
Problems of Informatics. 2021. � 2

OPTIMAL ROTOR STABILIZATION IN AN
ELECTROMAGNETIC SUSPENSION SYSTEM USING

TAKAGI-SUGENO FUZZY MODELS

A.V. Mukhin

Lobachevsky State University,
603950, Nizhny Novgorod, Russia

DOI: 10.24412/2073-0667-2021-2-26-37

An electromagnetic suspension is a rotor located in the �eld of gravity and the magnetic attraction
force acting on the side of the electromagnet. When the two forces are equal, the rotor is stationary.
The operation principle of an electromagnetic suspension is based on the phenomenon of magnetic
levitation, which is applied in active magnetic bearings. Thanks to this, it becomes possible to overcome
gravity without contact and to provide the rotor hanging in active magnetic bearings. The obvious
advantage of such systems is, �rst of all, the absence of mechanical contact and, as a consequence, the
absence of friction. This advantage allows signi�cantly increase the service life and e�ciency compared
to traditional mechanical counterparts.

The magnetic forces acting on the electromagnet are controlled by a control system that ensures a
stable equilibrium position of the rotor. It is necessary to note that an electromagnetic suspension is
inherently unstable system and it is describes nonlinear di�erential equations which present additional
di�culties for the control low realizing. The standard scheme of the electromagnetic suspension assumes
the presence of a sensor of the position of the suspended body as the main element for forming feedback
in the control loop. Also there is another scheme that involves measuring only the current in the circuit
of the electromagnet without measuring the position of the body and its speed. The advantages of such
a scheme are the compactness and reliability of the design, as well as the lower cost compared to the
traditional scheme.

The control of the rotor in an electromagnetic suspension is an important and actual task
associated with the wide practical application of electromagnetic bearings. The practical application
of electromagnetic bearings covers a wide range of di�erent areas of industry and technology, as well
as some areas of medicine. For the construction of regulators, the most widely used approach is based
on the use of linearized models. Despite its simplicity and convenience, the obvious disadvantage
of linearized models is their limited applicability. Linearized models correctly describe the dynamics
of an object only in the neighborhood of the equilibrium position, with small initial deviations. In
fact, the initial perturbations of an object can go far beyond the applicability of linearized models.
As a result, the regulators calculated on the basis of linearized systems are only operable for small
initial perturbations. One of the ways to take into account the nonlinearities of the object and build
corresponding controllers can be the use of fuzzy logic and fuzzy systems based on it.

This paper presents the results of solving the problem of constructing fuzzy output regulators for
an electromagnetic suspension system based on the use of Takagi-Sugeno fuzzy models. Two control
problems are considered: the construction of stabilizing regulators and the construction of optimal
regulators according to a given quadratic quality criterion.

To solve these problems, the original nonlinear mathematical model was transformed to a special
form, and then replaced with an equivalent fuzzy model consisting of a set of linear subsystems.
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To construct a fuzzy mathematical model of the system, triangular distribution functions were used.
Ultimately, the fuzzy model was represented as a weighted sum of all linear subsystems. To synthesize
the control laws, we used the apparatus of linear matrix inequalities, extended to the case of fuzzy
systems. In this case, for each linear subsystem is consistent with its own system of linear matrix
inequalities.

As a result of numerical calculations, fuzzy controllers of both types were obtained, which were then
alternately substituted into the original nonlinear object closed by the fuzzy controller. To check the
operability of the regulators, mathematical modeling of the rotor dynamics was performed. Transient
processes in a closed system are presented as simulation results.

The results of numerical calculations and mathematical modeling showed that using the Takagi-
Sugeno fuzzy models, it is possible to construct both a stabilizing regulator and an optimal regulator
according to a given quadratic quality criterion for controlling the rotor in an electromagnetic
suspension. The found regulators provided stabilization of the rotor in a fairly wide range of initial
perturbations, up to the maximum possible values. Based on the results obtained, it can be concluded
that the presented approach, based on the use of fuzzy Takagi-Sugeno models, allows to stabilize the
rotor in an electromagnetic suspension system in a wide range of initial perturbations.

Key words: electromagnetic suspension, magnetic levitation, rotor, stabilization, fuzzy Takagi-
Sugeno models, linear matrix inequalities.
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Â ñòàòüå ïðåäñòàâëåíû ðåçóëüòàòû ðåøåíèÿ çàäà÷è ñòàáèëèçàöèè ðîòîðà â ñèñòåìå ýëåêòðî-
ìàãíèòíîãî ïîäâåñà íà îñíîâå ïðèìåíåíèÿ íå÷åòêèõ ìîäåëåé Takagi-Sugeno. Ðàññìîòðåíû äâå
çàäà÷è óïðàâëåíèÿ: ïîñòðîåíèå ñòàáèëèçèðóþùèõ ðåãóëÿòîðîâ è ïîñòðîåíèå îïòèìàëüíûõ ðå-
ãóëÿòîðîâ ïî çàäàííîìó êâàäðàòè÷íîìó êðèòåðèþ êà÷åñòâà.
Äëÿ ðåøåíèÿ ïîñòàâëåííûõ çàäà÷ èñõîäíàÿ íåëèíåéíàÿ ìàòåìàòè÷åñêàÿ ìîäåëü ïðåîáðàçîâû-
âàëàñü ê îïðåäåëåííîìó âèäó, à çàòåì çàìåíÿëàñü ýêâèâàëåíòíîé íå÷åòêîé ìîäåëüþ, ñîñòîÿ-
ùåé èç ñîâîêóïíîñòè ëèíåéíûõ ïîäñèñòåì. Äëÿ ïîñòðîåíèÿ íå÷åòêîé ìàòåìàòè÷åñêîé ìîäåëè
èñïîëüçîâàëèñü ôóíêöèè ðàñïðåäåëåíèÿ òðåóãîëüíîãî âèäà. Ðåçóëüòèðóþùàÿ íå÷åòêàÿ ìî-
äåëü ïðåäñòàâëÿëàñü êàê âçâåøåííàÿ ñóììà âñåõ ëèíåéíûõ ïîäñèñòåì. Äëÿ ñèíòåçà çàêîíîâ
óïðàâëåíèÿ ïðèìåíÿëñÿ àïïàðàò ëèíåéíûõ ìàòðè÷íûõ íåðàâåíñòâ, ðàñøèðåííûé íà ñëó÷àé
íå÷åòêèõ ñèñòåì. Â ýòîì ñëó÷àå êàæäîé ëèíåéíîé ïîäñèñòåìå ñîîòâåòñòâîâàëà ñâîÿ ñèñòåìà
ëèíåéíûõ ìàòðè÷íûõ íåðàâåíñòâ.
Â ðåçóëüòàòå ïðîâåäåíèÿ ÷èñëåííûõ ðàñ÷åòîâ áûëè ïîëó÷åíû íå÷åòêèå ðåãóëÿòîðû îáîèõ òè-
ïîâ, êîòîðûå çàòåì ïîî÷åðåäíî ïîäñòàâëÿëèñü â èñõîäíûé íåëèíåéíûé îáúåêò, çàìêíóòûé
íå÷åòêèì ðåãóëÿòîðîì. Äëÿ ïðîâåðêè ðàáîòîñïîñîáíîñòè ðåãóëÿòîðîâ âûïîëíÿëîñü ìàòåìàòè-
÷åñêîå ìîäåëèðîâàíèå äèíàìèêè ðîòîðà. Â êà÷åñòâå ðåçóëüòàòîâ ìîäåëèðîâàíèÿ ïðåäñòàâëåíû
ïåðåõîäíûå ïðîöåññû â çàìêíóòîé ñèñòåìå.
Ðåçóëüòàòû ÷èñëåííûõ ðàñ÷åòîâ è ïðîâåäåííîãî ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ ïîêàçàëè,
÷òî ñ ïîìîùüþ íå÷åòêèõ ìîäåëåé Takagi-Sugeno ìîæíî ïîñòðîèòü êàê ñòàáèëèçèðóþùèé ðå-
ãóëÿòîð, òàê è îïòèìàëüíûé ðåãóëÿòîð ïî çàäàííîìó êâàäðàòè÷íîìó êðèòåðèþ êà÷åñòâà äëÿ
óïðàâëåíèÿ ðîòîðîì â ýëåêòðîìàãíèòíîì ïîäâåñå. Íàéäåííûå ðåãóëÿòîðû îáåñïå÷èâàëè ñòà-
áèëèçàöèþ ðîòîðà â äîñòàòî÷íî øèðîêîì äèàïàçîíå íà÷àëüíûõ âîçìóùåíèé, âïëîòü äî ìàê-
ñèìàëüíî âîçìîæíûõ çíà÷åíèé. Îñíîâûâàÿñü íà ïîëó÷åííûõ ðåçóëüòàòàõ, ìîæíî çàêëþ÷èòü,
÷òî ïðåäñòàâëåííûé ïîäõîä, îñíîâàííûé íà èñïîëüçîâàíèè íå÷åòêèõ ìîäåëåé Takagi-Sugeno,
ïîçâîëÿåò â øèðîêîì äèàïàçîíå íà÷àëüíûõ âîçìóùåíèé ñòàáèëèçèðîâàòü ðîòîð â ñèñòåìå ýëåê-
òðîìàãíèòíîãî ïîäâåñà.

Êëþ÷åâûå ñëîâà: ýëåêòðîìàãíèòíûé ïîäâåñ, ìàãíèòíàÿ ëåâèòàöèÿ, íåëèíåéíûé îáúåêò,
ðîòîð, ñòàáèëèçàöèÿ, íå÷åòêèå ìîäåëè Takagi-Sugeno, ëèíåéíûå ìàòðè÷íûå íåðàâåíñòâà.

Ââåäåíèå. Ïðèíöèï äåéñòâèÿ ýëåêòðîìàãíèòíîãî ïîäâåñà îñíîâàí íà ÿâëåíèè ìàãíèò-
íîé ëåâèòàöèè. Áëàãîäàðÿ ýòîìó ýôôåêòó ñòàíîâèòñÿ âîçìîæíûì áåñêîíòàêòíî ïðåîäîëå-
âàòü ãðàâèòàöèþ è îáåñïå÷èâàòü âûâåøèâàíèå òåëà â àêòèâíûõ ìàãíèòíûõ ïîäøèïíèêàõ.
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Î÷åâèäíûì ïðåèìóùåñòâîì òàêèõ ñèñòåì ÿâëÿåòñÿ, ïðåæäå âñåãî, îòñóòñòâèå ìåõàíè÷å-
ñêîãî êîíòàêòà è êàê ñëåäñòâèå � îòñóòñòâèå òðåíèÿ. Ýòî ïðåèìóùåñòâî ïîçâîëÿåò ñóùå-
ñòâåííî óâåëè÷èòü ñðîê ýêñïëóàòàöèè è ÊÏÄ ïî ñðàâíåíèþ ñ òðàäèöèîííûìè ìåõàíè÷å-
ñêèìè àíàëîãàìè.

Óïðàâëåíèå ðîòîðîì â ýëåêòðîìàãíèòíîì ïîäâåñå ÿâëÿåòñÿ âàæíîé è àêòóàëüíîé çàäà-
÷åé, ñâÿçàííîé ñ øèðîêèì ïðàêòè÷åñêèì ïðèìåíåíèåì ýëåêòðîìàãíèòíûõ ïîäøèïíèêîâ.
Ïðàêòè÷åñêîå ïðèìåíåíèå ýëåêòðîìàãíèòíûõ ïîäøèïíèêîâ îõâàòûâàåò öåëûé ñïåêòð ñà-
ìûõ ðàçíûõ îáëàñòåé ïðîìûøëåííîñòè è òåõíèêè, à òàêæå íåêîòîðûõ îáëàñòåé ìåäèöè-
íû [1�4]. Óïðàâëåíèå ðåàëèçóåòñÿ, êàê ïðàâèëî, ïóòåì èçìåíåíèÿ âåëè÷èíû ìàãíèòíîãî
ïîëÿ, ñîçäàâàåìîãî ýëåêòðîìàãíèòîì. Äëÿ ïîñòðîåíèÿ ðåãóëÿòîðîâ íàèáîëüøåå ðàñïðî-
ñòðàíåíèå ïîëó÷èë ïîäõîä, îñíîâàííûé íà ïðèìåíåíèè ëèíåàðèçîâàííûõ ìîäåëåé [5�9].
Ïðè ýòîì ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé, îïèñûâàþùèõ ýëåêòðîìàãíèòíûé ïîä-
âåñ, ïðåäñòàâëÿåò ñîáîé íåëèíåéíûé îáúåêò. Íåñìîòðÿ íà ïðîñòîòó è óäîáñòâî, î÷åâèäíûì
íåäîñòàòêîì ëèíåàðèçîâàííûõ ìîäåëåé ÿâëÿåòñÿ èõ îãðàíè÷åííàÿ ïðèìåíèìîñòü. Ëèíåà-
ðèçîâàííûå ìîäåëè ðàáîòàþò òîëüêî â îêðåñòíîñòè ïîëîæåíèÿ ðàâíîâåñèÿ, ïðè íåáîëü-
øèõ íà÷àëüíûõ îòêëîíåíèÿõ. Â äåéñòâèòåëüíîñòè, íà÷àëüíûå âîçìóùåíèÿ îáúåêòà ìîãóò
âûõîäèòü äàëåêî çà ïðåäåëû ïðèìåíèìîñòè ëèíåàðèçîâàííûõ ìîäåëåé. Âñëåäñòâèå ýòî-
ãî òàêèå ìîäåëè íå ìîãóò â ïîëíîé ìåðå îïèñûâàòü äèíàìèêó èññëåäóåìîãî îáúåêòà, à
âû÷èñëåííûå ðåãóëÿòîðû ðàáîòîñïîñîáíû òîëüêî ïðè íåáîëüøèõ íà÷àëüíûõ âîçìóùåíè-
ÿõ. Îäíèì èç ñïîñîáîâ ó÷åòà íåëèíåéíîñòåé è ïîñòðîåíèÿ íåëèíåéíûõ ðåãóëÿòîðîâ ìîæåò
áûòü èñïîëüçîâàíèå íå÷åòêîé ëîãèêè è íå÷åòêèõ ñèñòåì íà åå îñíîâå.

Â ñòàòüå ïðåäñòàâëåíû ðåçóëüòàòû ðåøåíèÿ çàäà÷è óïðàâëåíèÿ ðîòîðîì â ýëåêòðîìàã-
íèòíîì ïîäâåñå íà îñíîâå ïðèìåíåíèÿ íåïðåðûâíûõ íå÷åòêèõ ìîäåëåé Takagi-Sugeno [10].
Ðàññìàòðèâàëèñü çàäà÷è óïðàâëåíèÿ ïî èçìåðÿåìîìó âûõîäó â ïðåäïîëîæåíèè, ÷òî èç-
ìåðÿåìîé ïåðåìåííîé ÿâëÿåòñÿ âåðòèêàëüíîå ñìåùåíèå ðîòîðà. Â ðàìêàõ äàííîé çàäà÷è
ïðèìåíÿëèñü äâà ïîäõîäà: ïîñòðîåíèå ñòàáèëèçèðóþùåãî ðåãóëÿòîðà è ïîñòðîåíèå îïòè-
ìàëüíîãî ðåãóëÿòîðà ñ çàäàííûì êâàäðàòè÷íûì êðèòåðèåì êà÷åñòâà. Äëÿ ñèíòåçà çàêîíîâ
óïðàâëåíèÿ èñïîëüçîâàëñÿ àïïàðàò ëèíåéíûõ ìàòðè÷íûõ íåðàâåíñòâ [11].

Ñòàòüÿ âêëþ÷àåò â ñåáÿ ââåäåíèå, ÷åòûðå ðàçäåëà, çàêëþ÷åíèå è ñïèñîê ëèòåðàòóðû.
Â ïåðâîì ðàçäåëå ïðåäñòàâëåí âûâîä íå÷åòêîé ìàòåìàòè÷åñêîé ìîäåëè. Âòîðîé ðàçäåë
ïðåäñòàâëÿåò ñîáîé ïîñòàíîâêó çàäà÷ óïðàâëåíèÿ. Â òðåòüåì ðàçäåëå ïðåäñòàâëåíû ñèñòå-
ìû ëèíåéíûõ ìàòðè÷íûõ íåðàâåíñòâ, à òàêæå ïðîöåäóðà äëÿ èõ ÷èñëåííîé ðåàëèçàöèè.
×åòâåðòûé ðàçäåë ñîäåðæèò ðåçóëüòàòû ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ.

1. Íå÷åòêàÿ ìîäåëü îáúåêòà. Ðîòîð â ýëåêòðîìàãíèòíîì ïîäâåñå íàõîäèòñÿ â ïîëå
äåéñòâèÿ äâóõ ñèë: ñèëû òÿæåñòè è ñèëû ìàãíèòíîãî ïðèòÿæåíèÿ. Ñîãëàñíî âòîðîìó çà-
êîíó Íüþòîíà, ïðè ðàâåíñòâå ýòèõ ñèë òåëî áóäåò íàõîäèòüñÿ â íåïîäâèæíîì ñîñòîÿíèè.
Äèíàìèêà ðîòîðà â ïîäâåñå îïèñûâàåòñÿ ñëåäóþùåé ñèñòåìîé óðàâíåíèé [5]

ẋ1 = x2,

ẋ2 =
1

2

[
(1 + x3)

2

(1− x1)2
− 1

]
,

ẋ3 = −(1 + x3)

(1− x1)
x2 − a (1− x1)x3 + (1− x1)u,

(1)

ãäå x = (x1, x2, x3)
T ∈ Rnx � âåêòîð ñîñòîÿíèÿ ñèñòåìû; u ∈ Rnu � óïðàâëåíèå; a �

ïîñòîÿííàÿ âåëè÷èíà (a = 7,5).
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Áåçðàçìåðíàÿ ïåðåìåííàÿ x1 ñîîòâåòñòâóåò âåðòèêàëüíîìó ïåðåìåùåíèþ ðîòîðà, x2
ñîîòâåòñòâóåò ñêîðîñòè ïåðåìåùåíèÿ, à x3 îïèñûâàåò òîê â öåïè ýëåêòðîìàãíèòà. Äëÿ
âûâîäà íå÷åòêîé ìîäåëè Takagi-Sugeno íåîáõîäèìî ïðèâåñòè îáúåêò (1) ê ñëåäóþùåìó
âèäó

ẋ = F (σ)x+B(σ)u, x (0) = x0, (2)

ãäå F (σ) ∈ Rnx×nx ; B(σ) ∈ Rnx×nu ; σ = σ(x) ∈ Rnσ .
Ýëåìåíòàìè ìàòðèö F (σ) è B(σ) äîëæíû áûòü íåïðåðûâíûå íåëèíåéíûå ôóíêöèè

σi(x). Äëÿ ïðåîáðàçîâàíèÿ îáúåêòà (1) ê âèäó (2) ââåäåì íîâóþ ôàçîâóþ ïåðåìåííóþ

x4 =
1 + x3
1− x1

(3)

Ïðîäèôôåðåíöèðîâàâ âûðàæåíèå (3), ïîëó÷èì ñëåäóþùåå ëèíåéíîå óðàâíåíèå

ẋ4 =
ẋ3 + x4x2

1− x1
= −ax3 + u. (4)

Òàêèì îáðàçîì, ïîñëå ïðåîáðàçîâàíèÿ ñèñòåìà óðàâíåíèé, îïèñûâàþùèõ ýëåêòðîìàã-
íèòíûé ïîäâåñ, ïðèìåò ñëåäóþùèé âèä

ẋ1 = x2,

ẋ2 =
1

2

[
x4

2 − 1
]
,

ẋ3 = −x4x2 − a (1− x1)x3 + (1− x1)u,
ẋ4 = −ax3 + u, (5)

ãäå x∗ = (x1, x2, x3, x4)
T ∈ Rnx∗ � ñîñòîÿíèå ñèñòåìû; u ∈ Rnu � óïðàâëåíèå.

Ïåðåõîä îò (1) ê (5) îçíà÷àåò îòîáðàæåíèå âèäà Rnx 7−→ Rnx∗ . Òåïåðü ïðèâåäåì ñèñòåìó
(5) ê ìàòðè÷íîìó âèäó (2). Ìàòðèöû F (σ) è B(σ) çàïèøóòñÿ êàê

F (σ) =


0 1 0 0
0 0 0 σ1
σ2
0

σ3
0

σ4 σ5
−a 0

 , B (σ) =


0
0
σ6
1

 , (6)

ãäå σ1 = 1
2
(x4 − 1

x4
); σ2 = ax3; σ3 = −x4; σ4 = a(x1 − 1); σ5 = −x2; σ6 = 1− x1.

Çàäàäèì ïîäìíîæåñòâî Ω = {ai1 6 xi < ai2 , i = 1,nx∗}, â êîòîðîì áóäåì ðàññìàòðèâàòü
íåëèíåéíûé îáúåêò (5). Äëÿ òîãî ÷òîáû îáåñïå÷èòü íåïðåðûâíîñòü ôóíêöèè σ1, ñäåëàåì
ñëåäóþùóþ çàìåíó âî âòîðîì óðàâíåíèè ñèñòåìû (5):

ẋ2 =
1

2

[
x4

2 − 1
]

=
1

2
(x4 − 1) (x4 + 1) =

1

2
x4
∗(x4

∗ + 2). (7)

Îïóñòèâ çâåçäî÷êó â íîâîé ïåðåìåííîé x4
∗, ñèñòåìà óðàâíåíèé ïðèìåò ñëåäóþùèé âèä
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ẋ1 = x2,

ẋ2 =
1

2
x4(x4 + 2),

ẋ3 = −(x4 + 1)x2 − a (1− x1)x3 + (1− x1)u,
ẋ4 = −ax3 + u, (8)

Äëÿ êàæäîé ôóíêöèè σi îïðåäåëèì ñîîòâåòñòâóþùèå ôóíêöèè ïðèíàäëåæíîñòè âèäà

Mi1,2 =
±σi ∓ σmin,maxi

σmaxi − σmini

, i = 1,nσ (9)

Îáëàñòü çíà÷åíèé êàæäîé ôóíêöèè ïðèíàäëåæíîñòè îáðàçóåò ñâîå íîðìèðîâàííîå
íå÷åòêîå ìíîæåñòâî. Ñôîðìèðóåì áàçó íå÷åòêèõ ïðàâèë äëÿ èññëåäóåìîãî îáúåêòà (8)

Ri : IF σ1 is M11 and . . . and σnσ is Mnσ1

THEN ẋ(t) = Aix (t) +Biu (t),
(10)

ãäå Ri � íå÷åòêîå ïðàâèëî (i = 1,r), r = 2nσ � êîëè÷åñòâî ïðàâèë;
Òîãäà, íå÷åòêàÿ ìîäåëü íåëèíåéíîé ñèñòåìû (8) ïðåäñòàâëÿåòñÿ êàê âçâåøåííàÿ ñóììà

âñåõ ëèíåéíûõ ïîäñèñòåì

ẋ =
r∑
i=1

hi (σ) [Aix+Biu] (11)

ãäå hi (σ) =
∏nσ

j=1M
j
i1,2(σj) � ïðîèçâåäåíèå ôóíêöèé ïðèíàäëåæíîñòè.

Ïîëó÷åííàÿ íåïðåðûâíàÿ íå÷åòêàÿ ìîäåëü (11) ïðåäñòàâëÿåò íåëèíåéíûé îáúåêò (8)
íà ðàññìàòðèâàåìîì ïîäìíîæåñòâå Ω.

Ïðåæäå ÷åì ïåðåõîäèòü ê ïîñòàíîâêå çàäà÷è, ñäåëàåì îäíî óïðîùåíèå. Ïîñêîëüêó íàè-
áîëüøåå êîëè÷åñòâî íåëèíåéíûõ ôóíêöèé ñîñðåäîòî÷åíî â òðåòüåì óðàâíåíèè ñèñòåìû (8),
òî ëèíåàðèçàöèÿ ýòîãî óðàâíåíèÿ ïîçâîëèò ñóùåñòâåííî ñîêðàòèòü êîëè÷åñòâî ïðàâèë è,
òåì ñàìûì, óïðîñòèòü âåñü äàëüíåéøèé òåîðåòè÷åñêèé àíàëèç. Ïîñëå ëèíåàðèçàöèè ýòîãî
óðàâíåíèÿ â îêðåñòíîñòè ïîëîæåíèÿ ðàâíîâåñèÿ ñèñòåìà (8) ïðèìåò âèä

ẋ1 = x2,

ẋ2 =
1

2
x4(x4 + 2),

ẋ3 = −x2 − ax3 + u,

ẋ4 = −ax3 + u. (12)

Åäèíñòâåííàÿ íåëèíåéíàÿ ôóíêöèÿ σ1 çàïèøåòñÿ êàê

σ1 =
1

2
(x4 + 2). (13)

Îêîí÷àòåëüíàÿ íå÷åòêàÿ ìîäåëü íåëèíåéíîé ñèñòåìû (12) çàïèøåòñÿ â ñëåäóþùåì âèäå
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ẋ =
r∑
i=1

MiAix+Bu (14)

2. Ïîñòàíîâêà çàäà÷è. Ðàññìîòðèì äâå çàäà÷è óïðàâëåíèÿ ïî èçìåðÿåìîìó âûõîäó:
ïåðâàÿ çàäà÷à � ïîñòðîåíèå ñòàáèëèçèðóþùåãî íå÷åòêîãî ðåãóëÿòîðà, âòîðàÿ � íå÷åòêîãî
ðåãóëÿòîðà ñ êâàäðàòè÷íûì êðèòåðèåì êà÷åñòâà. Â êà÷åñòâå èçìåðÿåìîé ïåðåìåííîé áó-
äåì ñ÷èòàòü âåðòèêàëüíîå ïåðåìåùåíèå ðîòîðà x1. Ñîîòâåòñòâóþùåå ìàòðè÷íîå óðàâíåíèå
èçìåðÿåìîãî âûõîäà

y = C2x, (15)

y ∈ Rny � èçìåðÿåìûé âûõîä; C2 =
(

1 0 0 0
)
.

Çàêîí óïðàâëåíèÿ ëèíåéíîé ñèñòåìîé ïî èçìåðÿåìîìó âûõîäó â ôîðìå ëèíåéíîãî äè-
íàìè÷åñêîãî ðåãóëÿòîðà èìååò ñëåäóþùèé âèä [11]

ẋr(t) = Ar
ixr(t) +Br

iy

u(t) = Cr
ixr(t) +Dr

iy, (16)

ãäå xr ∈ Rnx∗ � ñîñòîÿíèå ðåãóëÿòîðà.
Â ñëó÷àå íå÷åòêîé ñèñòåìû èñõîäíûé îáúåêò ïðåäñòàâëÿåòñÿ â âèäå ñîâîêóïíîñòè

ëèíåéíûõ ïîäñèñòåì, êàæäàÿ èç êîòîðûõ õàðàêòåðèçóåòñÿ ñâîèìè ìàòðèöàìè. Çàïèøåì
íå÷åòêóþ ìîäåëü óïðàâëåíèÿ â ôîðìå íå÷åòêîãî äèíàìè÷åñêîãî ðåãóëÿòîðà äëÿ ñèñòåìû
(14)

ẋr =
r∑
i=1

MiA

i

r

xr +
r∑
i=1

MiB

i

r

y

u = on
r∑
i=1

MiC

i

r

xr +
r∑
i=1

MiD

i

r

y. (17)

Äëÿ âòîðîé çàäà÷è ââåäåì â ðàññìîòðåíèå óðàâíåíèå öåëåâîãî âûõîäà z(t) ∈ Rnz

z(t) = Cx(t) +Du(t). (18)

Â êà÷åñòâå êâàäðàòè÷íîãî êðèòåðèÿ áóäåì ðàññìàòðèâàòü ñëåäóþùèé ôóíêöèîíàë

‖z‖2 =

∫ ∞
0

(
nx∗∑
i=2

xi(t)
2 + u(t)2

)
dt. (19)

Çàäà÷à çàêëþ÷àåòñÿ â âû÷èñëåíèè òàêîãî íå÷åòêîãî ðåãóëÿòîðà âèäà (17), êîòîðûé
áóäåò óäîâëåòâîðÿòü ñëåäóþùèì íåðàâåíñòâàì

‖z(t)‖2 < γ2|x0|2, ∀x0 6= 0. (20)

Ïðèâåäåì óðàâíåíèå (18) ê ñëåäóþùåìó âèäó

z(t) =
(
C +DDr

iC2

)
x+DCr

ixr = Ci
cxc. (21)

Òîãäà çàìêíóòàÿ íå÷åòêàÿ ñèñòåìà ïðèìåò ñëåäóþùèé âèä
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ẋc =
r∑
i=1

MiAc
ixc,

z =
r∑
i=1

MiC
i
cxc, (22)

ãäå xc= (x xr)
T .

Ìàòðèöû çàìêíóòûõ ïîäñèñòåì îïðåäåëÿþòñÿ ñëåäóþùèì îáðàçîì

Ac
i =

(
Ai +BDi

rC2 BCi
r

Bi
rC2 Air

)
, (23)

Ci
c =

[(
C +DDr

iC2

)
DCr

i
]
. (24)

Òàêèì îáðàçîì, òðåáóåòñÿ âû÷èñëèòü äâà íå÷åòêèõ ðåãóëÿòîðà ïî èçìåðÿåìîìó âûõîäó:
ðåãóëÿòîð ñòàáèëèçèðóþùåãî òèïà è γ-îïòèìàëüíûé ðåãóëÿòîð ïî êðèòåðèþ (20).

3. Ìåòîäèêà âû÷èñëåíèé. Äëÿ ñèíòåçà çàêîíîâ óïðàâëåíèÿ èñïîëüçîâàëñÿ àïïàðàò
ëèíåéíûõ ìàòðè÷íûõ íåðàâåíñòâ [11], àäàïòèðîâàííûé äëÿ ñëó÷àÿ íå÷åòêèõ ñèñòåì.

Âû÷èñëåíèå ñòàáèëèçèðóþùåãî íå÷åòêîãî ðåãóëÿòîðà. Äëÿ òîãî ÷òîáû îáåñïå÷èòü
óñòîé÷èâîñòü çàìêíóòîé ñèñòåìû (22) ñ ìàòðèöàìè (23), íåîáõîäèìî è äîñòàòî÷íî íàéòè
òàêóþ îáùóþ ìàòðèöó êâàäðàòè÷íîé ôóíêöèè X=XT>0, êîòîðàÿ óäîâëåòâîðÿåò ñëåäóþ-
ùèì íåðàâåíñòâàì (

Ac
i
)T
X +XAc

i < 0, i = 1, r. (25)

Ââåäåì ìàòðèöó ïàðàìåòðîâ ðåãóëÿòîðîâ Θi è ïðåäñòàâèì ìàòðèöû çàìêíóòûõ ïîäñè-
ñòåì â ñëåäóþùåì âèäå

Ac
i = A0

i +B0ΘiC0, (26)

ãäå A0
i =

(
Ai 0nx∗×nx∗

0nx∗×nx∗ 0nx∗×nx∗

)
, B0 =

(
0nx∗×nx∗ B
Inx 0nx∗×nu

)
, C0 =

(
0nx∗×nx∗ Inx
C2 0ny×nx∗

)
;

Θi =

(
Air Bi

r

Ci
r Di

r

)
.

Ïîäñòàâèì (26) â (25) è çàïèøåì ïîëó÷åííûå íåðàâåíñòâà â âèäå(
A0

i
)T
X +XA0

i + CT
0 Θi

TBT
0 X +XB0ΘiC0 < 0. (27)

Äàëåå ïðèâåäåì íåðàâåíñòâà (27) ê ñèñòåìå ëèíåéíûõ ìàòðè÷íûõ íåðàâåíñòâ [11] âèäà

Ψi + P TΘi
TQ+QTΘiP < 0, i = 1, r. (28)

Â [11] ïîêàçàíî, ÷òî âûïîëíåíèå íåðàâåíñòâ (28) äëÿ ðåãóëÿòîðîâ ïîëíîãî ïîðÿäêà
ýêâèâàëåíòíî âûïîëíåíèþ ñëåäóþùèõ ëèíåéíûõ ìàòðè÷íûõ íåðàâåíñòâ

W T
C (Ai

T
X11 +X11Ai)WC < 0, X11 = XT

11 > 0,

W T
BT (Y11Ai

T
+ AiY11)WBT < 0, Y11 = Y T

11 > 0,
(29)

ãäå WC è WBT îáðàçóþò áàçèñû ÿäåð ìàòðèö C è BT ñîîòâåòñòâåííî; X11 è Y11 � âåðõíèå
ëåâûå áëîêè äâóõ âçàèìîîáðàòíûõ ìàòðèö X è Y .

Äëÿ òîãî ÷òîáû âûïîëíÿëîñü óñëîâèå XY = I, íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû âû-
ïîëíÿëîñü íåðàâåíñòâî



À.Â. Ìóõèí 9

(
X11 I
I Y11

)
> 0. (30)

Òàêèì îáðàçîì, îáúåêò ñòàáèëèçèðóåì òîãäà è òîëüêî òîãäà, êîãäà ñóùåñòâóþò äâå
ïîëîæèòåëüíî îïðåäåëåííûå ñèììåòðè÷åñêèå ìàòðèöû X11 è Y 11, óäîâëåòâîðÿþùèå ëè-
íåéíûì ìàòðè÷íûì íåðàâåíñòâàì (29) è (30). Åñëè ìàòðèöû X11 è Y 11 íàéäåíû, òî îáùàÿ
ìàòðèöà êâàäðàòè÷íîé ôîðìû X ìîæåò áûòü âîññòàíîâëåíà ïî ôîðìóëå [11].

X =

(
X11 X11 − Y11−1

X11 − Y11−1 X11 − Y11−1.

)
(31)

Ïîñëå òîãî, êàê ìàòðèöàX íàéäåíà, ìàòðèöû ïàðàìåòðîâ ðåãóëÿòîðîâ Θi âû÷èñëÿþòñÿ
èç íåðàâåíñòâ (28) è çàòåì ïîäñòàâëÿþòñÿ â íå÷åòêèé äèíàìè÷åñêèé ðåãóëÿòîð (17).

Âû÷èñëåíèå íå÷åòêîãî γ-îïòèìàëüíîãî ðåãóëÿòîðà. Êàê áûëî îòìåííî âûøå, çàäà÷à
γ-îïòèìàëüíîãî íå÷åòêîãî óïðàâëåíèÿ ñîñòîèò â âû÷èñëåíèè òàêîãî íå÷åòêîãî ðåãóëÿòî-
ðà, êîòîðûé îáåñïå÷èâàåò âûïîëíåíèå óñëîâèÿ (20) äëÿ âñåõ ëèíåéíûõ ïîäñèñòåì. Äëÿ
âûïîëíåíèÿ ýòîãî óñëîâèÿ íîðìû ïåðåäàòî÷íûõ ìàòðèö çàìêíóòîãî îáúåêòà äîëæíû óäî-
âëåòâîðÿòü óñëîâèÿì ∥∥Hc

i
∥∥
2
< γ|x0| ∀x0 6= 0 (32)

ãäå Hc
i = [C +DDi

rC2 DCi
r]
(
sI − Aci

)−1
x0c .

Îñíîâíàÿ èäåÿ âû÷èñëåíèÿ ðåãóëÿòîðîâ òàêîãî òèïà çàêëþ÷àåòñÿ â ïðèâåäåíèè ìàòðèö
çàìêíóòûõ ïîäñèñòåì Ac

i ê ëèíåéíûì ìàòðè÷íûì íåðàâåíñòâàì âèäà (28). Ïîñëåäóþùèå
äåéñòâèÿ àíàëîãè÷íû ïðåäûäóùåìó ñëó÷àþ. Ñíà÷àëà âû÷èñëÿþòñÿ ìàòðèöû Ψi, à çàòåì
èç (28) íàõîäÿòñÿ èñêîìûå ìàòðèöû ðåãóëÿòîðîâ. Ïîñêîëüêó ìàòðèöû Ψi ñîäåðæàò îáùóþ
íåèçâåñòíóþ ïîëîæèòåëüíî îïðåäåëåííóþ ñèììåòðè÷åñêóþ áëî÷íóþ ìàòðèöó, òî íåîáõî-
äèìî ñíà÷àëà âû÷èñëèòü ýòó ìàòðèöó. Ïîñêîëüêó ðàíãè ìàòðèö P è Q ìåíüøå ðàíãà
ìàòðèö Ψi, òî äëÿ ñèñòåìû íåðàâåíñòâ (28) íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû âûïîëíÿëèñü
ñëåäóþùèå ìàòðè÷íûå íåðàâåíñòâà

WP
TΨiWP < 0, WQ

TΨiWQ < 0, (33)

ãäå WP è WQ � ÿäðà ìàòðèö P è Q ñîîòâåñòâåííî, ò. å. PWP = 0 è QWQ = 0.
Âûïîëíèâ ðÿä ìàòðè÷íûõ ïðåîáðàçîâàíèé, ó÷èòûâàÿ áëî÷íóþ ñòðóêòóðó ìàòðèö,

íåðàâåíñòâà (33) ìîæíî ïðèâåñòè ê ñëåäóþùèì íåðàâåíñòâàì(
WC2 0

0 I

)T (
Ai

TX11 +X11Ai CT

C −γI

)(
WC2 0

0 I

)
< 0,

NT

(
Y11Ai

T + AiY11 Y11C
T

CY11 −γI

)
N < 0,

(34)

ãäå ñòîëáöû ìàòðèö WC2 è N îáðàçóþò áàçèñû ÿäåð ìàòðèö C2 è (BT DT ) ñîîòâåòñòâåííî.
Äëÿ ñóùåñòâîâàíèÿ γ-îïòèìàëüíûõ ðåãóëÿòîðîâ ïîëíîãî ïîðÿäêà íåîáõîäèìî è äî-

ñòàòî÷íî, ÷òîáû ñóùåñòâîâàëè äâå ïîëîæèòåëüíî îïðåäåëåííûå ñèììåòðè÷åñêèå ìàòðèöû
X11 è Y 11, óäîâëåòâîðÿþùèå íåðàâåíñòâàì (34), à òàêæå íåðàâåíñòâàì
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Ðèñ. 1. Ïåðåõîäíûå ïðîöåññû â çàìêíóòîé ñèñòåìå ñ íå÷åòêèì ðåãóëÿòîðîì ñòàáèëèçèðóþùåãî òèïà
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Ðèñ. 2. Ïåðåõîäíûå ïðîöåññû â çàìêíóòîé ñèñòåìå ñ íå÷åòêèì γ-îïòèìàëüíûì ðåãóëÿòîðîì

(
X11 Inx
Inx Y11

)
> 0 (35)

(
Y11 Inx
Inx γInx

)
> 0, (36)
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ãäå i = 1, r.
Åñëè ìàòðèöûX11 è Y 11 íàéäåíû, òî ìàòðèöà Y ìîæåò áûòü âîññòàíîâëåíà ïî ôîðìóëå

Y =

(
Y11 Y11 −X11

−1

Y11 −X11
−1 Y11 −X11

−1

)
. (37)

Åñëè ìàòðèöà X íàéäåíà, ìàòðèöû ïàðàìåòðîâ ðåãóëÿòîðîâ Θi âû÷èñëÿþòñÿ èç íåðà-
âåíñòâ (28) è çàòåì ïîäñòàâëÿþòñÿ â íå÷åòêèé äèíàìè÷åñêèé ðåãóëÿòîð (17).

Ëèíåéíûå ìàòðè÷íûå íåðàâåíñòâà è ñèñòåìû íåðàâåíñòâ îïðåäåëÿþò íåëèíåéíûå, íî
âûïóêëûå îãðàíè÷åíèÿ [11]. Ïîýòîìó, äëÿ ÷èñëåííîé ðåàëèçàöèè ìîãóò èñïîëüçîâàòüñÿ
ìåòîäû âûïóêëîé îïòèìèçàöèè. Ðàçðåøèìîñòü ñèñòåìû íåðàâåíñòâ (29) ñâîäèòñÿ ê ìè-
íèìèçàöèè ïàðàìåòðà t, äëÿ êîòîðîãî ñïðàâåäëèâî ëèíåéíîå ìàòðè÷íîå íåðàâåíñòâî âèäà
F (x) − tI 6 0. Ñèñòåìà íåðàâåíñòâ (34�36) ïðåäñòàâëÿåò ñîáîé çàäà÷ó ðàçðåøèìîñòè ëè-
íåéíîé ôóíêöèè ñ îãðàíè÷åíèÿìè, çàäàííûìè ñèñòåìîé ëèíåéíûõ ìàòðè÷íûõ íåðàâåíñòâ.
Äëÿ ÷èñëåííîé ðåàëèçàöèè ñèñòåì ëèíåéíûõ ìàòðè÷íûõ íåðàâåíñòâ ïðèìåíÿëñÿ àëãîðèòì
âíóòðåííåé òî÷êè (interior-point method), ðåàëèçîâàííûé â ôîðìå ñòàíäàðòíûõ êîìàíä
ïàêåòà ïðîãðàìì MATLAB [12].

Ãðàôèêè ïåðåõîäíûõ ïðîöåññîâ â ñèñòåìå ñ íå÷åòêèì γ-îïòèìàëüíûì ðåãóëÿòîðîì ïî-
êàçàíû íà ðèñ. 2.

4. Ðåçóëüòàòû. Âû÷èñëåííûå ðåãóëÿòîðû ïîî÷åðåäíî ïîäñòàâëÿëèñü â èñõîäíûé íåëè-
íåéíûé îáúåêò (1), çàìêíóòûé íå÷åòêèì ðåãóëÿòîðîì (17). Ãðàôèêè ïåðåõîäíûõ ïðîöåññîâ
â ñèñòåìå ñ ðåãóëÿòîðîì ñòàáèëèçèðóþùåãî òèïà ïðåäñòàâëåíû íà ðèñ. 1.

Èñõîäÿ èç ñðàâíèòåëüíîãî àíàëèçà ðèñ. 1 è 2, ìîæíî ñäåëàòü âûâîä î òîì, ÷òî γ-
îïòèìàëüíûé ðåãóëÿòîð îáåñïå÷èâàåò ñòàáèëèçàöèþ ñ ëó÷øèì êà÷åñòâîì ïåðåõîäíûõ ïðî-
öåññîâ, ÷åì ñòàáèëèçèðóþùèé íå÷åòêèé ðåãóëÿòîð. Ðåçóëüòàòû ìàòåìàòè÷åñêîãî ìîäåëè-
ðîâàíèÿ ïîêàçàëè, ÷òî âû÷èñëåííûå íå÷åòêèå ðåãóëÿòîðû îáîèõ òèïîâ ïîçâîëÿþò ñòàáè-
ëèçèðîâàòü ðîòîð â øèðîêîì äèàïàçîíå íà÷àëüíûõ âîçìóùåíèé, âïëîòü äî ìàêñèìàëüíî
âîçìîæíûõ çíà÷åíèé.

Çàêëþ÷åíèå. Â ñòàòüå ïðåäñòàâëåíû ðåçóëüòàòû ðåøåíèÿ çàäà÷è óïðàâëåíèÿ ðîòîðîì
â ýëåêòðîìàãíèòíîì ïîäâåñå ïî èçìåðÿåìîìó âûõîäó. Âûâåäåíû íå÷åòêàÿ ìîäåëü îáúåê-
òà, ýêâèâàëåíòíàÿ èñõîäíîé íåëèíåéíîé ìîäåëè, à òàêæå íå÷åòêàÿ ìîäåëü óïðàâëåíèÿ.
Âûïîëíåíû ÷èñëåííûå ðàñ÷åòû íå÷åòêèõ ðåãóëÿòîðîâ. Ïðîâåäåíî ìàòåìàòè÷åñêîå ìîäå-
ëèðîâàíèå ïåðåõîäíûõ ïðîöåññîâ.

Ïî ðåçóëüòàòàì ïðîâåäåííîé ðàáîòû ìîæíî çàêëþ÷èòü, ÷òî, èçìåðÿÿ òîëüêî ïåðåìå-
ùåíèå ðîòîðà, ìîæíî âû÷èñëèòü êàê ñòàáèëèçèðóþùèé ðåãóëÿòîð, òàê è γ-îïòèìàëüíûé
ðåãóëÿòîð ñ êâàäðàòè÷íûì êðèòåðèåì êà÷åñòâà. Íàéäåííûå íå÷åòêèå ðåãóëÿòîðû îáåñïå-
÷èâàëè ñòàáèëèçàöèþ ðîòîðà ïðè ëþáûõ íà÷àëüíûõ âîçìóùåíèÿõ, âïëîòü äî ìàêñèìàëüíî
âîçìîæíûõ çíà÷åíèé. Òàêèì îáðàçîì, ïðåäñòàâëåííûå íå÷åòêèå ìîäåëè, â îòëè÷èå îò ëè-
íåàðèçîâàííûõ ìîäåëåé, ïîçâîëÿþò â áîëåå øèðîêîì äèàïàçîíå íà÷àëüíûõ âîçìóùåíèé
ñòàáèëèçèðîâàòü ðîòîð â ýëåêòðîìàãíèòíîì ïîäâåñå.

Àâòîð áëàãîäàðèò ïðîôåññîðà êàôåäðû äèôôåðåíöèàëüíûõ óðàâíåíèé, ìàòåìàòè÷å-
ñêîãî è ÷èñëåííîãî àíàëèçà Ä. Â. Áàëàíäèíà çà êîíñóëüòàöèþ è èíòåðåñ ê ðàáîòå.
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