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The solution of large systems of linear equations with sparse matrices is usually done using iterative
methods that involve repeated computation of the sparse matrix-vector product (SpMV). The SpMV
plays an important role in many scienti�c and engineering applications, and a lot of e�ort has been
made to implement e�cient SpMV kernels for highly parallel computing architectures such as graphics
processing units (GPUs). However, round-o� errors that occur when using �nite precision �oating-
point arithmetic can cause poor convergence of iterative solvers. In this article, we present SpMV
implementations for GPUs using multiple-precision �oating-point arithmetic that are part of MPRES-
BLAS, an open-source CUDA library of multiple-precision linear algebra operations (available at
https://github.com/kisupov/mpres-blas).

We �rst give a brief description of the multiple-precision �oating-point number representation
supported in MPRES-BLAS. Unlike traditional approaches to expressing high-precision numbers, our
representation is based on the residue number system (RNS). The RNS is an unweighted number system
that is an alternative to the positional number representation. In the RNS, a number is represented by
its residues modulo several pairwise relatively prime integers called the moduli. The RNS is interesting,
in particular, because it provides e�cient addition, subtraction and multiplication of large integers. the
residues of a number are mutually independent, and the calculations with each residue are performed
in the ring of integers modulo the corresponding modulus, so that carry chains between the residues
are eliminated.

The SpMV performance depends on the format used to store the sparse matrix. In this article, we
use the multiple-precision variants of CSR (Compressed Sparse Row) and ELLPACK sparse storage
formats. The CSR format is widely used in iterative solvers, since it requires storing only nonzero
matrix elements. In turn, the ELLPACK format is e�cient when implemented on a GPU, provided
the number of nonzero elements in each row of the matrix does not vary signi�cantly.

Our multiple-precision SpMV algorithm consists of two steps. At the �rst step, the matrix and
vector are multiplied element-by-element, and the computed array of component-wise products is
stored in a global memory bu�er. This step is highly parallelizable thanks to the use of RNS, namely,
both all elements of the intermediate array and all digits of the signi�cand (mantissa) for each multiple-
precision element are computed in parallel. Each multiple-precision multiplication is performed by n
GPU threads, where n is the size of the RNS moduli set. At the second step, the summation kernel is
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launched, which perform a per-row reduction of the intermediate array to produce the output vector.
In this step, each multiple-precision addition is performed by one thread.

In the experimental part of the paper, we evaluated the performance of our multiple-precision
SpMV routines on the marine1, largebasis, ESOC, Goodwin_127 and nd6k matrices from SuiteSparse
Matrix Collection (formerly known as the University of Florida Sparse Matrix Collection).

We compare the proposed SpMV with implementations based on existing multiple-precision
general-purpose arithmetic libraries for CUDA-enabled GPUs, namely, CUMP and CAMPARY. We
carry out the experiments on an NVIDIA RTX 2080 graphics card (46 streaming multiprocessors, 8
GB of GDDR6 memory, compute capability version 7.5). The results indicate that, with the same
precision, the proposed SpMV routines in many cases provide signi�cantly better performance than
the CUMP and CAMPARY library implementations. One exception is the 106-bit precision case, where
the CAMPARY library is much faster.

Comparison of the CSR and ELLPACK formats shows that ELLPACK outperforms CSR at
a moderate level of precision (106-212 bits). With higher arithmetic precision (424-868 bits), the
ELLPACK advantages become less apparent. Moreover, the memory requirements of ELLPACK can
signi�cantly exceed the requirements of CSR, especially in the context of higher precision. We note
that matrices from real-world applications usually consist of single or double precision entries, and
there is no need to convert them to higher precision. Considering this aspect, we plan to implement
multiplication of a sparse double-precision matrix by a high-precision vector and use it to improve the
convergence of iterative solvers.

Key words: Sparsematrices, SpMV, multiple-precisionarithmetic, residue number system, GPU
programming.
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Óìíîæåíèå ðàçðåæåííîé ìàòðèöû íà ïëîòíûé âåêòîð (SpMV) ÿâëÿåòñÿ îñíîâíûì è íàèáî-
ëåå çàòðàòíûì ýëåìåíòîì â èòåðàöèîííûõ ìåòîäàõ ðåøåíèÿ ðàçðåæåííûõ ëèíåéíûõ ñèñòåì
è çàäà÷ íà ñîáñòâåííûå çíà÷åíèÿ. Ýôôåêòèâíàÿ ðåàëèçàöèÿ SpMV èìååò ðåøàþùåå çíà÷å-
íèå äëÿ ìíîãèõ íàó÷íûõ è èíæåíåðíûõ âû÷èñëåíèé, ïðè÷åì âàæíî îáåñïå÷èòü íå òîëüêî
âûñîêîå áûñòðîäåéñòâèå, íî è äîñòàòî÷íóþ òî÷íîñòü SpMV, ïîñêîëüêó èòåðàöèîííûå ìåòîäû
èçâåñòíû ñâîåé ÷óâñòâèòåëüíîñòüþ ê îøèáêàì îêðóãëåíèÿ. Â ñòàòüå ìû ðàññìàòðèâàåì ïà-
ðàëëåëüíûå ðåàëèçàöèè SpMV äëÿ CUDA-ñîâìåñòèìûõ ãðàôè÷åñêèõ ïðîöåññîðîâ âèäåîêàðò
(GPU) ñ èñïîëüçîâàíèåì àðèôìåòèêè ìíîãîêðàòíîé òî÷íîñòè íà îñíîâå ñèñòåìû îñòàòî÷íûõ
êëàññîâ (ÑÎÊ). Îñíîâíûì ïðåèìóùåñòâîì ÑÎÊ ïåðåä ïîçèöèîííûìè ñèñòåìàìè ñ÷èñëåíèÿ ÿâ-
ëÿåòñÿ îòñóòñòâèå ïåðåíîñîâ ìåæäó öèôðàìè ÷èñëà, ÷òî ïîçâîëÿåò çàìåíèòü ìíîãîðàçðÿäíûå
îïåðàöèè ãðóïïàìè ïîêîìïîíåíòíûõ îïåðàöèé ñ öèôðàìè íåáîëüøîé ðàçðÿäíîñòè, êîòîðûå
âûïîëíÿþòñÿ áåç íàêëàäíûõ ðàñõîäîâ, ñâÿçàííûõ ñ îáðàáîòêîé èíôîðìàöèè î ïåðåíîñàõ ìåæ-
äó öèôðàìè. Ìû ðàññìàòðèâàåì ðåàëèçàöèè SpMV, îñíîâàííûå íà äâóõ øèðîêî ðàñïðîñòðà-
íåííûõ ôîðìàòàõ õðàíåíèÿ ðàçðåæåííîé ìàòðèöû � CSR è ELLPACK. Ýêñïåðèìåíòàëüíàÿ
îöåíêà ñ ìàòðèöàìè èç ðåàëüíûõ ïðèëîæåíèé ïîêàçûâàåò, ÷òî âî ìíîãèõ ñëó÷àÿõ ïðåäñòàâ-
ëåííûå ðåàëèçàöèè âûïîëíÿþòñÿ áûñòðåå, ÷åì ðåàëèçàöèè íà îñíîâå ñóùåñòâóþùèõ áèáëèîòåê
ìíîãîêðàòíîé òî÷íîñòè äëÿ GPU.

Êëþ÷åâûå ñëîâà: ðàçðåæåííûå ìàòðèöû, SpMV, àðèôìåòèêà ìíîãîêðàòíîé òî÷íîñòè,
ñèñòåìà îñòàòî÷íûõ êëàññîâ, ïðîãðàììèðîâàíèå äëÿ ãðàôè÷åñêèõ ïðîöåññîðîâ.

Ââåäåíèå. Îïåðàöèÿ ðàçðåæåííîãî ìàòðè÷íî-âåêòîðíîãî óìíîæåíèÿ (SpMV) çàíè-
ìàåò âàæíîå ìåñòî â àëãîðèòìàõ ëèíåéíîé àëãåáðû, è ìíîãèå èññëåäîâàíèÿ ïîñâÿùåíû
ðàçðàáîòêå ôîðìàòîâ õðàíåíèÿ ðàçðåæåííûõ ìàòðèö è ðåàëèçàöèé SpMV, îïòèìèçèðîâàí-
íûõ äëÿ ïàðàëëåëüíûõ âû÷èñëèòåëüíûõ ïëàòôîðì, òàêèõ êàê öåíòðàëüíûå ìíîãîÿäåðíûå
ïðîöåññîðû (CPU) è ãðàôè÷åñêèå ïðîöåññîðû âèäåîêàðò (GPU) [1�5]. Ïðè ýòîì ãëàâíûì
êðèòåðèåì âûñòóïàåò ñêîðîñòü âû÷èñëåíèé. Ñ äðóãîé ñòîðîíû, òî÷íîñòü SpMV òàêæå
èãðàåò âàæíóþ ðîëü, ïîñêîëüêó èòåðàöèîííûå ìåòîäû, òàêèå êàê ìåòîä ìèíèìàëüíûõ

Èññëåäîâàíèå âûïîëíåíî çà ñ÷åò ãðàíòà Ðîññèéñêîãî íàó÷íîãî ôîíäà (ïðîåêò � 20-71-00046).
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Ðèñ. 1. Ìíîãîðàçðÿäíûé ôîðìàò ñ ïëàâàþùåé òî÷êîé

íåâÿçîê, ìåòîä ñîïðÿæåííûõ ãðàäèåíòîâ è ìåòîä áèñîïðÿæåííûõ ãðàäèåíòîâ, èçâåñòíû
ñâîåé ÷óâñòâèòåëüíîñòüþ ê îøèáêàì îêðóãëåíèÿ [6, 7].

Ñóùåñòâóþò ðàçëè÷íûå ñïîñîáû ïîâûøåíèÿ òî÷íîñòè âû÷èñëåíèé. Ðàñïðîñòðàíåííûì
ñïîñîáîì ÿâëÿåòñÿ èñïîëüçîâàíèå ôîðìàòà double-double (DD) [8], â êîòîðîì êàæäîå ÷èñ-
ëî ïðåäñòàâëÿåòñÿ â âèäå íåâû÷èñëåííîé ñóììû äâóõ ñòàíäàðòíûõ ÷èñåë ñ ïëàâàþùåé
òî÷êîé äâîéíîé òî÷íîñòè, xh è xl, ãäå xh � ÷èñëî, áëèæàéøåå ê èñòèííîìó çíà÷åíèþ,
à xl � ðàçíèöà ìåæäó èñòèííûì çíà÷åíèåì è xh. Íà îñíîâå DD-ôîðìàòà áûëè ïðåäëî-
æåíû âûñîêîòî÷íûå âåðñèè SpMV, à òàêæå ðÿä äðóãèõ âû÷èñëèòåëüíûõ ÿäåð ëèíåéíîé
àëãåáðû è èòåðàöèîííûõ ðåøàòåëåé [7, 9�11]. Äðóãèì ïîäõîäîì ÿâëÿåòñÿ èñïîëüçîâàíèå
àðèôìåòè÷åñêèõ áèáëèîòåê ìíîãîêðàòíîé òî÷íîñòè, òàêèõ êàê GMP/MPFR è CUMP [12,
13].

Â ñòàòüå ìû ðàññìàòðèâàåì ðåàëèçàöèè SpMV â ôîðìàòàõ CSR (Compressed Sparse
Row) è ELLPACK/ITPACK äëÿ CUDA-ñîâìåñòèìûõ GPU ñ èñïîëüçîâàíèåì àðèôìåòè-
êè ìíîãîêðàòíîé òî÷íîñòè íà îñíîâå íåïîçèöèîííîé ñèñòåìû ñ÷èñëåíèÿ ñ ïàðàëëåëü-
íîé ñòðóêòóðîé � ñèñòåìû îñòàòî÷íûõ êëàññîâ (ÑÎÊ). Îñíîâíûì ïðåèìóùåñòâîì ÑÎÊ
ïåðåä ïîçèöèîííûìè ñèñòåìàìè ñ÷èñëåíèÿ ÿâëÿåòñÿ îòñóòñòâèå ïåðåíîñîâ ìåæäó öèô-
ðàìè ÷èñëà, ÷òî ïîçâîëÿåò çàìåíèòü ìíîãîðàçðÿäíûå îïåðàöèè ãðóïïàìè ïîêîìïîíåíò-
íûõ îïåðàöèé ñ öèôðàìè íåáîëüøîé ðàçðÿäíîñòè, êîòîðûå âûïîëíÿþòñÿ ýôôåêòèâíî
[14, 15]. Ýêñïåðèìåíòû ñ ìàòðèöàìè ðàçëè÷íîé ñòðóêòóðû ïîêàçûâàþò, ÷òî ïðîèçâîäè-
òåëüíîñòü ïðåäëîæåííûõ ðåàëèçàöèé SpMV âî ìíîãèõ ñëó÷àÿõ âûøå, ÷åì ïðîèçâîäè-
òåëüíîñòü ðåàëèçàöèé íà îñíîâå ñóùåñòâóþùèõ CUDA-áèáëèîòåê ìíîãîêðàòíîé òî÷íî-
ñòè CUMP è CAMPARY. Íàøè ðåàëèçàöèÿ SpMV ÿâëÿþòñÿ ÷àñòüþ áèáëèîòåêè âûñî-
êîòî÷íûõ ïîäïðîãðàìì ëèíåéíîé àëãåáðû MPRES-BLAS è äîñòóïíû íà GitHub (https:
//github.com/kisupov/mpres-blas).

1. Ïðåäñòàâëåíèå ìíîãîðàçðÿäíûõ ÷èñåë. Ìû èñïîëüçóåì ôîðìàò ïðåäñòàâëåíèÿ
ìíîãîðàçðÿäíûõ ÷èñåë (÷èñåë ìíîãîêðàòíîé òî÷íîñòè) ñ ïëàâàþùåé òî÷êîé, ïðåäñòàâëåí-
íûé íà ðèñ. 1. ×èñëî x ïðåäñòàâëÿåòñÿ â âèäå îáúåêòà, ñîñòîÿùåãî èç çíàêà s, ìàíòèññû X,
öåëî÷èñëåííîãî ïîðÿäêà (ýêñïîíåíòû) e, à òàêæå äîïîëíèòåëüíîé èíôîðìàöèè î âåëè÷èíå
ìàíòèññû I(X/M).

Çíàê èíòåðïðåòèðóåòñÿ îáû÷íûì îáðàçîì: îí ðàâåí íóëþ, åñëè x � íåîòðèöàòåëü-
íîå ÷èñëî, è åäèíèöå, åñëè x � îòðèöàòåëüíîå. Ìàíòèññà ïðåäñòàâëåíà â ÑÎÊ öèôðà-
ìè (x1,x2, . . . ,xn) îòíîñèòåëüíî çàäàííîãî íàáîðà îñíîâàíèé (ìîäóëåé) {m1,m2, . . . ,mn} è
èíòåðïðåòèðóåòñÿ êàê öåëîå ÷èñëî â èíòåðâàëå îò 0 äî M − 1, ãäå M � ïðîèçâåäåíèå
âñåõ ìîäóëåé. Öèôðû ìàíòèññû, êîòîðûå â òåðìèíîëîãèè ÑÎÊ íàçûâàþòñÿ îñòàòêàìè,
ÿâëÿþòñÿ òàêèìè öåëûìè ÷èñëàìè â äîïîëíèòåëüíîì êîäå, ÷òî xi = X mod mi. Ïðèìå÷à-
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òåëüíîé îñîáåííîñòüþ ÑÎÊ ÿâëÿåòñÿ âîçìîæíîñòü ýôôåêòèâíîãî âûïîëíåíèÿ îïåðàöèé
ñëîæåíèÿ, âû÷èòàíèÿ è óìíîæåíèÿ: äàííûå îïåðàöèè âûïîëíÿþòñÿ áåç âîçíèêíîâåíèÿ
ïåðåíîñîâ ìåæäó ñîñåäíèìè îñòàòêàìè, ò. å. ïîêîìïîíåíòíî. Ñëåäîâàòåëüíî, â îòëè÷èå îò
ìíîãîðàçðÿäíîé ïîçèöèîííîé àðèôìåòèêè, íå âîçíèêàåò íàêëàäíûõ ðàñõîäîâ, ñâÿçàííûõ ñ
îáðàáîòêîé öåïî÷åê ïåðåíîñîâ, è, áîëåå òîãî, âñå îñòàòêè ìîãóò âû÷èñëÿòüñÿ ïàðàëëåëüíî.

Ïðåîáðàçîâàíèå èç ïðåäñòàâëåííîãî ÷èñëîâîãî ôîðìàòà â îáû÷íóþ ïîçèöèîííóþ ôîð-
ìó îñíîâàíî íà êèòàéñêîé òåîðåìå îá îñòàòêàõ [15] è âûïîëíÿåòñÿ ïî ôîðìóëå:

x = (−1)s ×

∣∣∣∣∣
n∑

i=1

Mi|xiwi|mi

∣∣∣∣∣
M

× 2e,

ãäå Mi =M/mi, à wi � ìóëüòèïëèêàòèâíàÿ èíâåðñèÿ Mi ïî ìîäóëþ mi.
Ñ äðóãîé ñòîðîíû, èìåþòñÿ ñëîæíîñòè, ñâÿçàííûå ñ îöåíêîé âåëè÷èíû ÷èñëà â ÑÎÊ

ïî îñòàòêàì, ÷òî òðåáóåòñÿ äëÿ îïðåäåëåíèÿ çíàêà, îáíàðóæåíèÿ ïåðåïîëíåíèÿ äèàïàçî-
íà ïðåäñòàâëåíèÿ ìàíòèññû, ñðàâíåíèÿ, äåëåíèÿ, îêðóãëåíèÿ è ðÿäà ïðî÷èõ îïåðàöèé.
Äëÿ ïðåîäîëåíèÿ ýòèõ ñëîæíîñòåé â ôîðìàò ÷èñëà âêëþ÷åíà äîïîëíèòåëüíàÿ èíôîðìà-
öèÿ � èíòåðâàëüíàÿ îöåíêà ìàíòèññû I(X/M). Ýòà îöåíêà ïðåäñòàâëÿåò ñîáîé èíòåðâàë, â
ïðåäåëàõ êîòîðîãî íàõîäèòñÿ çíà÷åíèå ìàíòèññû X, ìàñøòàáèðîâàííîå îòíîñèòåëüíî ïðî-
èçâåäåíèÿ ìîäóëåé M , ò. å. X/M . Òàêîé èíòåðâàë çàäàåòñÿ äâóìÿ ãðàíèöàìè: low è upp
íà ðèñ. 1. Ãðàíèöû ÿâëÿþòñÿ ÷èñëàìè ñ ïëàâàþùåé òî÷êîé ñòàíäàðòíîé ðàçðÿäíîñòè, íî
ñ ðàñøèðåííûì äèàïàçîíîì ýêñïîíåíòû, ÷òî ïðåäîòâðàùàåò ïîòåðþ çíà÷èìîñòè â ñëó÷àå
áîëüøîé âåëè÷èíû M (ïðè M < 21000 äëÿ õðàíåíèÿ low è upp äîñòàòî÷íî ñòàíäàðòíîãî
ôîðìàòà äâîéíîé òî÷íîñòè binary64).

Èíòåðâàëüíàÿ îöåíêà âû÷èñëÿåòñÿ ïðè ïðåîáðàçîâàíèè ÷èñëà â ìíîãîðàçðÿäíûé ôîð-
ìàò, à ïðè âûïîëíåíèè êàêîé-ëèáî àðèôìåòè÷åñêîé îïåðàöèè ñ ìíîãîðàçðÿäíûìè ÷èñëà-
ìè èíòåðâàëüíàÿ îöåíêà ðåçóëüòàòà âû÷èñëÿåòñÿ ñ èñïîëüçîâàíèåì ôîðìóë èíòåðâàëüíîé
àðèôìåòèêè çà âðåìÿ O(1). Êðîìå ýòîãî, â ëþáîé ìîìåíò èíòåðâàëüíàÿ îöåíêà ìîæåò
áûòü çàíîâî âû÷èñëåíà ïî îñòàòêàì (x1,x2, . . . ,xn) ñ èñïîëüçîâàíèåì ëèøü ñòàíäàðòíûõ
îïåðàöèé ñ ïëàâàþùåé òî÷êîé, ò. å. áåç òðóäîåìêîãî ïðåîáðàçîâàíèÿ èç ÑÎÊ â äâîè÷íóþ
ñèñòåìó ñ÷èñëåíèÿ. Ïîäðîáíîå èçëîæåíèå ìåòîäà èíòåðâàëüíûõ îöåíîê äëÿ âûïîëíåíèÿ
ïðîáëåìíûõ îïåðàöèé â ÑÎÊ ïðåäñòàâëåíî â ñòàòüå [16].

Â [17] îïèñàíû àëãîðèòìû âûïîëíåíèÿ îñíîâíûõ àðèôìåòè÷åñêèõ îïåðàöèé ìíîãî-
êðàòíîé òî÷íîñòè â ïðåäñòàâëåííîì ÷èñëîâîì ôîðìàòå, à òàêæå äàíà ñëåäóþùàÿ ãðàíèöà
ïîãðåøíîñòè îêðóãëåíèÿ: åñëè fl(x ◦ y) � îêðóãëåííûé ðåçóëüòàò îïåðàöèè ◦ ∈ {+,−,×},
òî fl(x◦y) = (x◦y)(1+δ), ãäå |δ| < 4/

√
M èM � ïðîèçâåäåíèå âñåõ ìîäóëåé ÑÎÊ. Òàêèì

îáðàçîì, âûáèðàÿ íåîáõîäèìûé íàáîð ìîäóëåé ÑÎÊ, âîçìîæíî çàäàâàòü ïðîèçâîëüíóþ
òî÷íîñòü èñïîëüçóåìîé àðèôìåòèêè.

Â áèáëèîòåêå MPRES-BLAS äëÿ ïðåäñòàâëåíèÿ ìíîãîðàçðÿäíûõ ÷èñåë è ìàññèâîâ ÷è-
ñåë îïðåäåëåíû ñòðóêòóðû äàííûõ, èçîáðàæåííûå íà ðèñ. 2.

Ñòðóêòóðà mp_float_t ïðåäñòàâëÿåò îäíî ÷èñëî. Äëÿ õðàíåíèÿ â ïàìÿòè GPU ïëîòíûõ
ìíîãîðàçðÿäíûõ âåêòîðîâ è ìàòðèö èñïîëüçóåòñÿ ñòðóêòóðà mp_array_t, â êîòîðîé âåêòîð
èç N ýëåìåíòîâ ïðåäñòàâëÿåòñÿ â âèäå íàáîðà ìàññèâîâ, õðàíÿùèõ îòäåëüíûå ÷àñòè ìíî-
ãîðàçðÿäíûõ ÷èñåë: âñå öèôðû ìíîãîðàçðÿäíûõ ìàíòèññ õðàíÿòñÿ â âèäå åäèíîãî ìàññèâà
digits äëèíû n×N , ãäå n � êîëè÷åñòâî ìîäóëåé ÑÎÊ; çíàêè ÷èñåë, ýêñïîíåíòû è èíòåð-
âàëüíûå îöåíêè ìàíòèññ õðàíÿòñÿ â âèäå îòäåëüíûõ ìàññèâîâ. Äîïîëíèòåëüíî â ñòðóêòóðó
âêëþ÷åíû ïîëÿ len (àêòóàëüíàÿ äëèíà âåêòîðà) è buf (áóôåð ñ ýëåìåíòàìè âåêòîðíîãî
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typedef struct {

int digits[n];

int sign;

int exp;

er_float_t eval[2];

} mp_float_t;

typedef struct {

int *digits;

int *sign;

int *exp;

er_float_t *eval;

int4 *buf;

int *len;

} mp_array_t;

typedef struct {

int *digits;

int *sign;

int *exp;

er_float_t *eval;

} mp_collection_t;

Ðèñ. 2. Ñòðóêòóðû äàííûõ äëÿ ïðåäñòàâëåíèÿ ìíîãîðàçðÿäíûõ ÷èñåë è ìàññèâîâ

Ðèñ. 3. Ôîðìàòû CSR è ELLPACK. Â êà÷åñòâå èíäåêñîâ íóëåâûõ ýëåìåíòîâ â ELLPACK ìîãóò

èñïîëüçîâàòüñÿ êîíòðîëüíûå çíà÷åíèÿ, íàïðèìåð −1

òèïà int4 èç ñòàíäàðòíûõ çàãîëîâêîâ CUDA C/C++, êîòîðûé èñïîëüçóåòñÿ äëÿ ïåðåäà-
÷è âñïîìîãàòåëüíûõ ïåðåìåííûõ ìåæäó âû÷èñëèòåëüíûìè ÿäðàìè). Êàê ïîêàçàíî â [17],
èñïîëüçîâàíèå ñòðóêòóðû mp_array_t ñîâìåñòíî ñ ïîñëåäîâàòåëüíîé ñõåìîé àäðåñàöèè,
ïðè êîòîðîé âñå n öèôð îäíîãî ìíîãîðàçðÿäíîãî ÷èñëà ðàñïîëàãàþòñÿ ïîñëåäîâàòåëüíî
â ïàìÿòè GPU, îáåñïå÷èâàåò ïðè ðàçðÿäíî-ïàðàëëåëüíûõ âû÷èñëåíèÿõ ýôôåêòèâíûé äî-
ñòóï ïàðàëëåëüíûõ ïîòîêîâ ê ïàìÿòè GPU. Äëÿ õðàíåíèÿ ðàçðåæåííîé ìíîãîðàçðÿäíîé
ìàòðèöû ñëóæèò ñòðóêòóðà mp_collection_t, àíàëîãè÷íàÿ ñòðóêòóðå mp_array_t, çà èñ-
êëþ÷åíèåì îòñóòñòâèÿ ïîëåé len è buf, êîòîðûå íå èñïîëüçóþòñÿ â ÿäðàõ ðàçðåæåííîé
ëèíåéíîé àëãåáðû.

2. Ìíîãîðàçðÿäíûå CSR è ELLPACK ôîðìàòû. Ïðîèçâîäèòåëüíîñòü SpMV çà-
âèñèò îò ôîðìàòà, èñïîëüçóåìîãî äëÿ õðàíåíèÿ íåíóëåâûõ êîýôôèöèåíòîâ ðàçðåæåííîé
ìàòðèöû. Îñíîâíûìè ÿâëÿþòñÿ êîîðäèíàòíûé, äèàãîíàëüíûé, Compressed Sparse Row
(CSR), ELLPACK/ITPACK è ãèáðèäíûé (HYB) ôîðìàòû. Íà îñíîâå ýòèõ ôîðìàòîâ ïðåä-
ëîæåíû ðàçëè÷íûå ïðîèçâîäíûå ôîðìàòû è ðåàëèçàöèè SpMV, íàïðàâëåííûå íà ýôôåê-
òèâíîå âûïîëíåíèå íà GPU. Èõ îáøèðíûé îáçîð ïðåäñòàâëåí â [1]. Â äàííîé ñòàòüå ìû
èñïîëüçóåì ôîðìàòû CSR è ELLPACK, ïðèìåðû êîòîðûõ ïðèâåäåíû íà ðèñ. 3, ãäå, ïî-
äîáíî [1], AS � ìàññèâ êîýôôèöèåíòîâ ìàòðèöû, JA � ìàññèâ èíäåêñîâ ñòîëáöîâ è IRP
� ìàññèâ óêàçàòåëåé íà÷àëà ñòðîê.

Ôîðìàò CSR ïîëó÷èë íàèáîëüøåå ðàñïðîñòðàíåíèå â èòåðàöèîííûõ ðåøàòåëÿõ. Â ýòîì
ôîðìàòå ðàçìåð ìàññèâîâ AS è JA ðàâåí êîëè÷åñòâó íåíóëåâûõ ýëåìåíòîâ ìàòðèöû. Ôîð-
ìàò ELLPACK ýôôåêòèâåí ïðè ðåàëèçàöèè íà GPU, ïðè óñëîâèè, ÷òî ÷èñëî íåíóëåâûõ
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Ðèñ. 4. Ìíîãîðàçðÿäíûå ôîðìàòû CSR è ELLPACK

ýëåìåíòîâ â êàæäîé ñòðîêå ìàòðèöû âàðüèðóåòñÿ íåçíà÷èòåëüíî [2]. Ðàçìåð ìàññèâîâ AS
è JA â ELLPACK ðàâåíM×MAXNZR, ãäåM � ÷èñëî ñòðîê è MAXNZR � ìàêñèìàëüíîå
÷èñëî íåíóëåâûõ ýëåìåíòîâ â ñòðîêå ìàòðèöû.

Íà ðèñ. 4 ïðèâåäåí ïðèìåð ïðåäñòàâëåíèÿ ðàçðåæåííîé ìàòðèöû â ìíîãîðàçðÿäíûõ
CSR è ELLPACK ôîðìàòàõ. Â ïðèìåðå êîëè÷åñòâî ìîäóëåé ÑÎÊ n = 4, ò. å. ìàíòèññà
êàæäîãî ýëåìåíòà ◦ ∈ {a,b,c,d,e,f} ñîñòîèò èç ÷åòûðåõ îñòàòêîâ: X = (x1,x2,x3,x4). Ñèì-
âîë ¾.¿ èñïîëüçóåòñÿ äëÿ äîñòóïà ê îòäåëüíûì ïîëÿì ìíîãîðàçðÿäíîãî ÷èñëà, à l è u
îáîçíà÷àþò ñîîòâåòñòâåííî íèæíþþ è âåðõíþþ ãðàíèöû èíòåðâàëüíîé îöåíêè ìàíòèññû
(low è upp íà ðèñ. ).

3. GPU ðåàëèçàöèÿ SpMV ìíîãîêðàòíîé òî÷íîñòè. Âõîäíûìè äàííûìè äëÿ íà-
øèõ ðåàëèçàöèé SpMV (y ← Ax) ÿâëÿþòñÿ ðàçðåæåííàÿ ìàòðèöà A, ñîñòîÿùàÿ èç M
ñòðîê è N ñòîëáöîâ, ñîäåðæàùàÿ NNZ íåíóëåâûõ ýëåìåíòîâ, à òàêæå ïëîòíûé âåêòîð x
ðàçìåðà N , õðàíÿùèéñÿ â âèäå ýêçåìïëÿðà ñòðóêòóðû mp_array_t. Íåíóëåâûå ýëåìåíòû
ìàòðèöû (ìàññèâ AS ) õðàíÿòñÿ â âèäå ýêçåìïëÿðà ñòðóêòóðû mp_collection_t. Äîïîë-
íèòåëüíî òðåáóåòñÿ âûäåëèòü â ãëîáàëüíîé ïàìÿòè GPU ìàññèâ BUF (mp_collection_t),
ðàçìåð êîòîðîãî ðàâåí NNZ äëÿ CSR ôîðìàòà è M ×MAXNZR äëÿ ELLPACK ôîðìàòà.
Ðåçóëüòàòîì SpMV ÿâëÿåòñÿ ïëîòíûé ìíîãîðàçðÿäíûé âåêòîð y ðàçìåðà M (ñòðóêòóðà
mp_array_t).

Âûïîëíåíèå îïåðàöèè ñîñòîèò èç äâóõ øàãîâ:
1) Âû÷èñëåíèå ìàññèâà ïîêîìïîíåíòíûõ ïðîèçâåäåíèé ìàòðèöû A è âåêòîðà x ñ ñî-

õðàíåíèåì ðåçóëüòàòîâ â ïðîìåæóòî÷íûé ìàññèâ BUF.
2) Ôîðìèðîâàíèå âåêòîðà y ïóòåì ñóììèðîâàíèÿ ìàññèâà BUF ïî ñòðîêàì.
Èñïîëüçîâàíèå ÑÎÊ ïîçâîëÿåò ðåàëèçîâàòü ïîëíîñòüþ ïàðàëëåëüíóþ ñõåìó âûïîëíå-

íèÿ ïåðâîãî øàãà SpMV, â ñîîòâåòñòâèè ñ êîòîðîé îäíîâðåìåííî âû÷èñëÿþòñÿ íå òîëüêî
ýëåìåíòû ìàññèâà BUF, íî òàêæå âñå öèôðû ìíîãîðàçðÿäíîé ìàíòèññû êàæäîãî ýëåìåí-
òà. Äëÿ âûïîëíåíèÿ êàæäîãî óìíîæåíèÿ ìíîãîêðàòíîé òî÷íîñòè èñïîëüçóåòñÿ n ïîòîêîâ
GPU, ãäå n � ðàçìåð íàáîðà ìîäóëåé ÑÎÊ. Äëÿ ýôôåêòèâíîé ðåàëèçàöèè äàííîé ñõå-
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ìû îïåðàöèÿ ìíîãîðàçðÿäíîãî óìíîæåíèÿ ðàçáèâàåòñÿ íà òðè ýòàïà, êàæäûé èç êîòîðûõ
âûïîëíÿåòñÿ îòäåëüíûì âû÷èñëèòåëüíûì ÿäðîì (ãëîáàëüíîé ôóíêöèåé GPU), êàê ïðåä-
ëîæåíî â [17]: (1) ÿäðî äëÿ âû÷èñëåíèÿ çíàêîâ, ýêñïîíåíò è èíòåðâàëüíûõ îöåíîê ìàíòèññ,
(2) ÿäðî äëÿ ïîëíîñòüþ ïàðàëëåëüíîãî âû÷èñëåíèÿ öèôð ìíîãîðàçðÿäíûõ ìàíòèññ è (3)
ÿäðî äëÿ îêðóãëåíèÿ.

Òàêèì îáðàçîì, âûïîëíåíèå SpMV ìíîãîêðàòíîé òî÷íîñòè ñîñòîèò èç çàïóñêà ÷åòûðåõ
CUDA ÿäåð: òðè ÿäðà äëÿ óìíîæåíèÿ è îäíî äëÿ ïîñòðî÷íîé ðåäóêöèè ïðîìåæóòî÷íîãî
ìàññèâà.

Â àëãîðèòìàõ 1�3 ïðåäñòàâëåí ïñåâäîêîä ïåðâûõ äâóõ ÿäåð óìíîæåíèÿ è ÿäðà ðå-
äóêöèè â CSR ôîðìàòå. Â àëãîðèòìàõ 4�6 ïðåäñòàâëåí ïñåâäîêîä ñîîòâåòñòâóþùèõ ÿäåð
äëÿ ELLPACK ôîðìàòà, â êîòîðûõ èñïîëüçóåòñÿ ïðîâåðêà êîíòðîëüíîãî çíà÷åíèÿ èí-
äåêñà ñòîëáöà äëÿ èñêëþ÷åíèÿ íåíóæíûõ îáðàùåíèé ê ïàìÿòè. Ôóíêöèè RoundDown è
RoundUp îáîçíà÷àþò âû÷èñëåíèÿ ñ ïëàâàþùåé òî÷êîé ñòàíäàðòíîé òî÷íîñòè (double) ñ
ðàñøèðåííûì äèàïàçîíîì ýêñïîíåíòû, âûïîëíÿåìûå ñ îêðóãëåíèåì

”
âíèç“ è

”
ââåðõ“ ñî-

îòâåòñòâåííî.

Àëãîðèòì 1. Âû÷èñëåíèå çíàêîâ, ýêñïîíåíò è èíòåðâàëüíûõ îöåíîê â CSR ôîðìàòå

1: i = blockDim.x * blockIdx.x + threadIdx.x
2: while i < NNZ do

3: id = JA(i)
4: BUF.sign(i) = AS.sign(i) xor x.sign(id)
5: BUF.exp(i) = AS.exp(i) + x.exp(id)
6: BUF.eval(i) = RoundDown(AS.eval(i) * x.eval(id) / ONE.upp)
7: BUF.eval(NNZ + i) = RoundUp(AS.eval(NNZ + i) * x.eval(N + id) / ONE.low)
8: i += gridDim.x * blockDim.x
9: end while

Àëãîðèòì 2. Âû÷èñëåíèå öèôð ìíîãîðàçðÿäíûõ ìàíòèññ â CSR ôîðìàòå

1: tid = threadIdx.x mod n . n � ðàçìåð íàáîðà ìîäóëåé
2: m = MODULI(tid)
3: i = blockIdx.x * blockDim.x + threadIdx.x
4: j = (blockIdx.x * blockDim.x + threadIdx.x) / n
5: while i < NNZ * n do

6: BUF.digits(i) = (AS.digits(i) * x.digits(JA(j) * n + tid)) mod m
7: i += gridDim.x * blockDim.x
8: j += gridDim.x * blockDim.x / n
9: end while

Àëãîðèòì 3. Ðåäóêöèÿ ïðîìåæóòî÷íîãî ìàññèâà BUF â CSR ôîðìàòå

1: row = threadIdx.x + blockIdx.x * blockDim.x
2: if row < M then

3: sum(threadIdx.x) = 0
4: for i = IRP(row):IRP(row + 1) do
5: sum(threadIdx.x) += BUF(i) . Ìíîãîðàçðÿäíîå ñëîæåíèå
6: end for

7: y(row) = sum(threadIdx.x)
8: end if

Àëãîðèòì îêðóãëåíèÿ è åãî CUDA-ðåàëèçàöèÿ ðàíåå îïèñàíû â ðàáîòå [17] è ïîýòîìó
â äàííîé ñòàòüå íå ðàññìàòðèâàþòñÿ.
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Àëãîðèòì 4. Âû÷èñëåíèå çíàêîâ, ýêñïîíåíò è èíòåðâàëüíûõ îöåíîê â ELLPACK ôîðìàòå

1: i = blockDim.x * blockIdx.x + threadIdx.x
2: len = M * MAXNZR
3: while i < len do

4: id = JA(i)
5: if id ≥ 0 then
6: BUF.sign(i) = AS.sign(i) xor x.sign(id)
7: BUF.exp(i) = AS.exp(i) + x.exp(id)
8: BUF.eval(i) = RoundDown(AS.eval(i) * x.eval(id) / ONE.upp)
9: BUF.eval(len + i) = RoundUp(AS.eval(len + i) * x.eval(N + id) / ONE.low)
10: end if

11: i += gridDim.x * blockDim.x
12: end while

Àëãîðèòì 5. Âû÷èñëåíèå öèôð ìíîãîðàçðÿäíûõ ìàíòèññ â ELLPACK ôîðìàòå

1: tid = threadIdx.x mod n . n � ðàçìåð íàáîðà ìîäóëåé
2: m = MODULI(tid)
3: i = blockIdx.x * blockDim.x + threadIdx.x
4: j = (blockIdx.x * blockDim.x + threadIdx.x) / n
5: while i < M * MAXNZR * n do

6: id = JA(j)
7: if id ≥ 0 then
8: BUF.digits(i) = (AS.digits(i) * x.digits(id * n + tid)) mod m
9: end if

10: i += gridDim.x * blockDim.x
11: j += gridDim.x * blockDim.x / n
12: end while

Àëãîðèòì 6. Ðåäóêöèÿ ïðîìåæóòî÷íîãî ìàññèâà BUF â ELLPACK ôîðìàòå

1: row = threadIdx.x + blockIdx.x * blockDim.x
2: if row < M then

3: sum(threadIdx.x) = 0
4: for i = 0:MAXNZR do

5: j = i * M + row
6: id = JA(j)
7: if id ≥ 0 then
8: sum(threadIdx.x) += BUF(j) . Ìíîãîðàçðÿäíîå ñëîæåíèå
9: end if

10: end for

11: y(row) = sum(threadIdx.x)
12: end if

4. Îöåíêà ïðîèçâîäèòåëüíîñòè è çàòðàò ïàìÿòè. Ïðîèçâîäèòåëüíîñòü ðàññìîò-
ðåííûõ ðåàëèçàöèé SpMV îöåíèâàëàñü íà ìàòðèöàõ ðàçëè÷íîé ñòðóêòóðû èç êîëëåêöèè
Óíèâåðñèòåòà Ôëîðèäû (https://sparse.tamu.edu). Îïèñàíèå ìàòðèö ïðåäñòàâëåíî â
òàáë. 1. ÑèìâîëûM , N , NNZ è MAXNZR îáîçíà÷àþò, ñîîòâåòñòâåííî, ÷èñëî ñòðîê, ÷èñëî
ñòîëáöîâ, îáùåå ÷èñëî íåíóëåâûõ ýëåìåíòîâ ìàòðèöû è ìàêñèìàëüíîå ÷èñëî íåíóëåâûõ
ýëåìåíòîâ â ñòðîêå.

Ýêñïåðèìåíòû âûïîëíÿëèñü íà âû÷èñëèòåëüíîé ñèñòåìå ñ âèäåîêàðòîé NVIDIA RTX
2080 GPU (46 ïîòîêîâûõ ìóëüòèïðîöåññîðîâ, 8 Ãá ïàìÿòè GDDR6, âåðñèÿ àïïàðàòíîé ñîâ-
ìåñòèìîñòè 7.5), öåíòðàëüíûì ïðîöåññîðîì Intel Core i5 7500 è 16 Ãá îïåðàòèâíîé ïàìÿòè
DDR4, ðàáîòàþùåé ïîä óïðàâëåíèåì îïåðàöèîííîé ñèñòåìû Ubuntu 20.04.1 LTS. Èñïîëü-
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Òàáëèöà 1

Ìàòðèöû äëÿ ýêñïåðèìåíòîâ

Ìàòðèöà M N NNZ MAXNZR

marine1 400 320 400 320 6 226 538 18
largebasis 440 020 440 020 5 240 084 14
ESOC 327 062 37 830 6 019 939 19

Goodwin_127 178 437 178 437 5 778 545 62
nd6k 18 000 18 000 6 897 316 514

çîâàëèñü CUDA Toolkit âåðñèè 11.1.105 è äðàéâåð NVIDIA âåðñèè 455.32.00. Èñõîäíûé êîä
êîìïèëèðîâàëñÿ ñ îïöèåé -O3.

Îöåíèâàëîñü âîñåìü ðåàëèçàöèé SpMV ìíîãîêðàòíîé òî÷íîñòè, ïîñòðîåííûõ íà áàçå
âûñîêîòî÷íûõ CUDA-áèáëèîòåê MPRES-BLAS, CAMPARY [18] è CUMP [19]:

1) MPRES-BLAS CSR (two-step) � ðàññìîòðåííàÿ â ïðåäûäóùåì ðàçäåëå äâóõøàãî-
âàÿ ðåàëèçàöèÿ èç áèáëèîòåêè MPRES-BLAS ñ èñïîëüçîâàíèåì ôîðìàòà CSR; 2) MPRES-
BLAS ELL (two-step) � ðàññìîòðåííàÿ â ïðåäûäóùåì ðàçäåëå äâóõøàãîâàÿ ðåàëèçàöèÿ èç
áèáëèîòåêè MPRES-BLAS ñ èñïîëüçîâàíèåì ôîðìàòà ELLPACK; 3) MPRES-BLAS CSR
(scalar) � ðåàëèçàöèÿ èç áèáëèîòåêè MPRES-BLAS, ïîëó÷åííàÿ èç îáû÷íîãî CSR ÿä-
ðà SpMV çàìåíîé ñòàíäàðòíûõ îïåðàöèé ñ ïëàâàþùåé òî÷êîé ìíîãîðàçðÿäíûìè îïåðà-
öèÿìè; êàæäàÿ ñòðîêà ìàòðèöû îáðàáàòûâàåòñÿ îäíèì GPU ïîòîêîì; (ñì. [2], ðèñ. 20);
ìàòðèöà è âåêòîðû õðàíÿòñÿ â âèäå ìàññèâîâ ìíîãîðàçðÿäíûõ ÷èñåë òèïà mp_float_t;
4) MPRES-BLAS ELL (scalar) � ðåàëèçàöèÿ èç áèáëèîòåêè MPRES-BLAS, ïîëó÷åííàÿ
èç îáû÷íîãî ELLPACK ÿäðà SpMV çàìåíîé ñòàíäàðòíûõ îïåðàöèé ñ ïëàâàþùåé òî÷êîé
ìíîãîðàçðÿäíûìè îïåðàöèÿìè; êàæäàÿ ñòðîêà ìòàðèöû îáðàáàòûâàåòñÿ îäíèì GPU ïî-
òîêîì; (ñì. [2], ðèñ. 17); ìàòðèöà è âåêòîðû õðàíÿòñÿ â âèäå ìàññèâîâ ìíîãîðàçðÿäíûõ
÷èñåë òèïà mp_float_t; 5) CAMPARY CSR � ðåàëèçàöèÿ CSR ÿäðà ñ èñïîëüçîâàíèåì
áèáëèîòåêè CAMPARY; 6) CAMPARY ELL � ðåàëèçàöèÿ ELLPACK ÿäðà ñ èñïîëüçîâà-
íèåì CAMPARY; 7) CUMP CSR � ðåàëèçàöèÿ CSR ÿäðà ñ èñïîëüçîâàíèåì áèáëèîòåêè
CUMP; 8) CUMP ELL � ðåàëèçàöèÿ ELLPACK ÿäðà ñ èñïîëüçîâàíèåì áèáëèîòåêè CUMP.

Ïðîèçâîäèòåëüíîñòü èçìåðÿëàñü ïðè àðèôìåòè÷åñêîé òî÷íîñòè îò 106 äî 848 áèò. Äëÿ
äîñòèæåíèÿ çàäàííîé òî÷íîñòè â MPRES-BLAS èñïîëüçîâàëîñü îò 8 äî 64 ìîäóëåé ÑÎÊ.
Ìåðîé ïðîèçâîäèòåëüíîñòè P ÿâëÿåòñÿ Mop/s � ìèëëèîí ìíîãîðàçðÿäíûõ îïåðàöèé ñ
ïëàâàþùåé òî÷êîé â ñåêóíäó: P = 2NNZ/(1000T ), ãäå T � èçìåðåííîå âðåìÿ âûïîë-
íåíèÿ îïåðàöèè â ìñ. Çàìåòèì, ÷òî êàæäàÿ ìíîãîðàçðÿäíàÿ îïåðàöèÿ ñîñòîèò èç ðÿäà
ñòàíäàðòíûõ îïåðàöèé. Èçìåðÿëîñü òîëüêî âðåìÿ âû÷èñëåíèé, ò. å. íå ó÷èòûâàëèñü âðåìÿ
ïðåîáðàçîâàíèÿ äàííûõ â ìíîãîðàçðÿäíûå ôîðìàòû è âðåìÿ êîïèðîâàíèÿ â ïàìÿòü GPU.
Ïîëó÷åííûå ðåçóëüòàòû ïðåäñòàâëåíû íà ðèñ. 4.

Ýôôåêòèâíîñòü ìíîãîðàçðÿäíûõ ðåàëèçàöèé SpMV çàâèñèò êàê îò òî÷íîñòè, òàê è îò
ñòðóêòóðû ìàòðèöû. Ëó÷øàÿ ïðîèçâîäèòåëüíîñòü äîñòèãàåòñÿ íà ìàòðèöàõ, ñîñòîÿùèõ
èç áîëüøîãî ÷èñëà êîðîòêèõ ñòðîê (marine1, largebasis è ESOC), òàê êàê òàêàÿ ñòðóêòóðà
îáåñïå÷èâàåò ëó÷øóþ ìàñøòàáèðóåìîñòü âû÷èñëèòåëüíûõ ÿäåð çà ñ÷åò ìåëêîçåðíèñòîãî
ïàðàëëåëèçìà: âñå ñòðîêè ìîãóò îáðàáàòûâàòüñÿ ïàðàëëåëüíî, è îáúåì âû÷èñëåíèé äëÿ
êàæäîãî ïîòîêà îòíîñèòåëüíî íåáîëüøîé. Â ñâîþ î÷åðåäü, ìàòðèöû Goodwin_127 è nd6k
ñîñòîÿò èç ìåíüøåãî ÷èñëà ñòðîê, íî êàæäàÿ ñòðîêà ñîäåðæèò áîëüøåå ÷èñëî ýëåìåíòîâ,



12 Ïàðàëëåëüíîå ñèñòåìíîå ïðîãðàììèðîâàíèå è âû÷èñëèòåëüíûå òåõíîëîãèè

(a) marine1 (b) largebasis

(c) ESOC (d) Goodwin_127

(e) nd6k

Ðèñ. 4. Ïðîèçâîäèòåëüíîñòü SpMV ìíîãîêðàòíîé òî÷íîñòè íà NVIDIA RTX 2080
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Òàáëèöà 2

Ðàçìåð (ÌÁ) ìíîãîðàçðÿäíîé ìàòðèöû â ôîðìàòàõ CSR è ELLPACK

Òî÷íîñòü marine1 largebasis ESOC Goodwin_127 nd6k
CSR ELL CSR ELL CSR ELL CSR ELL CSR ELL

106 427 494 381 422 413 426 396 759 473 635
212 617 714 551 610 597 616 573 1097 684 917
424 997 1154 890 986 964 995 925 1772 1105 1482
636 1377 1594 1230 1362 1331 1374 1278 2447 1526 2047
848 1757 2034 1569 1738 1699 1754 1631 3122 1947 2611

÷òî ïðèâîäèò ê ìåíüøåé ïðîèçâîäèòåëüíîñòè, òàê êàê óâåëè÷èâàåòñÿ îáúåì âû÷èñëåíèé,
âûïîëíÿåìûé êàæäûì ïîòîêîì GPU.

Ïðè 106-áèòíîé òî÷íîñòè ñàìîé áûñòðîé îêàçàëàñü áèáëèîòåêà CAMPARY, ðåàëèçóþ-
ùàÿ îïòèìèçèðîâàííûå àëãîðèòìû double-double àðèôìåòèêè (äëÿ ýòîé òî÷íîñòè â ýêñïå-
ðèìåíòàõ èñïîëüçîâàëñÿ ôîðìàò 2-double CAMPARY). Îäíàêî ïðè óâåëè÷åíèè òî÷íîñòè
ïðîèçâîäèòåëüíîñòü CAMPARY ñóùåñòâåííî ñíèæàåòñÿ, è ïðè òî÷íîñòè îò 212 äî 848 áèò
ëó÷øèå ðåçóëüòàòû ïîêàçûâàþò ðåàëèçàöèè íà îñíîâå áèáëèîòåêè MPRES-BLAS.

Ïðè òî÷íîñòè îò 106 äî 424 áèò ðàññìîòðåííûå â ïðåäûäóùåì ðàçäåëå äâóõøàãîâûå
ðåàëèçàöèè èìåþò ïðîèçâîäèòåëüíîñòü, ñðàâíèìóþ ñî ñêàëÿðíûìè SpMV ÿäðàìè íà îñ-
íîâå mp_�oat_t, ëèáî ïðîèãðûâàþò èì. Îäíàêî ïðè áîëåå âûñîêîé òî÷íîñòè ïðîèçâî-
äèòåëüíîñòü äâóõøàãîâûõ ðåàëèçàöèé, êàê ïðàâèëî, âûøå, ÷åì ïðîèçâîäèòåëüíîñòü ñêà-
ëÿðíûõ ÿäåð. Íàèáîëüøåå óñêîðåíèå (2×) äîñòèãíóòî ïðè òî÷íîñòè 848 áèò íà ìàòðèöå
Goodwin_127 ñ èñïîëüçîâàíèåì CSR ôîðìàòà. Òàêæå ñëåäóåò îòìåòèòü, ÷òî íà ìàòðèöå
Goodwin_127 ïðîèçâîäèòåëüíñòü 106-áèòíûõ MPRES-BLAS ðåàëèçàöèé íèæå, ÷åì ïðî-
èçâîäèòåëüíîñòü 212-áèòíûõ MPRES-BLAS ðåàëèçàöèé. Ýòî ñâÿçàíî ñ á�îëüøèì êîëè÷å-
ñòâîì îêðóãëåíèé, âîçíèêàþùèõ â ïðîöåññå âû÷èñëåíèé. Îïòèìèçàöèÿ îêðóãëåíèÿ ÿâëÿ-
åòñÿ âàæíûì íàïðàâëåíèåì ðàáîò ïî ðàçâèòèþ áèáëèîòåêè MPRES-BLAS.

Â òàáë. 2 ïðèâåäåí ðàçìåð ìàññèâà íåíóëåâûõ ýëåìåíòîâ ìíîãîðàçðÿäíîé ìàòðèöû äëÿ
ðåàëèçàöèé SpMV, ðàññìîòðåííûõ â ðàçäåëå 3. Ñòîèò çàìåòèòü, ÷òî òàêîé æå ðàçìåð èìååò
áóôåð, íåîáõîäèìûé äëÿ õðàíåíèÿ ïðîìåæóòî÷íîãî ìàññèâà ïðîèçâåäåíèé.

Çàêëþ÷åíèå. Â ðàáîòå ðàññìîòðåíû ðåàëèçàöèè ðàçðåæåííîãî ìàòðè÷íî-âåêòîðíîãî
óìíîæåíèÿ (SpMV) äëÿ ãðàôè÷åñêèõ ïðîöåññîðîâ âèäåîêàðò â àðèôìåòèêå ìíîãîêðàò-
íîé òî÷íîñòè ñ èñïîëüçîâàíèåì ñèñòåìû îñòàòî÷íûõ êëàññîâ (ÑÎÊ), ÿâëÿþùèåñÿ ÷àñòüþ
áèáëèîòåêè âûñîêîòî÷íûõ ïîäïðîãðàìì ëèíåéíîé àëãåáðû MPRES-BLAS. Íåïîçèöèîí-
íàÿ ñòðóêòóðà ÑÎÊ èñêëþ÷àåò ïåðåíîñû ìåæäó ñîñåäíèìè öèôðàìè ìíîãîðàçðÿäíûõ
ìàíòèññ è ïîçâîëÿåò âû÷èñëÿòü âñå öèôðû ïàðàëëåëüíî. Ýêñïåðèìåíòàëüíûå ðåçóëüòà-
òû ñâèäåòåëüñòâóþò î òîì, ÷òî ïðè îäèíàêîâîé òî÷íîñòè ðàçðàáîòàííûå âåðñèè SpMV âî
ìíîãèõ ñëó÷àÿõ îáåñïå÷èâàþò ëó÷øåå áûñòðîäåéñòâèå ïî ñðàâíåíèþ ñ ðåàëèçàöèÿìè, îñ-
íîâàííûìè íà ïîçèöèîííûõ áèáëèîòåêàõ CUMP è CAMPARY. Ñðàâíåíèå ôîðìàòîâ CSR è
ELLPACK ïîêàçûâàåò, ÷òî ELLPACK ïðåâîñõîäèò CSR ïðè íåáîëüøîé òî÷íîñòè (106�212
áèò). Ïðè áîëåå âûñîêîé òî÷íîñòè ïðåèìóùåñòâà ELLPACK ñòàíîâÿòñÿ ìåíåå î÷åâèäíû-
ìè, è, áîëåå òîãî, çàòðàòû ïàìÿòè ELLPACK ìîãóò ñóùåñòâåííî ïðåâûøàòü çàòðàòû CSR,
â îñîáåííîñòè êîãäà ðå÷ü èäåò î ìíîãîðàçðÿäíûõ ìàòðèöàõ.

Â äàëüíåéøåì çàïëàíèðîâàíà ðåàëèçàöèÿ âåêòîðíûõ CSR ÿäåð ìíîãîêðàòíîé òî÷íî-
ñòè, â êîòîðûõ êàæäàÿ ñòðîêà ìàòðèöû îáðàáàòûâàåòñÿ ãðóïïîé ïîòîêîâ GPU. Òàêæå
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ñòîèò îòìåòèòü, ÷òî ìàòðèöû, âîçíèêàþùèå â ðåàëüíûõ ïðèëîæåíèÿõ, êàê ïðàâèëî,
ïðåäñòàâëåíû â ôîðìàòå äâîéíîé òî÷íîñòè (double) è âûïîëíÿòü èõ ïðåîáðàçîâàíèå â
ìíîãîðàçðÿäíûé ôîðìàò íå îáÿçàòåëüíî. Ïîýòîìó â äàëüíåéøåì, â ðàìêàõ ðàçâèòèÿ
áèáëèîòåêè MPRES-BLAS ïëàíèðóþòñÿ ðåàëèçàöèÿ è îöåíêà ýôôåêòèâíîñòè îïåðàöèé
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÷òî ïîçâîëèò ñóùåñòâåííî ñíèçèòü ðàñõîäû ïàìÿòè GPU.
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