûòü ïðåäñòàâëå-
íî â âèäå:

d

dθ

(
dv

dθ
+

v

sin θ cos θ

)
=

J

J +ma2
sin2 θ

cos2 θ
v. (28)

Òàêèì îáðàçîì, çàäà÷à î êà÷åíèè øàðà ïî àáñîëþòíî øåðîõîâàòîé ïîâåðõíîñòè, òà-
êîé ÷òî ãåîìåòðè÷åñêîå ìåñòî öåíòðîâ øàðà ÿâëÿåòñÿ ïàðàáîëîèäîì âðàùåíèÿ, ñâîäèòñÿ
ê èíòåãðèðîâàíèþ ëèíåéíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà (28). Ñäå-
ëàåì â óðàâíåíèè (28) çàìåíó íåçàâèñèìîé ïåðåìåííîé ïî ôîðìóëå x = cos2 θ è ââåäåì
îáîçíà÷åíèå

J

J +ma2
= n2 < 1.

Òîãäà óðàâíåíèå (28) ïðèâîäèòñÿ ê óðàâíåíèþ ñ ðàöèîíàëüíûìè êîýôôèöèåíòàìè:

d2v

dx2
+

1

x− 1

dv

dx
− (n2x2 + 2 (1− n2)x+ n2 − 1)

4x2 (x− 1)2
v = 0. (29)

Äëÿ òîãî ÷òîáû ïðèâåñòè äèôôåðåíöèàëüíîå óðàâíåíèå (29) ê áîëåå ïðîñòîìó âèäó,
ñäåëàåì çàìåíó

y = v
√
x− 1.

Òîãäà ëèíåéíîå äèôôåðåíöèàëüíîå óðàâíåíèå âòîðîãî ïîðÿäêà (29) ïåðåïèøåòñÿ ñëå-
äóþùèì îáðàçîì:

d2y

dx2
=
n2 − 1

4x2
y. (30)

Óðàâíåíèå (30) èìååò â òî÷íîñòè âèä, íåîáõîäèìûé äëÿ òîãî, ÷òîáû ïðèìåíèòü ê äàí-
íîìó óðàâíåíèþ àëãîðèòì Êîâà÷è÷à [3]. Ïðèìåíåíèå ê óðàâíåíèþ (30) àëãîðèòìà Êîâà-
÷è÷à [3] ïîêàçûâàåò, ÷òî îáùåå ðåøåíèå äàííîãî óðàâíåíèÿ ìîæåò áûòü ïðåäñòàâëåíî â
âèäå:
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y = C1x
1+n
2 + C2x

1−n
2 ,

ãäå C1 è C2 � ïðîèçâîëüíûå ïîñòîÿííûå. Òàêèì îáðàçîì, ìîæíî ñäåëàòü âûâîä, ÷òî îáùåå
ðåøåíèå èñõîäíîãî óðàâíåíèÿ (28) âûðàæàåòñÿ ÷åðåç ëèóâèëëåâû ôóíêöèè.

Çàêëþ÷åíèå. Íàìè áûëà ðàññìîòðåíà çàäà÷à î êà÷åíèè òÿæåëîãî îäíîðîäíîãî øà-
ðà ïî âûïóêëîé ïîâåðõíîñòè, òàêîé ÷òî ïðè êà÷åíèè öåíòð òÿæåñòè øàðà ïðèíàäëåæèò
çàäàííîé ïîâåðõíîñòè âðàùåíèÿ. Áûëî ïîêàçàíî, ÷òî ðåøåíèå çàäà÷è ñâîäèòñÿ ê èíòå-
ãðèðîâàíèþ ëèíåéíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà (26). Äëÿ ñëó÷àÿ,
êîãäà ïðè êà÷åíèè øàðà åãî öåíòð òÿæåñòè äâèæåòñÿ ïî ïàðàáîëîèäó âðàùåíèÿ, óðàâ-
íåíèå (26) áûëî çàïèñàíî â ÿâíîì âèäå (28) è áûëî óñòàíîâëåíî, ÷òî äàííîå óðàâíåíèå
èíòåãðèðóåòñÿ â ëèóâèëëåâûõ ôóíêöèÿõ.

Àíàëîãè÷íîå èññëåäîâàíèå ìîæåò áûòü ïðîâåäåíî è äëÿ äðóãèõ ïîâåðõíîñòåé âðàùå-
íèÿ, â ÷àñòíîñòè, äëÿ ðàçëè÷íûõ ïîâåðõíîñòåé âòîðîãî ïîðÿäêà. Èññëåäîâàíèÿ ïîäîáíîãî
ðîäà ìû ïëàíèðóåì ïðîâåñòè â áóäóùåì.
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