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Problems of description of the motion of bodies that roll on a fixed or moving rigid surface have a
long history. They are closely related to the process of formation and development of a large branch
of analytical mechanics, namely, dynamics of nonholonomic systems. In works of I. Newton, L. Euler,
I. Bernoulli, J. D’Alembert and J. Lagrange, some problems on the rolling of rigid bodies without sliding
were studied; these problems are typical in the dynamics of systems with nonholonomic constraints
and hence they are considered as classical problems of nonholonomic mechanics.

One of such classical problems is the problem of rolling without sliding of a homogeneous ball
on a fixed surface under the action of gravity. For the first time this problem has been studied by
E. J. Routh in his classical treatise ,The Advanced Part of a Treatise on the Dynamics of a System
of Rigid Bodies“. Routh derived the equations of motion of the ball in semifixed axes and indicated
the cases of their integrability. In particular, Routh firstly proved that a homogeneous ball, moving
within a vertical cylinder under the action of gravity, does not tending downwards on the average. This
physical fact may be observed while playing basketball, when the ball has almost hit the basket, but
then rapidly jumps out of it, suddenly lifting upwards. Actually, the majority of the subsequent authors
were just stating the results, obtained by Routh, without any essential additions. In particular, this
problem has been considered in details by Ju. I. Neimark and N. A. Fufaev in his classical monograph
»Dynamics of Nonholonomic Systems*.

Usually, when considering this problem, following the E. J. Routh approach it is convenient to define
explicitly the surface, on which the ball’s centre of gravity is moving and not the supporting surface
along which the ball rolls. The surface, on which the ball’s centre of gravity is moving, is equidistant
to the surface, over which the ball rolls. From the classical works of E. J. Routh and F. Noether it
was known that if the ball rolls on a surface such that its centre of gravity moves along a surface of
revolution, then the problem is reduced to solving the second order linear differential equation with
respect to the projection of velocity of the ball’s centre of gravity onto the tangent to the parallel of
the corresponding surface of revolution. However it is impossible to find the general solution of the
corresponding second order linear differential equation for the arbitrary surface of revolution in explicit
form. Therefore it is interesting to study for which surface of revolution the general solution of the
corresponding second order linear differential equation can be expressed explicitly, in particular, in
terms of liouvillian functions. Recall that liouvillian functions are functions constructed from rational
functions by algebraic operations, taking exponentials, and integration. To solve this problem it is
possible to apply the so-called Kovacic algorithm to the corresponding second order linear differential
equation. In 1986, the American mathematician J. Kovacic presented a very effective algorithm for
finding a general solution of a second order linear differential equation with variable coefficients for
the case where this solution can be expressed in terms of liouvillian functions. If a linear differential

© A.S. Kuleshov, D. V. Solomina, 2021
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equation has no liouvillian solutions, the Kovacic algorithm also allows one to ascertain this fact.
The necessary condition for application of the Kovacic algorithm to a second order linear differential
equation is that the coeflicients of this equation should be rational functions of independent variable.
There are no new ideas in the algorithm. It is simply brute-force calculations. The algorithm does
require that the partial fraction expansion of the coefficients of the differential equation be known,
thus one needs to factor a polynomial in one independent variable over the complex numbers into
linear factors. Once the partial fraction expansions are known, only linear algebra is required.

In this paper we apply the Kovacic algorithm to the problem of rolling of a heavy homogeneous
ball on a fixed surface such that the centre of gravity of the ball moves along a given surface of
revolution. We present our own method to derive the corresponding second order linear differential
equation, the integration of which leads to the solution of the problem. In the case when the centre
of gravity of the ball moves along the paraboloid of revolution we are presenting the corresponding
linear differential equation in explicit form and reduce its coefficients to a form of rational functions.
Using the Kovacic algorithm we prove that the general solution of the corresponding second order
linear differential equation is expressed in terms of liouvillian functions for all values of parameters of
the problem.

Key words: rolling without sliding; homogeneous ball; surface of revolution; Kovacic algorithm;
Liouvillian solutions.
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3ajiaua 0 KaueHuu 0e3 CKOJIbXKEHUsI OJHOPOJHOIrO ITapa [0 HEMOJBUKHON MOBEPXHOCTH IOJT Jeil-
CTBUEM CHJIbl TH2KECTH SIBJISI€TCH OJHOW M3 KJIACCHYECKUX 33/1a9 MEXAHUKU HEIOJIOHOMHBIX CUCTEM.
OOBIYHO TTPU PACCMOTPEHUH ITOM 33,0a4H, CIAEAYST TIOAXOAY, TPEIJIOKEHHOMY B TpakTare 3. /x. Pa-
yca [1], mpuHsATO 3a7aBaTh B SIBHOM BHJE MOBEPXHOCTB, MO KOTOPOi JBUKETCS TEHTD Iapa, a He
OTIOPHYIO TTOBEPXHOCTD, IO KOTOPOit KaTuTcs 11ap. [loBepXHOCTH, 0 KOTOPOI ABUKETCI IEHTD Ia-
pa, SBJISETCS 3KBUINCTAHTHOW K TOBEPXHOCTH, TI0 KOTOPOH JIBUKETCS TOYKa KOHTaKTa. Eie u3
pa6or 9. JIxk. Payca [1] u @. Herepa [2]| 66110 u3BecTHO, 94TO €cyin NPH KaveHUH Iapa o [HOBepX-
HOCTH MOJT TEeUCTBUEM CHJIbI TSIKECTH €0 IEHTD JBUKETCs 10 TOBEPXHOCTH BpAIIEHUs, TO 3ajada
CBOIUTCS K MHTETPUPOBAHUIO OIHOTO JIMHEHHOTO Aud(PEPEHITHATHLHOTO YPABHEHUSA BTOPOTO TIOPS -
K& OTHOCHTEJILHO KOMIIOHEHTBI CKOPOCTH IIEHTPA IIapa B MPOEKIINK HA HAIIPAaBJEHHE KacaTelbHON
K TTapasiienn MOBEPXHOCTH Bpamienus. B obmem ciayuae (s mpousBOIBHON MOBEPXHOCTH BpAIle-
HEs1) TIOJIyYUTH PEIIeHHe STOTO ypaBHEHHS B sIBHOM BHJEe HEBO3MOXKHO. llosTomy mpescrasiiser
WHTEPEC BONPOC, JUId KAKMX IMOBEPXHOCTEN BPAIleHWs COOTBETCTBYIOIIEE JjinHelHoe auddepentiu-
aJbHOE YPABHEHWE BTOPOTO MOPSIKA JOMYCKaeT 00INee pelreHue, BhIPAKAIONIEeCs B SIBHOM BUJIE,
HaIPUMED, C TOMOIIBI0 JUYBUJLIEBBIX (yHKIMA. JInyBumIeBsl GYHKIUN — 3TO (PYHKIINAUA, KOTO-
pble CTPOATCS MOCTEI0BATE/THHO W3 PANMOHAIBHBIX (PYHKIUN C WCIOJB30BAHUEM aJredpandecKux
omepalryii, HeOPEIeJIEHHOT0 HHTETPUPOBAHUST U B3sITUST SKCIIOHEHTHI 33/IAHHOTO BhIpayKeHwus |3, 4].
Heobxomnmbie 1 mocTaTodHbIE YCIOBUA CYIECTBOBAHUS PEIeHUs JUHEHHOTO m1uddepeHInabHOTO
YPaBHEHUS BTOPOT'O MOPSJIKA, BBIPAXKAIOIIET0Cs Yepe3 JINYBUJLIEBbl (DYHKIINU, TaeT TaK Ha3bIBae-
mblit anropurm Kopadwnua [4]. B naunoit pabore Mbl npuBoAmM Halll COGCTBEHHBIH CLIOCOD Oy YeHUs
JIMHERHOTO JTudhepeHaIbHOI0 YpaBHEHHS BTOPOr0 OPSIKa, K HHTErPUPOBAHUIO KOTOPOI'O CBO-
JUTCH 331298 0 KA9EHWH TAKEJJI0r0 MIAPa M0 HEMOIBUXKHON ITOBEPXHOCTH, TAKOHM 9TO IMEHTD IIapa npu
KaYeHUHN JIBUKETCsl 10 3a/IAHHON IIOBEPXHOCTU BPAIIEHUs. 3aTeM IIPU ITOMOIIN 3aMEHbl HE3aBUCHU-
MOl IEPEMEHHON MbI TPUBOAUM KOIMDPDUIIMEHTHI 3TOT0 yPABHEHNUS K BU/IY PAIMOHAJIBHBIX (PYHKITUI.
[Ipumensig 3aTeM K MOJyYeHHOMY JuHeHOMY Aud depeHnnasbHOMy YPaBHEHUIO BTOPOTO TTOPSIKA
asroput™ KoBaunya, MBI MOKA3BIBAEM, UTO JIJIsT CJIYUad, KOT/a ITeHTP IIapa MPUHAAIEKUAT m1apabo-
JIOUIy BpAITeHUsI, 00ITee Pelenne TaHHOTO YPABHEHNST BLIPAYKAETCA depe3 JTNYBUJLIEBhl (DYHKITAN.

Korouessbie cimoBa: kauenne 6e€3 MPOCKAJIB3bIBAHNS; OMHOPOIHEIH II1aP; MOBEPXHOCTD BPAITICHUT;
anroputM Kopaunda; TUyBUAIEBLI PEIIEHUS.

Pabora Beimosnrena npu GbuHAHCOBOH TommepxkKe Poccuiickoro douma GyHIaAMEHTATBHBIX UCCJIEIOBAHMIM
(rpant Ne 19-01-00140 u rpaut Ne 20-01-00637).
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ITocranoBka 3amauu. PaccmorpuMm 3amady O ABUKEHHH OJHOPOIHOTO IMAapa IO MPOU3-
BOJIbHO# abCOJTIOTHO IIEPOXOBATON IIOBEPXHOCTH IIOJ JHCTBHEM CHJI, pe3YJIbTHPYIONAT KOTO-
PBIX TIPOXOAUT Uepes3 renTp mapa [1]. Ilyers G — 1meHTp TsyKecTH mapa, a HOJABUKHBIMEH OCSIME
GC, GA, GB 6yayT COOTBETCTBEHHO HOPMAJIb K OMOPHOH MOBEPXHOCTH M JIBE IEPIeHINKY-
JIAPHBIC IIDAMBbBIE, JIC2Kalllue B KacaTeJabHO’ IIJIOCKOCTH, HOCTpOGHHOﬁ B TOYKe COIIPUKOCHOBCHU A
mapa ¢ noBepxHocTbio. Hampasaenus npsavbix GA nu GB onpenenum no3nnee. OO03HAUNM de-
pe3 e, €y, e3 eaunuunbie 6asucHble BeKTOphl oceit GA, GB nu GC coorsercrsenno. Ilycrn
Q2 = 6ie; + Ore5 + f3e3 — yrioBad CKOPOCTH BBLIOPAHHON IMOJABUXKHONR CHCTEMBI KOODJIUHAT;
Vg = ue + vey + wes — BEKTOP CKOpoCTH ToUkN G (IpryueM 04eBUIHO, 94TO w = (), HOCKOJIBbKY
AP HE OTPBIBACTCSI OT OLHOPHOM MOBEPXHOCTH BO BCE BPEMsl JIBUKEHHUSI ); W = W]€] +wWaes +w3es
— yraoBast CKOPOCTH BpAIEeHNs IIapa B IMPOEKIIMH Ha OCH PACCMAaTPUBAEMON CHCTEMBI KOOD-
guuaar. Obosnauum depes R = Fe; + ['ey + Res cuiy peaknuu, JefcTBYOIIEH Ha MIap €O
CTOPOHBI ONMOPHOU MoBepxHOCTH. Uepes P = Xe; 4+ Ye, + Pes 0603HAUNM pPe3yIBTHPYIONTYIO
CHIJIY, PIJIOKEHHYIO K IeHTPY Macc mapa. llycrs m — macca mapa, a — ero paguyc, J —
MOMEHT HHEPIUH MIAPa OTHOCUTEIBHO JII000 0CH, HPOXOIMAIIEH Yepe3 ero HeHTP TAKeCTH (COB-
MAJAOIHI ¢ TeOMEeTPHIECKHM HEeHTPOM mmapa). [Ipe moaarast, 9o map KaTHTCS M0 BHIMYKJIOH
CTOPOHE HEIOIBUKHON MOBEPXHOCTH, U YTO MOJOKATEAbHOE Hanpasaenne ocu (GC' HATTpaBIeHO
HApY2Ky B CTOPOHY BBHIIYKJIOCTH, 3aIIMIIEeM YPAaBHEHHs IBUKEHHS IIapa B BEKTOPHOM BH/IE:

mVG+[Q><vG]:P+R, (1)

J@+[Q><Jw]:[c?%xR] 2)

Vpasrenus (1) u (2) BbIpaykawoT, COOTBETCTBEHHO, 3aKOHbI M3MEHEHHs] UMITYJIbCa U KUHe-
THYIeCKOTO MOMEHTA Iapa OTHOCHTETHHO BBHIODAHHON TMOJBUYKHOM CUCTEMBI KOODAWHAT. 3/1eCh
CT]_% = —aez — PaJANYC-BEKTOp M3 TeHTpa Macc (G mapa B TOYKY KAaCaHWS C OMOPHON IO-
BepxXHOCTbHIO. [[OCKOJIbKY CKOPOCTb TOYKH I1apa, HAXOALANEeNHCsd B COIPUKOCHOBEHUH C OLIOPHOM
MIOBEPXHOCTHIO, B KaXK/IbIii MOMEHT BpEMEHHU PAaBHA HYJIIO, TO NMeeM:

vG+[w><G_fﬂ —0. (3)
B ckassproit dopme ypasrenus (1)—(3) 3amuchBAIOTCS CIELYIOMUAM 00Pa3OM:
mi—mbsv =X +F, mo+mbsu=Y +F', mbv—mbyu=P+ R; (4)
Jwi + JOyws — JOzwy = Fla, Jwy + JOswy — JOws = —Fa, w3+ 61wy — Gwy =0;  (5)
u—aws =0, v+ aw =0. (6)
Uckirouast F', F'| wy, we u3 ypasueuuit (4)—(6), wosydaem:

a’X Jabiws . @Y Jabsws
J+ma?  J+ma?’ J+ma?  J+ma?

U — 931) = (7)

Ypasuenust (7) MOXKHO PACCMATPUBATH KAK YPABHEHHS TAKOTO JBUKCHHS MEHTPA MACC TIa-
pa, KOTOPOe MOJIYIAeTCs B HPEINOI0KEeHNN, YTO HeHTP Mace (G IBUKETCs 0 TUIAAKOH MOBepX-
HOCTH, B TOYKE G IIPpUJIO2KEHbI JOIIOJTHUTEJ/IbHbIE CHUJIbL
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Jabiws Jabyws
— I/I —
J + ma? J + ma?
o ocaM GA u GB, a paHee IPUIOKEHHBIE CUILI YMEHBIICHBI B OTHOIICHUN

a2

J +ma?

Hentp Taxectn mapa G ABUKETCS 10 TOBEPXHOCTH, MOJTYIEHHON U3 JTaHHONW MOBEPXHOCTH
CMeINeHneM 110 HOPMAJI Ha pacCTOsSHEe, paBHOoe pajaumycy mapa. Ilycrs ocu GA u GB Ha-
IpaBJIeHbl 0 KACATEJIbHBIM K JHHASIM KPUBU3HBI 3TOI moBepxHOCTH. Haiinem BeIpazkeHme /st
YIJIOBOi cKopocTH {2 BRIOpaHHOI MOmBHKHOM cucTeMbl Koopaunat GA, GB, GC B 3aBucuMo-
CTH OT KOMIIOHEHT U U ¥ CKOpOCTH meHTpa Mace G mapa. Byaem cauTarh, 9T0 MOBEPXHOCTD, 110
KOTOPOIl JBHMKETCSA MEHTD IMapa, 3aJaeTCsd OTHOCHUTEIbHO HEKOTOPOH HEMOJBHKHON CHCTEMBI
KOOP/JIMHAT ypaBHEHUEM

r=r(q,q), (8)

IJIe 1 W o — TayCCOBBI KOOPJAMHATHI Ha MOBEPXHOCTHU. [IpenonoKumM, 910 KOOpAuHATHAS CETh
Ha MOBEPXHOCTH (8) cocTaBieHa W3 JIMHUN KpUBU3HBI. HampaBiieHus STUX JUHUH B KazKIO¥
TOYKE YKa3bIBAIOTCI OPTOTOHAJBHBIMU €JIMHUIHBIMHA BEKTOPAMU

1 Or 1 Or
_ — es) = 8
hy 36]1’ ©2 ha 86]27 (e, ej) * (9)

3nech depes hi, ho 0603HAUEHBI TapaMeTphl Jlame

€

or ,
hi(q1,q2) = 5’_% ;=12
BekTop e3 = [e; X e;] sBaseTCs BEKTOPOM HOpMasm K mosepxHocTu (8) B Touke (g1, qsa).
C apyroii cTOPOHBI, CKOPOCTH IIEHTPA MaCC Vg Iapa MOXKET ObITh onpeeseHa no (popmy.ie:

dr or . n r . N
Vg = — = — — (@2 — ue ves.
G dt (9q1(h 8qQQ2 1 2

Orciona ciemayer, 9TO KOMIIOHEHTbI CKOPOCTH % U U CBA3aHBI ¢ KOOPAHHATAMHU (1, o U UX
IPOU3BOTHBIMI (POPMYIAMHU:

u = hlql, v = hg(jg. (10)
Ob6osnavas gepes k; (q1,q2), i = 1,2 raBHble KPUBU3HBI TOBEPXHOCTH (&), mMeeM:
863 593
o0 1F18L B, 2K2€2 (11)

Dopmydst (11) sBastores coregacTBrIeM n3BecTHON B nudbepeHnnaabHOl reoMeTpun Teope-
mbl (Gopmyast) Poapura [5], B KOTOpOii AOMOJHUTENBHO HY?KHO Y9IeCTh, YTO BHIODAHHAS HAMHE
KOODJIMHATHASI CETh HA MOBEPXHOCTH (8) SIBIAETCS OPTOrOHATHHONW W COCTABJIEHHOW M3 JWHWUI
kpusu3Hbl. C momornbsio dopmyrt (9) u (11) MOKHO MOTYIUTD CJIELYIONIHE COOTHOITEHHS:

8e1 1 8h1 661 1 8h2
Oq e 0qs 02 ks, 0q2 o Iq >

(12)
oes 1 ohy oes 1 Ohs

ger 2 m, der_ 2 O ke
Ooqn he 86]261’ gy hy 3Q1el+ 21263

YrioBas ckopocTh cucrembl koopauaar GA, G B, GC HaxoguTes 1o CTaugapTHOl popmyie:
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Q= (e2 . 63) (S5} + (eg . el) €9 + (e1 . e2) €3,
rae 0003HAYEHO
_dei_ﬁei_ +8e2
T E q1 8qzCI2’

[Mpunumas Bo paumanue dbopmynabt (11)-(12), ast yraosoii ckopocTu §Q TOJYUHM CJI6Ty0-
1Iee BhIparkeHue:

& i=1,2,3.
Q = hokagoer — hikigres + (—— -

Yaureiast popmyiasl (10), mepenninem BhipazkeHue st yII0BOH ckopocTu 2 B BH/IE:

1 Ohs Ohy
Q=k —k — .
Ve 1u€es + Ioih (8q1 v 00 u) es3

Taxum obpazom, a1 KOMIOHEHT 6y, 6, 03 yriaoBoii ckopocTu €2 MOABUKHOI CHCTEMBI KO-
opauaar GA, GB, GC' Mbl nuMeeM CJIeAyIONne BblPazKeHUsI:

1 Ohy Ohy
0, =k 0y = —k 0s = — . 13
1 20U, 2 1U, 3 hiho <8q1 v £ U) ( )

Tenepb IpeaIONI0KEM, UTO IOBEPXHOCTH, IO KOTOPOi JBHzKeTCs TeHTp Macc (G mapa, siB-
JIgeTcd IOBEPXHOCTBIO BPaIlleHHs, 3aJaHHON OTHOCHTEILHO HEKOTOPOM HEIOABUXKHON CHCTEMBI
KOOp,ZLI/IHaT ypaBHeHI/IeM

p(q1) cos g
r=| p(q)sing |. (14)
¢ (Q1)

B sTom ciiyaae napamerpst Jlame hy u hy umeror Bu;

hi = hi (q1) = \/(@>2 + (%)27 ha = ha (q1) = p(q1), (15)

dq dq,

a IVIaBHbIe KPUBHU3HBI k1 U kg MOBEPXHOCTHU BBLIYUCILAIOTCS 110 (POPMYIaM:

<d2§ dp  d¢ d%p d¢
dg} dgy  dqy dg} dg,
= M =k (a) = = - (16)
dp\> [dc\*\® dp ¢
— | +|-— P — ) |
dq dq dq dq
JIMHUSME KPUBU3HBI Ha IIOBEPXHOCTH BPAINEHHS SIBISIOTCS €€ MePUINAHLI W MapaslIesn.
[IycTh BepTHKaAbHAs OChb Z SBJISETCS OCbIO CUMMETPHU PAacCMAaTpPUBAEMON IIOBEPXHOCTH Bpa-
mernsa. KpoMe KOOPAMHAT ¢ W (o, BBEJAEM YIVIbI Jitytepa 0, ) u  Tak, 970 yroJ, KOTOPBIi
ocb GC' cocraBigeT ¢ ocbio Z, paBeH 7/2 — 0, a ¢ — yroJ, KOTOPHIii TIOCKOCTbh, CO/epzKalas
ocu Z u GC, cocraBigeT ¢ HEKOTOPOH (PUKCHPOBAHHON BePTHKAJIbHON ILIOCKOCTHIO. Byiem

CUUTATH, YTO KOMIOHEHTHI 01, Oy, 03 yrioBoit ckopoctu 2 cucrembl koopaunar GA, GB, GC,
OIIPEIEISTIOTCS TIPU HOMOIIK CTAaHJAPTHBIX KHHEMATHIECKHX (popmys1 Ditaepa
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0, = ¢sinesin<p + écosw, 0y = zl}sinecosgo — 9sing0, 05 = 1hcos O + o,
B KOTOPBIX 3HAUEHUE YIJIa  MOJ0XKeHO paBHBIM —7r /2. [losromy momydaem:
0, = —ibsinf, 6, =0, 65=1)cosb. (17)
C Japyroit cTOpOHBI, cpaBHUBAasE MOJydeHHble popMysbl ¢ dopmytavu (13), Haxoaum

1 dhy .

—¢ sin @ = kyhago, 0 = —k1hiq, ¢0088 = ——(o.
hy dgy

(18)

13 Broporo ypaphenus cucrembl (18) ompefessiercs CBsi3b MeKIy epeMeHHbIMH 6 U .
[TosToMy MOYKHO CIMTATh, 94TO MOBEPXHOCTH (14) 3amaHa B 3aBUCHMOCTH OT 6 U go, TO €CTh

Plo=aey = 0), Cloy—go =7(0). (19)

[Tapamerpsi Jlame, BoUUCIsieMble coracHo (15), ompeaenstorest Tenepb hopMyIaMu:

hy = Iy (9):\/(2—2)2+ (%)2, ho = hy (0) = o (6), (20)

a IJaBHBIe KpUBU3HBL kg = ki (0) u ko = ko (6) moBepxmoCTH PaBHBI

(e deito) -
de? df  db db? )
ke = ky (0) = ok =ky (0) = df = (2
do\? dr\*\’ d_U . d_T
(@) + (@) 7\ \ 0 do
Tenepb yurem Bropyto u3 dopmyn (18), KOTOpyO mpecTaBuM B BUE 6= —kyu, n Haiigem
u3 Hee, 4TO '
u = v (22)
=

Tenepb pacemorpum TpeThbio u3 dopmya (5) u dopmyasr (6). 13 dbopmya (6) ciaexyer, 9ro
0

v U
wi=-——, wp=—=——r.
a a akq

YunrbiBast 9ru Gopmyiibl, a Takxke dhopmysbl (13) u (18), u3 Tperbero ypaBHeHuUs Cucre-
Mbl (D) mosygaem:
vl
i (k2 — k1) (23)

w3 = Oowy — bhwy = —
aky

OxonuaresibHo u3 dopmysibl (23) HojydaeM ypaBHeHHe

dws v

U= o (b =k (24)

Terepsb npeANOI0KIM, 9TO KadeHNe Mapa MPOUCXOTUT MO JeHCTBUEM CHIBLI TsxKecTu. To-
/18, UMEeeM:
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L dhy
hihy df

Y =0, 6;=

W BTOpOe u3 ypasHeHuil (7) MpuHUMAeT BUIL:

dv v dhy  Ja w (25)
df  hihok, d0  J +ma® >

Huddepennupyst mosropro dopmyy (25) u npuHnMas BO BHUMaHHe ypasHenue (24), naii-

JieM:
d (dv v dhy\ J v
dO \dd  hihoky d6 ) J+ma?k

Taknm obpazom, 3ajada O Ka4eHHH Iapa IO HETOJABUXKHOMN BBIMYKJIONH MOBEPXHOCTH IO,
JIeiCTBUEM CUJIBI TSYKECTU B MPEANOJOXKEHUHU, UTO MEeHTP TsaykecTw (G Iapa ABUKETCS TO TO-
BEPXHOCTHU BpAaIlleHUs, CBOJAUTCH K MHTEI'PUPOBAHUIO JiMHEHiHOTO nuddepeniuaibHoro ypas-
HEHHsI BTOPOro mopsaka (26) OTHOCHTETHHO KOMIOHEHTHI CKODOCTH ¥ MEHTDA TAKECTH IMa-
pa. Koaddunuentsl 1anHOro ypaBHEHUS ONPEAEJIIIOTCS (POPMOil MOBEPXHOCTH BPAIIEHUS, MO
KOTOPOW JBHUZKETCS TEHTP TAXKeCTH Tapa. MoXKHO MOCTaBUTh BOIMPOC O TOM, JJd KaKHX IO-
BEPXHOCTel Bpalenns ypasuenue (26) WHTerpupyercss B IBHOM BHIE, HAIIPUMED, €ro obimee
pelieHue BbIPazKaeTcs ¢ HOMOIIbIO JIMYBU/LIEBbIX (YyHKIMA. JInyBuiesbl QyHKIUKU CTPOATCS
HOCIEJIOBATEHHO U3 PAIIMOHAJBHBIX (DYHKIHIH ¢ NCIOJIB30BAHHEM aJredpanvdecKux oleparui,
HEONPEJIeJIEHHOIO WHTErPUPOBAHUSI W B3SITHsT SKCIIOHEHTHI 3aJ]aHHOTO Bhipazkenus |3, 4|. s
OTBETa Ha BOMPOC O CYNECTBOBAHUH JINYBUJIJIEBLIX PellleHuil y THHeHHOTO Tud hepeHnnaTbHOTO
ypPABHEHUsI BTOPOTO TOPSIKA OOBITHO HCTIOIB3YeTcst anroput™ Kopauuda [3|. Huzke mokaszano,
9TO 337298 O KAUYeHUU TSKeJIOTO Tapa Mo mapadoIouay BpaIleHus WHTeTPUPYETCS B JIMYBUI-
JIEBBIX (DYHKIUSX.

Kauenue nmo mapabosionny Bparenus. [lycth abcoIOTHO 1iepoxoBaTasi OBEPXHOCTD,
0 KOTOPO# KaTUTCS Iap, TAKOBA, YTO TeOMETPHYECKOe MeCTO IEHTPOB Mapa ecTh napaboaou,T
BpAIlleHNs ¢ BEPTUKAJIBHON OChIO, PACTIOJIOKEHHBIN BePITUHOM BBEPX. Y paBHEHUE Mapaboonia
samuriem B Buje (14):

(k2 — k1) (26)

Rqy cos gz
r— Rqq sin g
Rq?
2
B paccmarpupaeMom ciydae
2
p(q) =Rq, C(q1) = _%-

3mech R — HEKOTOPBIN mapamMeTp, UMEOIUi pa3MepHOCTh JAauHbl. [lapamerpsr Jlame by u
ha, BRIYHCIsIeMBIe TIO (opmyte (15), umeoT Bu

hlzR 1—i—q%, hQZqu,

a TVIABHDBIE KPUBU3HGI k1 U ky MOBEPXHOCTH, BBIYHCIsgeMBbIe 110 bopmyaam (16), paBHbL:
1 1
k= ky= —

) 2 "
R(1+¢)° Ry/1+qf

Bropoe u3 ypasuenuit (18) onpejessier ¢Bs3b MeXKIy MepeMeHHbIME ¢ 1 0:
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9‘:

OTKY/Ia CJIEyeT, ITO
¢ = tgh. (27)

YunrbiBast popmysy (27), Mbl MOXKEM CYHTATH TelePb, 4TO BhipaxkeHus jist p (q1) u ¢ (q1)
HEePEUCHIBAIOTCA B BH/IE:

R
0 (0) = p(@)ly=igo = Rt80, 7(0) = C(0)lymigo = =5 tg? .

B pesyibrare mosyduM cJieayiolnine BbIpakeHus s napamerpon Jlame hy u ho 1 TJIaBHBIX
KpuBU3H ki 1 ko:

R cos> 6 cosf
1=m; ho = Rtgl, k= — R ko = — R

Jluneiinoe quddepeHnuaibHoe ypaBHeHHe BTOPOro mopsaka (26) MoxkeT GbITh mpeJicTaBie-
HO B BHU/JIE:

d (dv n v J  sin?6 (28)
— (= : = v.
df \ df  sinfcosf J + ma? cos? 0
Takum obpazom, 3ajjada O KadyeHUU Iapa 10 abCOJIOTHO MIEPOXOBATON IIOBEPXHOCTH, Ta-
KOIl 9TO T€OMETPUYECKOe MECTO IEHTPOB IMIapa ABJIIeTCd MapadoJIOnIOM BPAIIEHUSA, CBOJUTCS
K MHTErPUPOBaHUIO JuHeiRHoro auddepennmaapHoro ypasaenusi Broporo mopsiaka (28). Cre-

JaeM B ypaBHeHuu (28) 3aMeHy He3aBHCHMOMN MepeMeHHOi mo dbopmye © = cos? @ u BBeneM
0003HaYeHUIE

Torna ypapuenune (28) NpUBOAUTCS K YPABHEHWIO C PAIMOHAJIBHBIME KObDdUIHEeHTAME:

d2v+ 1 dv (P22 +2(1—n?)z+n?-1)
dz?  x—1ldx 422 (2 — 1)

v=0. (29)

Hnst roro arobel npusectu quddepeniuanbaoe ypapaenne (29) K 6oJiee TpoOCTOMY BHUILY,
clesiaeM 3aMeHy

y=vve—1.

Torna smueitrnoe nuddepernnatbHoe ypaBHeHHe BTOPOro mopsika (29) mepenunercs ce-
JIYIOIIHM 00Pa30oM:
d*y  n?—1

dz?2 42 Y. (30)

Vpasuenue (30) uMeeT B TOYHOCTH BUJI, HEOOXOMUMBIH /71 TOTO, YTOOBI MPUMEHUTH K JIaH-
HOMY ypaBHenuto aiaropur™m Kosaunua [3]. [Ipumenenune k ypapuenuto (30) aiaropurma Kosa-
unva [3] mokaseiBaeT, YTO OOIIEe peIleHne JAHHOTO YPABHEHUS MOYXKET ObITh IPEJCTABJIEHO B
BH/IE:
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14n 1-n
y=Cx 2z +Chr 2,

rae C7 u Cy — mpon3BoOJIbHBIE TOCTOTHHBIE. TaKnM 00pa3oM, MOYKHO CJIeJIaTh BBIBOJ, YTO O0IIee
peleHre UCXOTHOro ypaBuenus (28) BbIpazKaeTcs 4epe3 JILyBH/LIEBbl (DYHKIIUH.
Bakmarouenne. Hamn 6bura paccMoTpeHa 3ajada O KadeHHH TAKeJI0r0 OJHOPOTHOTO IIa-
pa Mo BHIMYKJIOH MOBEPXHOCTH, TaKOil UTO MPU KAYEHUN MEHTD TAZKECTH IMapa HPUHAIICKHAT
3a/IaHHON MTOBEPXHOCTH BPAIIEHUS. BBLIO MOKA3aHO, YTO PEIIeHHe 33/ a9l CBOIUTCS K HHTe-
IPUPOBAHUIO JTHHEHHOTO MrdepeHInaibHOro ypaBaenns Broporo mopsiaka (26). s cayqas,
KOIJIa IIPH KavdeHHWH IIapa ero MeHTD THAKECTU JBUZKeTCd 110 1apabosIonIy BpAIeHHs, YypaB-
Herre (26) OO 3amHCaHO B SBHOM BHJe (28) U OBLIO YCTAHOBJIEHO, YTO JAHHOE YDaBHEHHE

HHTEIrpupyercd B JIMYBUJLJIEBBIX (bYHK]_[I/IHX.

AHajlornaHOe UCCeI0BaHIEe MOXKET OBITh IMPOBEICHO W JjIs APYTUX MOBEPXHOCTEl Bpaiie-
HUd, B YACTHOCTH, JI/IS PA3JUYHbBIX TIOBEPXHOCTEN BTOPOro nopsjika. VceiaenoBanus momooHoro

poJia MBI TIJTAHUPYeM MIPOBECTU B OyILyIIEeM.
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