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One of the most e�ective mathematical approximations for describing the processes of transfer of
X-ray radiation is the multi-group di�usion approximation. The equations of the one-group di�usion
approximation are a system of two di�erential equations for two unknown functions: density and
radiation �ux.

The article considers a nonlinear problem of the theory of radiation transfer in the di�usion
approximation; formulates a linearizing iterative algorithm for solving the nonlinear problem. In
addition, the possibility of applicability of the corresponding linearizing iterative algorithm for a
nonlinear system of integro-di�erential equations of radiation transfer and statistical equilibrium for a
two-level atom model are investigated. It should be noted that the model of a two-level atom re�ects
the important meaningful problems. Also it can be considered as an integral part of the study of more
complex problems of a multi-level atom. A linearizing iterative solution algorithm is proposed and
numerically investigated for solving the arising system of equations. The results of a numerical analysis
of the proposed iterative algorithm are presented. They con�rm the possibility of its application. The
properties of the used di�erence scheme are discussed.

Key words: radiation transfer, di�usion approximation, stationarity equations, nonlinear
system of equations of the theory of transfer, iterative methods.

References

1. Michalas D. Star atmospheres. M.: Mir, 1982.
2. Ivanov V.V. Radiation transfer and spectra of celestial bodies. M.: Science. 1969.
3. Germogenova T.A. Local properties of solutions of the transport equation. M.: Science. Ch. ed.

physical -mat. lit., 1986.
4. Vladimirov V. S. Mathematical problems in the one-velocity theory of particle transport. Tr.

MIAN SSSR, 61, Publishing house of the Academy of Sciences of the USSR, Moscow, 1961.
5. Sushkevich T.A. Mathematical models of radiation transfer. M.: BINOM. Knowledge Laboratory,

2006.
6. Gol'din V. Ya. A quasidi�use method for solving a kinetic equation. // Zh. Vychisl. mat. and

mat. �z. 1964. V. 4. N 6. P. 1078�1087.
7. Bell D., Glesston S. Theory of nuclear reactors. M.: Atomizdat. 1974.
8. Kalinin A.V., Morozov S. F. On a nonlinear boundary value problem in the theory of radiation

transfer // Journal of Computational Mathematics and Mathematical Physics. 1990. T. 30, S. 1071�
1080.

9. Kalitkin N.N. Numerical methods M.: Nauka, 1978.



2 Òåîðåòè÷åñêàÿ è ñèñòåìíàÿ èíôîðìàòèêà

10. Frisch, S. E. Optical spectra of atoms / S. E. Frisch. M.; L.: State. publishing house physical-mat.
lit. 1963.

11. Elyashevich, M.A. Atomic and Molecular Spectroscopy. M.: State. publishing house physical-
mat. lit., 1962.



Ïðîáëåìû èíôîðìàòèêè. 2021. � 2

ÍÅËÈÍÅÉÍÀß ÑÒÀÖÈÎÍÀÐÍÀß ÇÀÄÀ×À ÒÅÎÐÈÈ
ÏÅÐÅÍÎÑÀ Â ÄÈÔÔÓÇÈÎÍÍÎÌ ÏÐÈÁËÈÆÅÍÈÈ

À.À. Áóñàëîâ

Íèæåãîðîäñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Í.È. Ëîáà÷åâñêîãî,
603022, ã. Íèæíèé Íîâãîðîä, Ðîññèÿ

ÓÄÊ 519.633.2
DOI: 10.24412/2073-0667-2021-2-6-14

Îäíèì èç íàèáîëåå ýôôåêòèâíûõ ìàòåìàòè÷åñêèõ ïðèáëèæåíèé äëÿ îïèñàíèÿ ïðîöåññîâ ïåðå-
íîñà ðåíòãåíîâñêîãî èçëó÷åíèÿ ÿâëÿåòñÿ ìíîãîãðóïïîâîå äèôôóçèîííîå ïðèáëèæåíèå. Óðàâ-
íåíèÿ îäíîãðóïïîâîãî äèôôóçèîííîãî ïðèáëèæåíèÿ ïðåäñòàâëÿþò ñîáîé ñèñòåìó äâóõ äèô-
ôåðåíöèàëüíûõ óðàâíåíèé îòíîñèòåëüíî äâóõ íåèçâåñòíûõ ôóíêöèé: ïëîòíîñòè è ïîòîêà èç-
ëó÷åíèÿ.
Â ðàáîòå ðàññìàòðèâàåòñÿ íåëèíåéíàÿ çàäà÷à òåîðèè ïåðåíîñà èçëó÷åíèÿ â äèôôóçèîííîì
ïðèáëèæåíèè, ôîðìóëèðóåòñÿ ëèíåàðèçóþùèé èòåðàöèîííûé àëãîðèòì ðåøåíèÿ íåëèíåéíîé
çàäà÷è. Êðîìå òîãî, èññëåäóåòñÿ âîçìîæíîñòü ïðèìåíèìîñòè ñîîòâåòñòâóþùåãî ëèíåàðèçóþ-
ùåãî èòåðàöèîííîãî àëãîðèòìà äëÿ íåëèíåéíîé ñèñòåìû èíòåãðî-äèôôåðåíöèàëüíûõ óðàâ-
íåíèé ïåðåíîñà èçëó÷åíèÿ è ñòàòèñòè÷åñêîãî ðàâíîâåñèÿ äëÿ ìîäåëè äâóõóðîâíåâîãî àòîìà.
Ñëåäóåò îòìåòèòü, ÷òî ìîäåëü äâóõóðîâíåâîãî àòîìà îòðàæàåò âàæíûå ñîäåðæàòåëüíûå çàäà-
÷è, à òàêæå ìîæåò ðàññìàòðèâàòüñÿ êàê ñîñòàâíàÿ ÷àñòü èññëåäîâàíèÿ áîëåå ñëîæíûõ çàäà÷
ìíîãîóðîâíåãî àòîìà. Äëÿ ðåøåíèÿ âîçíèêàþùåé ñèñòåìû óðàâíåíèé ïðåäëàãàåòñÿ è ÷èñëåííî
èññëåäóåòñÿ ëèíåàðèçóþùèé èòåðàöèîííûé àëãîðèòì ðåøåíèÿ. Ïðèâîäÿòñÿ ðåçóëüòàòû ÷èñ-
ëåííîãî àíàëèçà ïðåäëàãàåìîãî èòåðàöèîííîãî àëãîðèòìà, ïîäòâåðæäàþùèå âîçìîæíîñòü åãî
ïðèìåíåíèÿ. Îáñóæäàþòñÿ ñâîéñòâà èñïîëüçóåìîé ðàçíîñòíîé ñõåìû.

Êëþ÷åâûå ñëîâà: ïåðåíîñ èçëó÷åíèÿ, äèôôóçèîííîå ïðèáëèæåíèå, óðàâíåíèÿ ñòàöèîíàð-
íîñòè, íåëèíåéíàÿ ñèñòåìà óðàâíåíèé òåîðèè ïåðåíîñà, èòåðàöèîííûå ìåòîäû.

Ââåäåíèå. Âîïðîñû ôèçè÷åñêîãî, ìàòåìàòè÷åñêîãî è ÷èñëåííîãî ìîäåëèðîâàíèÿ ïðî-
öåññîâ ïåðåíîñà èçëó÷åíèÿ îáñóæäàþòñÿ â ðàáîòàõ [1�5]. Áîëåå ïîëíàÿ èíôîðìàöèÿ î
âîçìîæíûõ ïðèëîæåíèÿõ è ñîâðåìåííûõ ïîäõîäàõ ê òåîðåòè÷åñêîìó è ÷èñëåííîìó èññëå-
äîâàíèþ òåîðèè ïåðåíîñà ñîäåðæèòñÿ â [5, 6].

Îäíèì èç íàèáîëåå ýôôåêòèâíûõ ìàòåìàòè÷åñêèõ ïðèáëèæåíèé äëÿ îïèñàíèÿ ïðîöåñ-
ñîâ ïåðåíîñà ðåíòãåíîâñêîãî èçëó÷åíèÿ ÿâëÿåòñÿ ìíîãîãðóïïîâîå äèôôóçèîííîå ïðèáëè-
æåíèå [1]. Óðàâíåíèÿ îäíîãðóïïîâîãî äèôôóçèîííîãî ïðèáëèæåíèÿ ïðåäñòàâëÿþò ñîáîé
ñèñòåìó äâóõ äèôôåðåíöèàëüíûõ óðàâíåíèé îòíîñèòåëüíî äâóõ íåèçâåñòíûõ ôóíêöèé:
ïëîòíîñòè è ïîòîêà èçëó÷åíèÿ [7]. Óñëîâèåì ïðèìåíèìîñòè äèôôóçèîííîãî ïðèáëèæåíèÿ
ÿâëÿåòñÿ ìàëîñòü ãðàäèåíòà ïëîòíîñòè èçëó÷åíèÿ [1, 5, 7] íà ðàññòîÿíèè ïðîáåãà èçëó-
÷åíèÿ l. Îòìåòèì, ÷òî âáëèçè ãðàíèöû äèôôóçèîííîå ïðèáëèæåíèå ìîæåò ïðèâîäèòü ê
çàìåòíûì îøèáêàì, îäíàêî â ñëó÷àå îïòè÷åñêè òîëñòûõ (ïëîòíûõ) òåë ãðàäèåíòû ïëîò-
íîñòè ìàëû è äèôôóçèîííîå ïðèáëèæåíèå îïðàâäàíî.

Â ðàáîòå [8] èçó÷àëàñü íåëèíåéíàÿ ñòàöèîíàðíàÿ ñèñòåìà, âêëþ÷àþùàÿ â ñåáÿ êèíåòè-
÷åñêîå óðàâíåíèå ïåðåíîñà èçëó÷åíèÿ è óðàâíåíèÿ ñòàòèñòè÷åñêîãî ðàâíîâåñèÿ, âîçíèêà-
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þùàÿ ïðè èññëåäîâàíèè ìîäåëè äâóõóðîâíåãî àòîìà â ðàìêàõ ïðåäïîëîæåíèÿ î ïîëíîì
ïåðåðàñïðåäåëåíèè èçëó÷åíèÿ ïî ÷àñòîòå. Â ýòîé ðàáîòå áûëè ïîëó÷åíû ñòðîãèå ðåçóëü-
òàòû î ñóùåñòâîâàíèè è åäèíñòâåííîñòè ðåøåíèÿ êðàåâîé çàäà÷è äëÿ ðàññìàòðèâàåìîé
ñèñòåìû, è áûë ïðåäëîæåí è îáîñíîâàí ëèíåàðèçóþùèé èòåðàöèîííûé àëãîðèòì ðåøå-
íèÿ.

Â íàñòîÿùåé ðàáîòå èññëåäóåòñÿ âîçìîæíîñòü ïðèìåíèìîñòè ñîîòâåòñòâóþùå-
ãî ëèíåàðèçóþùåãî èòåðàöèîííîãî àëãîðèòìà äëÿ íåëèíåéíîé ñèñòåìû èíòåãðî-
äèôôåðåíöèàëüíûõ óðàâíåíèé ïåðåíîñà èçëó÷åíèÿ è ñòàòèñòè÷åñêîãî ðàâíîâåñèÿ äëÿ ìî-
äåëè äâóõóðîâíåâîãî àòîìà, â êîòîðîé ïåðåíîñ èçëó÷åíèÿ îïèñûâàåòñÿ äèôôóçèîííûì
ïðèáëèæåíèåì. Ñëåäóåò îòìåòèòü, ÷òî ìîäåëü äâóõóðîâíåâîãî àòîìà [1] îòðàæàåò âàæíûå
ñîäåðæàòåëüíûå çàäà÷è, à òàêæå ìîæåò ðàññìàòðèâàòüñÿ êàê ñîñòàâíàÿ ÷àñòü èññëåäî-
âàíèÿ áîëåå ñëîæíûõ çàäà÷ ìíîãîóðîâíåãî àòîìà. Äëÿ ðåøåíèÿ âîçíèêàþùåé ñèñòåìû
óðàâíåíèé ïðåäëàãàåòñÿ è ÷èñëåííî èññëåäóåòñÿ ëèíåàðèçóþùèé èòåðàöèîííûé àëãîðèòì
ðåøåíèÿ. Ïðèâîäÿòñÿ ðåçóëüòàòû ÷èñëåííîãî àíàëèçà ïðåäëàãàåìîãî èòåðàöèîííîãî àëãî-
ðèòìà, ïîäòâåðæäàþùèå âîçìîæíîñòü åãî ïðèìåíåíèÿ. Îáñóæäàþòñÿ ñâîéñòâà èñïîëüçó-
åìîé ðàçíîñòíîé ñõåìû.

1. Ïîñòàíîâêà çàäà÷è. Ñèñòåìà óðàâíåíèé ïåðåíîñà èçëó÷åíèÿ è ñòàòèñòè÷åñêîãî
ðàâíîâåñèÿ çàïèñûâàåòñÿ â âèäå [1, 8]:

(ω,∇)ϕ(x,ν,ω) + hν12
χ(ν)

4π
[B12C1(x)−B21C2(x)]φ(x,ν,ω) = hν12

χ(ν)

4π
A21C2(x) (1)

[C12ne(x) +B12

∫
I

∫
Ω

χ(ν)

4π
φ(x,ν,ω)dνdω]C1(x) =

[A21 + C21ne(x) +B21

∫
I

∫
Ω

χ(ν)

4π
φ(x,ν,ω)dνdω]C2(x) (2)

C1(x) + C2(x) = f(x) (3)

ñ ãðàíè÷íûìè óñëîâèÿìè φ(x,ν,ω) = 0, x ∈ ∂G, (ω,n(x)) < 0.
Çäåñü x = {x1,x2,x3} ∈ G ⊂ R3, G−âûïóêëîå îòêðûòîå ìíîæåñòâî ñ ãëàäêîé ãðàíèöåé

∂G è äèàìåòðîì d > 0, n(x) � åäèíè÷íûé âåêòîð íîðìàëè ê ∂G â òî÷êå x ∈ G, ω =
{ω1, ω2, ω3} ∈ Ω = {ω ∈ R3 : ω2

1 + ω2
2 + ω2

3 = 1}; ν ∈ I = [0, ν0];h, ν, ν0, A21, B12, B21, C12, C21

� çàäàííûå ïîëîæèòåëüíûå ÷èñëà, óäîâëåòâîðÿþùèå óñëîâèþ B12C21 −B21C12 > 0.
Äëÿ ïîñòðîåíèÿ äèôôóçèîííîãî ïðèáëèæåíèÿ â ïðåäñòàâëåíèè èíòåíñèâíîñòè èçëó-

÷åíèÿ φ(x,ν,ω) â âèäå ðÿäà ïî ñôåðè÷åñêèì ôóíêöèÿì îãðàíè÷èâàåìñÿ äâóìÿ ÷ëåíàìè
ðàçëîæåíèÿ:

φ(x,ν,ω) =
∞∑
k=0

(2k + 1)
k∑

i=−k

φk,i(x,ν)Yk,i(ω)

φ(x,ν,ω) ≈ 1

4π
[φ0(x,ν) + 3ωφ1(x,ν)], (4)

ãäå φ0(x,ν) =
∫
Ω

φ(x,ν,ω)dω, φ1(x,ν) =
∫
Ω

ωφ(x,ν,ω)dω. Îáðàòèì âíèìàíèå íà ôèçè÷åñêèé

ñìûñë ôóíêöèé φ0(x,ν) è φ1(x,ν). Ïåðâàÿ åñòü ïëîòíîñòü ïîòîêà ôîòîíîâ, à âòîðàÿ ïðåä-
ñòàâëÿåò ñîáîé âåêòîðíûé ïîòîê ôîòîíîâ. Äëÿ ïîëó÷åíèÿ óðàâíåíèé, ñâÿçûâàþùèõ ôóíê-
öèè φ0 è φ1, óðàâíåíèå (1) óìíîæàåòñÿ íà ñôåðè÷åñêèå ôóíêöèè è èíòåãðèðóåòñÿ ïî âñåì
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íàïðàâëåíèÿì. Èç ïîëó÷åííûõ â ðåçóëüòàòå ñîîòíîøåíèé äëÿ φ0 è φ1 ñëåäóåò óðàâíåíèå
äëÿ ïëîòíîñòè ïîòîêà â äèôôóçèîííîì ïðèáëèæåíèè (P1-ïðèáëèæåíèè).

div(D(x,ν)∇φ0(x,ν)) + χ‘φ0(x,ν) = F, (5)

ãäå χ‘(x,ν) = hν12χ(ν) 1
4π

[B12C1(x)−B21C2(x)], F (x,ν) = hν12χ(ν)A21C2(x), φ0(x,ν) =
∫
Ω

φdω

D−êîýôôèöèåíò äèôôóçèè. D(φ0,x,ν) = [ 3
4π
hν12χ(ν)[B12C1(x)−B21C2(x)]]−1.

Óðàâíåíèÿ ñòàòèñòè÷åñêîãî ðàâíîâåñèÿ (2), (3) ïðè êîíñòðóèðîâàíèè äèôôóçèîííîãî
ïðèáëèæåíèÿ áóäóò èìåòü âèä:

[C12ne(x) +B12

∫
I

χ(ν)φ0(x,ν)dν]C1(x) = [A21 + C21ne(x) +B21

∫
I

χ(ν)φ0(x,ν)dν]C2(x); (6)

C1(x) + C2(x) = f(x)

Â ðàáîòå ðàññìàòðèâàåòñÿ îäèí èç âàðèàíòîâ âîçìîæíûõ ãðàíè÷íûõ óñëîâèé, ñîîòâåò-
ñòâóþùèõ îòñóòñòâèþ âõîäÿùåãî èç âíå ïîòîêà èçëó÷åíèÿ [7].

(φ0(x,ν) + 2D
∂φ0(x,ν)

∂n
) = 0.

2. Èòåðàöèîííûé ëèíåàðèçóþùèé àëãîðèòì. Äëÿ ðåøåíèÿ âîçíèêàþùåé ñèñòåìû
óðàâíåíèé ïðåäëàãàåòñÿ è ÷èñëåííî èññëåäóåòñÿ ëèíåàðèçóþùèé èòåðàöèîííûé àëãîðèòì
ðåøåíèÿ. Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ:

k12(φ0,x) = C12ne(x) +B12

∫
I

χ(ν)φ0(x,ν)dν,

k21(φ0,x) = A21 + C21ne(x) +B21

∫
I

χ(ν)φ0(x,ν)dν

Òîãäà èìååì:

C1(x) =
k21(φ0,x)

k21(φ0,x) + k12(φ0,x)
f(x), C2(x) =

k12(φ0,x)

k21(φ0,x) + k12(φ0,x)
f(x).

Ïîäñòàâëÿÿ çíà÷åíèÿ äëÿ C1(x) è C1(x) â óðàâíåíèå ïåðåíîñà (5), ïîëó÷èì ñëåäóþùèé
èòåðàöèîííûé àëãîðèòì (ãäå s−íîìåð èòåðàöèè):

div(
k21(φs0,x) + k12(φs0,x)

3
4π
hν12χ(ν)(B12k12(φs0,x)−B21k21(φs0,x))

)f(x)∇φs+1
0 (x,ν)+

+(
1

4π
hν12χ(ν)

B12k12(φs0,x)−B21k21(φs0,x)

k21(φs0,x) + k12(φs0,x)
)φs+1

0 (x,ν) =

= hν12χ(ν)
k12(φs0,x)

k21(φs0,x) + k12(φs0,x)
A21f(x),

èëè, èñïîëüçóÿ ââåäåííûå âûøå îáîçíà÷åíèÿ:
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Ðèñ. 1. Øàáëîí ïðîñòðàíñòâåííîé ñåòêè

div(D(φs0,x,ν)∇φs+1
0 (x,ν)) + χ‘(φs0,x,ν)φs+1

0 (x,ν) = F (φs0,x,ν). (7)

3. ×èñëåííîå èññëåäîâàíèå àëãîðèòìà â îäíîìåðíîì ñëó÷àå. Â ñîîòâåòñòâèè ñ
àëãîðèòìîì, îïèñàííûì â ïðåäûäóùåì ïàðàãðàôå, íà êàæäîé èòåðàöèè äîëæíà ðåøàòüñÿ
ëèíåéíàÿ êðàåâàÿ çàäà÷à òðåòüåãî ðîäà äëÿ ýëëèïòè÷åñêîãî óðàâíåíèÿ â äèâåðãåíòíîé
ôîðìå. Â îäíîìåðíîì ñëó÷àå ñîîòâåòñòâóþùàÿ çàäà÷à èìååò âèä:

∂

∂x
(D(φ0,x,t)

∂φ0

∂x
) + χφ0 = f(φ0, x, t)

â îáëàñòè G = [0 6 x 6 a], óäîâëåòâîðÿþùåé ãðàíè÷íûì óñëîâèÿì:

(φ0(x,ν)− 2D
∂φ0(x,ν)

∂x
)x=0 = 0, (φ0(x,ν) + 2D

∂φ0(x,ν)

∂x
)x=a = 0. (8)

Ïðè ýòîì ïðåäïîëàãàåòñÿ, ÷òî D > 0. Ðåøåíèå ýòîé çàäà÷è ìîæåò áûòü ïîëó÷åíî êàê
ðåøåíèå ïðè t→∞ ñîîòâåòñòâóþùåé íà÷àëüíî-êðàåâîé çàäà÷è äëÿ óðàâíåíèÿ ïàðàáîëè-
÷åñêîãî òèïà â îáëàñòè G = [0 6 x 6 a]× [0 6 t 6 T ]:

∂φ0

∂t
+

∂

∂x
(D(φ0,x,t)

∂φ0

∂x
) + χφ0 = f(φ0, x, t), (9)

óäîâëåòâîðÿþùåé óñëîâèÿì:

φ(x,0) = µ(x), 0 6 x 6 a,

(φ0(x,ν)− 2D
∂φ0(x,ν)

∂x
)x=0 = 0, (φ0(x,ν) + 2D

∂φ0(x,ν)

∂x
)x=a = 0

Âûáåðåì â îáëàñòè G, ãäå îòûñêèâàåòñÿ ðåøåíèå óðàâíåíèÿ (9), ðàâíîìåðíóþ ñåòêó Dh

ñ øàãàìè h è τ ïî ïåðåìåííûì x, t. Íà ýòîé ñåòêå çàïèøåì ðàçíîñòíóþ ñõåìó äëÿ ïåðâîé
êðàåâîé çàäà÷è, èñïîëüçóÿ øåñòèòî÷å÷íûé øàáëîí:

1

τ
(φn+1

m −φnm) =
1

h2
(anm+1/2(φn+1

m+1−φn+1
m )−anm−1/2(φn+1

m −φn+1
m−1)) +fnm, 1 6 m 6M − 1. (10)

Çäåñü an âû÷èñëÿþòñÿ ñ ïîìîùüþ çíà÷åíèé φn ñëåäóþùèì îáðàçîì:
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anm+1/2 =
1

2
(D(xm,φ

n
m,tn) +D(xm+1,φ

n
m+1,tn)).

Ãðàíè÷íûå óñëîâèÿ àïïðîêñèìèðóþòñÿ ñëåäóþùèì îáðàçîì: (φn+1
m (x,ν) ±

2anm+1/2
∂φn+1

m (x,ν)
∂x

)m=1,m=M−1 = 0, çíà÷åíèå f
n+1/2
m = f(xm,t

n+1/2).
Ýòî ëèíåéíàÿ ñèñòåìà ñ òðåõäèàãîíàëüíîé ìàòðèöåé. Ïðè ýòîì ìàòðèöà èìååò äèàãî-

íàëüíîå ïðåîáëàäàíèå. Ñëåäîâàòåëüíî, îíà íåâûðîæäåííàÿ, è ðåøåíèå ñèñòåìû (10) ñóùå-
ñòâóåò è åäèíñòâåííî. Îíî ìîæåò áûòü íàéäåíî ïðîãîíêîé, óñëîâèÿ óñòîé÷èâîñòè êîòîðîé
âûïîëíåíû.

Âûÿñíèì ïîðÿäîê àïïðîêñèìàöèè ñõåìû (10). Äëÿ ýòîãî ðàçëîæèì ðåøåíèå â óçëàõ
øàáëîíà, âûáðàâ çà òî÷êó, â êîòîðîé ïðîèçâîäèòñÿ ðàçëîæåíèå, (xm,tn + τ/2)

φn+1
m+1 =

∞∑
P=0

1

P !
(
τ

2

∂

∂t
+ h

∂

∂x
)Pφ = φ+

τ

2
φt + hφx +

τ 2

8
φtt +

τh

2
φtx +

h2

2
φxx +

τ 3

48
φttt+

τ 3h

8
φttx +

τh2

4
φtxx +

h3

6
φxxx +

τ 4

384
φtttt +

τ 3h

48
φtttx +

τ 2h2

16
φttxx +

τh3

12
φtxxx + . . . , (11)

ãäå âñå ïðîèçâîäíûå îòíåñåíû ê òî÷êå (xm,tn + τ/2). Ðàçëîæåíèå äëÿ φn+1
m−1 ïîëó÷àåòñÿ èç

(11) çàìåíîé h → −h ðàçëîæåíèå äëÿ φnm+1 çàìåíîé τ → −τ è ò. ä. Ïîäñòàâëÿÿ ýòè ðàç-
ëîæåíèÿ â (10), äëÿ êîìïîíåíòû íåâÿçêè ψm [9], îáóñëîâëåííîé ïîãðåøíîñòüþ óðàâíåíèÿ
(10), ïîëó÷èì ïîðÿäîê àïïðîêñèìàöèè O(τ + h2).

Èññëåäóåì óñòîé÷èâîñòü ñõåìû (10) ïî íà÷àëüíûì äàííûì, èñïîëüçóÿ ìåòîä ðàçäåëå-

íèÿ ïåðåìåííûõ. Ïîëàãàÿ â (10) f
n+1/2
m = 0 è φnm = ρnq e

iqxm äëÿ ìíîæèòåëÿ ðîñòà ρq íàéäåì,
ó÷èòûâàÿ, ÷òî

1

h2
(φnm+1 − 2φnm + φnm−1) = ρnq e

iqxm
1

h2
(e

iqh
2 − e

−iqh
2 )2 = −ρnq

4sin2 qh
2

h2
eiqxm

ρq =
1

1 + 4Dτ
h2
sin2 qh

2

.

Î÷åâèäíî, ÷òî ρq 6 1. Ýòî íåðàâåíñòâî ÿâëÿåòñÿ óñëîâèåì ðàâíîìåðíîé óñòîé÷èâîñòè
ñõåìû (10) ïî íà÷àëüíûì äàííûì â ‖·‖l2 .

Äëÿ êîýôôèöèåíòîâ {αk+m} ñõåìû (10) ïðè {φn+1
m } èìååì

|αm| −
∑
k 6=0

=
1

τ
.

Ïîýòîìó, â ñèëó [9], ñõåìà áóäåò óñòîé÷èâîé è ïî ïðàâîé ÷àñòè. Ñëåäîâàòåëüíî, âû-
áðàííàÿ ðàçíîñòíàÿ ñõåìà áóäåò áåçóñëîâíî óñòîé÷èâîé.

Äëÿ ïðîâåðêè ðàáîòîñïîñîáíîñòè ïðåäëîæåííîãî èòåðàöèîííîãî àëãîðèòìà ðåøåíèÿ
áûëà ïîñ÷èòàíà ìîäåëüíàÿ çàäà÷à ðàñïðîñòðàíåíèÿ èçëó÷åíèÿ â äèôôóçèîííîì ïðèáëè-
æåíèè. Â îáëàñòè Π = {0 6 x 6 1} ðåøàåòñÿ óðàâíåíèå ïåðåíîñà ñ íóëåâûìè ãðàíè÷íûìè
óñëîâèÿìè. Íà÷àëüíîå çíà÷åíèå ïîëíîãî êîëè÷åñòâà ÷àñòèö â ñèñòåìå φ0 = 0,00001.

Êîýôôèöèåíò Ýéíøòåéíà äëÿ ñïîíòàííîãî èñïóñêàíèÿ A21 ∼ 107−1. Ýíåðãèÿ ïðè ïå-
ðåõîäå ñ îäíîãî óðîâåíü íà äðóãîé çàäàâàëàñü ñëåäóþùèì çíà÷åíèåì hν12 = 3,2.

Çíà÷åíèÿ êîýôôèöèåíòîâ B12, B21, C12, C21 áûëè âçÿòû èç [10, 11]. Â êà÷åñòâå ðåçóëü-
òàòà ðàññìàòðèâàëñÿ ñêàëÿðíûé ïîòîê φ0 ÷àñòèö.
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Ðèñ. 2. Øàáëîí ïðîñòðàíñòâåííîé ñåòêè

Èòåðàöèîííûé ïðîöåññ ïîâòîðÿåòñÿ äî óñëîâèÿ äîñòèæåíèÿ çàäàííîé òî÷íîñòè (ε0 =
10−4, ε1 = 10−16) ïî êðèòåðèþ: |φs+1

0 − φs0| 6 ε0φ
s+1
0 + ε1, ε0, ε1 � çàäàííûå êîíñòàíòû.

Íà ðèñ. 2 ïîêàçàíû ïðîôèëè ñêàëÿðíîãî ïîòîêà íà ïåðâîé, òðåòüåé, ïÿòîé è äåâÿòîé
èòåðàöèÿõ ñîîòâåòñòâåííî.

Êàê âèäíî èç ãðàôèêà, íàáëþäàåòñÿ ñõîäèìîñòü èòåðàöèîííîãî ïðîöåññà. Èòåðàöèîí-
íûé ïðîöåññ ñîøåëñÿ çà 9 èòåðàöèé.

Çàêëþ÷åíèå. Â ðàáîòå ðàññìîòðåíà íåëèíåéíàÿ ñòàöèîíàðíàÿ çàäà÷à äëÿ ñèñòå-
ìû óðàâíåíèé ïåðåíîñà èçëó÷åíèÿ â äèôôóçèîííîì ïðèáëèæåíèè è ñòàòèñòè÷åñêîãî
ðàâíîâåñèÿ, ñîîòâåòñòâóþùàÿ ìîäåëè äâóõóðîâíåâîãî àòîìà â ðàìêàõ ïðåäïîëîæåíèÿ
î ïîëíîì ïåðåðàñïðåäåëåíèè èçëó÷åíèÿ ïî ÷àñòîòå. Äëÿ ðåøåíèÿ âîçíèêàþùåé ñè-
ñòåìû óðàâíåíèé ïðåäëîæåí è ÷èñëåííî èññëåäîâàí ëèíåàðèçóþùèé èòåðàöèîííûé
àëãîðèòì ðåøåíèÿ. Â ðàáîòå îïèñûâàåòñÿ ðàçíîñòíàÿ ñõåìà äëÿ àïïðîêñèìàöèè ñåòî÷íûõ
óðàâíåíèé äèôôóçèîííîãî òèïà. Ïðîâåäåííûå ÷èñëåííûå èññëåäîâàíèÿ ïîäòâåðæäàþò
ðàáîòîñïîñîáíîñòü ïðåäëîæåííûõ àëãîðèòìîâ. Àâòîð âûðàæàåò áëàãîäàðíîñòü çà ïî-
ñòàíîâêó çàäà÷è è îáñóæäåíèå ðåçóëüòàòîâ íàó÷íîìó ðóêîâîäèòåëþ ïðîô. À.Â. Êàëèíèíó.
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