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Some simple mathematical models of functioning of small business enterprises (such that auto-
services, hairdressing saloons, barber's saloons, taxi-services, workshops, studios, dressmaking and
tailoring establishments, baker's shops, confectioner's shops, groceries and so on) to deliver goods and
service for regional population are constructed and investigated at this paper. I's supposed there exist
some establishments of the other type: for example, state institutions having strict federal �nancing
(such that schools, clinics, police), and some commercial enterprises (such that poultry farm, dairy
farm) making pro�t generally of selling their goods and service outside the region.

These models are realized in the form of one linear and two non-linear autonomous second
order systems of di�erential equations. Corresponding dynamic systems are investigated by means of
qualitative theory of di�erential equations and phase portraits are drawn depending of parameters.
The results of the investigation of all dynamic systems are corresponding well. Subject to some
natural suppositions, there exists a stable state of equilibrium, corresponding to stable functioning
of small business enterprises. The only di�erence is the following: this stable state of equilibrium
exists for non-linear systems if the sum of external �nancing of state institutions and the pro�t of
commercial enterprises is rather big. Bifurcation relations between the parameters of non-linear systems
are indicated, when passing through which the speci�ed equilibrium state loses stability, and another
state becomes stable, corresponding to the absence of small business enterprises.

Key words: region, small business enterprises, dynamic system, equilibrium state, linearization,
phase portrait.
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Â ðàáîòå ïîñòðîåíû è èññëåäîâàíû ïðîñòûå ìàòåìàòè÷åñêèå ìîäåëè ôóíêöèîíèðîâàíèÿ ïðåä-
ïðèÿòèé ìàëîãî áèçíåñà (òàêèõ êàê àâòîñåðâèñ, ïàðèêìàõåðñêèå, òàêñè, ìàñòåðñêèå ïî ðåìîíòó
îáóâè, îäåæäû, áóëî÷íûå, êîíäèòåðñêèå è ò. ä.) ïî ïðåäîñòàâëåíèþ òîâàðîâ è óñëóã íàñåëåíèþ
ðåãèîíà. Ïðåäïîëàãàåòñÿ, ÷òî â ðåãèîíå èìåþòñÿ òàêæå ó÷ðåæäåíèÿ è ïðåäïðèÿòèÿ äðóãîãî
òèïà: íàïðèìåð, èìåþùèå âíåøíåå (áþäæåòíîå) ôèíàíñèðîâàíèå (òàêèå êàê øêîëà, áîëüíèöà),
ëèáî êîììåð÷åñêèå ïðåäïðèÿòèÿ (òàêèå êàê ïòèöåôåðìà, ìÿñîêîìáèíàò, çàâîä ïî ïåðåðàáîòêå
ìîëîêà), ïðîäóêöèÿ è óñëóãè êîòîðûõ ïîëüçóþòñÿ ñïðîñîì çà ïðåäåëàìè äàííîãî ðåãèîíà.
Ìîäåëè ðåàëèçîâàíû â âèäå îäíîé ëèíåéíîé è äâóõ íåëèíåéíûõ àâòîíîìíûõ ñèñòåì äèôôå-
ðåíöèàëüíûõ óðàâíåíèé âòîðîãî ïîðÿäêà Ïðîâåäåíî êà÷åñòâåííîå èññëåäîâàíèå ñîîòâåòñòâó-
þùèõ äèíàìè÷åñêèõ ñèñòåì â çàâèñèìîñòè îò ïàðàìåòðîâ è ïîñòðîåíû èõ ôàçîâûå ïîðòðåòû.
Ðåçóëüòàòû èññëåäîâàíèÿ âñåõ òðåõ äèíàìè÷åñêèõ ñèñòåì õîðîøî ñîãëàñóþòñÿ. Ïðè äîâîëü-
íî åñòåñòâåííûõ ïðåäïîëîæåíèÿõ îòíîñèòåëüíî ïàðàìåòðîâ ñóùåñòâóåò óñòîé÷èâîå ñîñòîÿíèå
ðàâíîâåñèÿ, ñîîòâåòñòâóþùåå óñòîé÷èâîìó ôóíêöèîíèðîâàíèþ ïðåäïðèÿòèé ìàëîãî áèçíåñà.
Îòëè÷èå ñîñòîèò ëèøü â òîì, ÷òî â íåëèíåéíûõ ñèñòåìàõ ýòî óñòîé÷èâîå ñîñòîÿíèå ðàâíîâå-
ñèÿ ïîÿâëÿåòñÿ ïðè äîñòàòî÷íî áîëüøîì âíåøíåì ôèíàíñèðîâàíèè. Óêàçàíû áèôóðêàöèîííûå
ñîîòíîøåíèÿ ìåæäó ïàðàìåòðàìè íåëèíåéíûõ ñèñòåì, ïðè ïðîõîæäåíèè ÷åðåç êîòîðûå óêàçàí-
íîå ñîñòîÿíèå ðàâíîâåñèÿ òåðÿåò óñòîé÷èâîñòü, à óñòîé÷èâûì ñîñòîÿíèåì ñòàíîâèòñÿ äðóãîå,
ñîîòâåòñòâóþùåå îòñóòñòâèþ ïðåäïðèÿòèé ìàëîãî áèçíåñà.

Êëþ÷åâûå ñëîâà: ðåãèîí, ïðåäïðèÿòèÿ ìàëîãî áèçíåñà, äèíàìè÷åñêàÿ ñèñòåìà, ñîñòîÿíèå
ðàâíîâåñèÿ, ëèíåàðèçàöèÿ, ôàçîâûé ïîðòðåò.

Ââåäåíèå. Äèôôåðåíöèàöèÿ óðîâíÿ æèçíè ãîðîäñêîãî è ñåëüñêîãî íàñåëåíèÿ ïðîäîë-
æàåò îñòàâàòüñÿ çíà÷èòåëüíîé. Æèòåëè íåáîëüøèõ íàñåëåííûõ ïóíêòîâ ëèáî íåäîïîëó÷à-
þò ÷àñòü óñëóã, ëèáî èõ âûáîð ñóùåñòâåííî îãðàíè÷åí. Â ðàáîòå ïîêàçàíî, ÷òî ïîÿâëåíèå
â ñåëüñêîì ðåãèîíå ïðåäïðèÿòèé, ïðîäóêöèÿ (óñëóãè) êîòîðûõ âîñòðåáîâàíà çà ïðåäåëàìè
ðåãèîíà, ìîæåò ïðèâåñòè ê ïîÿâëåíèþ è óñòîé÷èâîìó ôóíêöèîíèðîâàíèþ ïðåäïðèÿòèé
ìàëîãî áèçíåñà, îêàçûâàþùèõ óñëóãè æèòåëÿì ðåãèîíà è, ñîîòâåòñòâåííî, ê óñïåøíîìó
ýêîíîìè÷åñêîìó ðàçâèòèþ äàííîãî ðåãèîíà.

1. Ïîñòðîåíèå è èññëåäîâàíèå ìàòåìàòè÷åñêèõ ìîäåëåé. Áóäåì ñ÷èòàòü, ÷òî
òðóäîñïîñîáíîå íàñåëåíèå ñåëüñêîãî ðåãèîíà ñîñòîèò èç äâóõ ÷àñòåé. Ïåðâàÿ ÷àñòü ðàáî-
òàåò â ñôåðå óñëóã äëÿ íàñåëåíèÿ ðåãèîíà (ìàëûé áèçíåñ), ìíîæåñòâî ïðåäïðèÿòèé òàêîãî
òèïà îáîçíà÷èì X. Âòîðàÿ ÷àñòü òðóäîñïîñîáíîãî íàñåëåíèÿ ðàáîòàåò íà ïðåäïðèÿòèÿõ,
ïðîèçâîäÿùèõ ïðîäóêöèþ è îêàçûâàþùèõ óñëóãè äëÿ íàñåëåíèÿ çà ïðåäåëàìè ðåãèîíà.

© Â.Ï. Ñàâåëüåâ, Í.È. Ñóòÿãèíà, 2021
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                          Рис. 1. Фазовый портрет линейной системы (1). 

 

 

 

  

  

  

   

   

  

Ðèñ. 1. Ôàçîâûé ïîðòðåò ëèíåéíîé ñèñòåìû (1)

Ñîâîêóïíîñòü ïðåäïðèÿòèé òàêîãî òèïà îáîçíà÷èì Y . Äëÿ ïîñòðîåíèÿ ìàòåìàòè÷åñêîé
ìîäåëè, îïèñûâàþùåé äèíàìèêó ôèíàíñîâûõ ïîòîêîâ, ââåäåì ïîíÿòèå ñîñòîÿíèÿ äèíàìè-
÷åñêîé ñèñòåìû. Îòìåòèì, ÷òî Þ. È. Íåéìàðê ïðè ïîñòðîåíèè ïðîñòûõ ìàòåìàòè÷åñêèõ
ìîäåëåé [1�3] ïðèäàâàë ïåðâîñòåïåííîå çíà÷åíèå âûáîðó ôàçîâûõ ïåðåìåííûõ è ñîîòâåò-
ñòâóþùåãî ôàçîâîãî ïðîñòðàíñòâà. Ïîä ñîñòîÿíèåì ñèñòåìû áóäåì ïîíèìàòü äâóìåðíóþ
ôóíêöèþ âðåìåíè (x(t), y(t)), ãäå x(t) � îáúåì ïðåäîñòàâëÿåìûõ óñëóã (â äåíåæíîì âûðà-
æåíèè) ïðåäïðèÿòèÿìè òèïà X, à y(t) � îáúåì ïðîèçâåäåííûõ òîâàðîâ è ïðåäîñòàâëåííûõ
óñëóã ïðåäïðèÿòèÿìè òèïà Y .

1.1. Ëèíåéíàÿ ìîäåëü. Ñîñòàâèì ñèñòåìó ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé,
ïîçâîëÿþùóþ àíàëèçèðîâàòü ñôåðó óñëóã æèòåëÿì ñåëüñêîãî ðåãèîíà.{

ẋ = −ax+ by,

ẏ = R + dx− cy,
(1)

â êîòîðîé âñå ïàðàìåòðû ïîëîæèòåëüíû. Ñëàãàåìûå â ïðàâûõ ÷àñòÿõ óðàâíåíèé îçíà÷àþò
(â åäèíèöó âðåìåíè): ax � îïëàòà òðóäà ðàáîòíèêîâ âíóòðåííåãî ñåðâèñà çà âû÷åòîì èõ
çàòðàò íà ñâîé ïðîäóêò, by � äîõîä ñèñòåìû ïðåäïðèÿòèé òèïà X îò ðàáîòíèêîâ ïðåäïðè-
ÿòèé òèïà Y , R � äîõîä ïðåäïðèÿòèé òèïà R îò ïðîäàæè òîâàðîâ è óñëóã íà âíåøíåì
ðûíêå, dx � äîõîä ïðåäïðèÿòèé òèïà Y îò ðàáîòíèêîâ ïðåäïðèÿòèé òèïà X, cy � îïëàòà
òðóäà ðàáîòíèêîâ ïðåäïðèÿòèé òèïà Y çà âû÷åòîì èõ çàòðàò íà ñâîé ïðîäóêò.

Ïðè åñòåñòâåííîì ïðåäïîëîæåíèè, ÷òî c > b, a > d, ñóììû äåíåã (a−d)x è (c−b)y òðà-
òÿòñÿ æèòåëÿìè ðåãèîíà íà ïîêóïêó òîâàðîâ è óñëóã âíå äàííîãî ðåãèîíà. Ôàçîâûì ïðî-
ñòðàíñòâîì äèíàìè÷åñêîé ñèñòåìû (1) ÿâëÿåòñÿ íåîòðèöàòåëüíûé êâàäðàíò K = {(x,y) ∈
R2 : x > 0, y > 0}. Íåòðóäíî âèäåòü, ÷òî ñîñòîÿíèå ðàâíîâåñèÿ

(
bR

ac−bd
, aR
ac−bd

)
ñèñòåìû (1)

ÿâëÿåòñÿ óñòîé÷èâûì óçëîì. Ñîîòâåòñòâóþùèé ôàçîâûé ïîðòðåò ñèñòåìû (1) ïðåäñòàâëåí
íà ðèñ. 1.



4 Òåîðåòè÷åñêàÿ è ñèñòåìíàÿ èíôîðìàòèêà

Çàìåòèì, ÷òî ïîâåäåíèå òðàåêòîðèé íà ïîëîæèòåëüíîé ïîëóîñè Ox îïðåäåëÿåòñÿ âåê-
òîðîì (ẋ,ẏ) = (−ax,R + dx). Ýòî çíà÷èò, ÷òî òðàåêòîðèè ñèñòåìû (1) ïåðåñåêàþò îñü Ox
ñíèçó ââåðõ, òàê êàê ẏ = R + dx > 0. Ïîâåäåíèå òðàåêòîðèé íà ïîëîæèòåëüíîé ïîëóîñè
Oy îïðåäåëÿåòñÿ âåêòîðîì (ẋ, ẏ) = (by, R + cy). Ýòî çíà÷èò, ÷òî òðàåêòîðèè ïåðåñåêàþò
îñü Oy ñëåâà íàïðàâî, òàê êàê ẋ = by > 0. Òàêèì îáðàçîì, äëÿ ëþáîãî íà÷àëüíîãî óñëîâèÿ
(x0, y0) ∈ K ôàçîâàÿ òðàåêòîðèÿ (x(t), y(t)) íå âûõîäèò èç ôàçîâîãî ïðîñòðàíñòâà K.

1.2. Íåëèíåéíàÿ ìîäåëü 1. Â ëèíåéíîé ìîäåëè (1) ïðåäïîëàãàëîñü, ÷òî äîõîä by ñè-
ñòåìû ïðåäïðèÿòèé òèïà X çàâèñèò ëèøü îò îáúåìà y ïðîèçâåäåííûõ òîâàðîâ è óñëóã
ïðåäïðèÿòèÿìè òèïà Y . Îäíàêî, òàêîå ïðåäïîëîæåíèå ñïðàâåäëèâî ëèøü ïðè ïîñòîÿííîì
îáúåìå xy óñëóã ìàëîãî áèçíåñà. Î÷åâèäíî, ÷òî äîõîä çàâèñèò è îò îáúåìà x, òî åñòü ðàâåí
bxy. Â ñîîòâåòñòâèè ñ ýòèì ñîñòàâèì ñèñòåìó íåëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé{

ẋ = −ax+ bxy,

ẏ = R + dx− cy − bxy,
(2)

â êîòîðîé ñëàãàåìîå cy îçíà÷àåò òåïåðü îïëàòó òðóäà ðàáîòíèêîâ ïðåäïðèÿòèé òèïà Y çà
âû÷åòîì èõ çàòðàò íå òîëüêî íà ñâîé ïðîäóêò, íî è çàòðàò íà âíóòðåííèé ñåðâèñ bxy. Ïðè
åñòåñòâåííîì ïðåäïîëîæåíèè, ÷òî a > d, cóììû äåíåã (a − d)x è cy òðàòÿòñÿ íà ïîêóïêó
òîâàðîâ è óñëóã âíå äàííîãî ðåãèîíà. Äèíàìè÷åñêàÿ ñèñòåìà (2) èìååò äâà ñîñòîÿíèÿ
ðàâíîâåñèÿ: 1)

(
0,R

c

)
, 2)

(
Rb−ac
b(a−d)

, a
b

)
. Ïðè óñëîâèè Rb − ac > 0 îáà ñîñòîÿíèÿ ðàâíîâåñèÿ

íàõîäÿòñÿ â ôàçîâîì ïðîñòðàíñòâå K.
Êàê èçâåñòíî [4], äëÿ èññëåäîâàíèÿ ñîñòîÿíèÿ ðàâíîâåñèÿ íåëèíåéíîé ñèñòåìû òðåáóåò-

ñÿ åå ëèíåàðèçîâàòü â îêðåñòíîñòè ñîñòîÿíèÿ ðàâíîâåñèÿ. Â îêðåñòíîñòè ïåðâîãî ñîñòîÿíèÿ
ðàâíîâåñèÿ

(
0,R

c

)
ëèíåàðèçîâàííàÿ ñèñòåìà (2) èìååò âèä:

ẋ =
(
R
b

c
− a
)
x+ 0

(
y − R

c

)
,

ẏ =
(
d−Rb

c

)
x− c

(
y − R

c

)
.

(3)

Ñîáñòâåííûå ÷èñëà ìàòðèöû ëåãêî íàõîäÿòñÿ:

λ1 = R
b

c
− a > 0, λ2 = −c < 0.

Òàê êàê ñîáñòâåííûå ÷èñëà ìàòðèöû äåéñòâèòåëüíûå è ðàçíûõ çíàêîâ, ñîñòîÿíèå ðàâ-
íîâåñèÿ

(
0,R

c

)
ÿâëÿåòñÿ ñåäëîì.

Â îêðåñòíîñòè âòîðîãî ñîñòîÿíèÿ ðàâíîâåñèÿ ëèíåàðèçîâàííàÿ ñèñòåìà (2) èìååò âèä:
ẋ = 0

(
x− Rb− ac

b(a− d)

)
+
Rb− ac
a− d

(
y − a

b

)
,

ẏ = (d− a)
(
x− Rb− ac

b(a− d)

)
− Rb− cd

a− d

(
y − a

b

)
.

(4)

Óðàâíåíèå äëÿ ñîáñòâåííûõ çíà÷åíèé ìàòðèöû èìååò âèä:
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   Рис. 2.   Фазовый портрет системы (2) и системы (6) с устойчивым фокусом. 

 

  

  

  

  

  

Ðèñ. 2. Ôàçîâûé ïîðòðåò ñèñòåìû (2) è ñèñòåìû (6) ñ óñòîé÷èâûì ôîêóñîì

λ2 +
Rb− cd
a− d

λ+Rb− ac = 0. (5)

Ïîñêîëüêó Rb − ac > 0, a > d, òî è Rb − cd > 0. Ýòî çíà÷èò, ÷òî ñîáñòâåííûå ÷èñëà
ëèáî îáà äåéñòâèòåëüíûå è îòðèöàòåëüíûå, ëèáî êîìïëåêñíî-ñîïðÿæåííûå ñ îòðèöàòåëü-
íîé äåéñòâèòåëüíîé ÷àñòüþ. Òàêèì îáðàçîì, ñîñòîÿíèå ðàâíîâåñèÿ

(
Rb−ac
b(a−d)

, a
b

)
ÿâëÿåòñÿ

èëè óñòîé÷èâûì óçëîì, èëè óñòîé÷èâûì ôîêóñîì. Ñîîòâåòñòâóþùèé óñòîé÷èâîìó ôîêóñó
ôàçîâûé ïîðòðåò ñèñòåìû (2) ïðåäñòàâëåí íà ðèñ. 2.

Ïîâåäåíèå òðàåêòîðèé íà ïîëîæèòåëüíîé ïîëóîñè Ox îïðåäåëÿåòñÿ âåêòîðîì (ẋ, ẏ) =
(−ax,R + dx). Ýòî çíà÷èò, ÷òî òðàåêòîðèè ïåðåñåêàþò îñü Ox ñíèçó ââåðõ, òàê êàê ẏ =
R+ dx > 0. Ïîâåäåíèå òðàåêòîðèé íà ïîëîæèòåëüíîé ïîëóîñè Oy îïðåäåëÿåòñÿ âåêòîðîì
(ẋ, ẏ) = (0, R−cy), à òàêæå ñîáñòâåííûì âåêòîðîì (0,1)T , òî åñòü îáå ω � ñåïàðàòðèñû ñåäëà(
0, R

c

)
ëåæàò íà ïîëîæèòåëüíîé ïîëóîñè Oy. Òîò ôàêò, ÷òî äëÿ ëþáîãî íà÷àëüíîãî óñëîâèÿ

(x0, y0) ∈ K ôàçîâàÿ òðàåêòîðèÿ (x(t), y(t)) íå âûõîäèò èç ôàçîâîãî ïðîñòðàíñòâà K,
ñëóæèò êîñâåííûì ïðèçíàêîì òîãî, ÷òî ìàòåìàòè÷åñêàÿ ìîäåëü (2) àäåêâàòíî îïèñûâàåò
äèíàìèêó ôèíàíñîâûõ ïîòîêîâ (x(t), y(t)).

Äàëåå, ïðåäïîëîæèì, ÷òî Rb − ac < 0. Ýòî çíà÷èò, ÷òî ëèáî ïîñòóïëåíèÿ R íåäîñòà-
òî÷íûå, ëèáî êîýôôèöèåíòû a è c, õàðàêòåðèçóþùèå îïëàòó òðóäà, âåëèêè, ëèáî ëþäè
ñëàáî ïîëüçóþòñÿ óñëóãàìè âíóòðåííåãî ñåðâèñà (êîýôôèöèåíò b íåâåëèê). Â ýòîì ñëó-
÷àå ñîñòîÿíèå ðàâíîâåñèÿ

(
0, R

c

)
ñòàíîâèòñÿ óñòîé÷èâûì óçëîì, à ñîñòîÿíèå ðàâíîâåñèÿ(

Rb−ac
b(a−d)

, a
b

)
� ñåäëîì, íî îíî ðàñïîëîæåíî âíå ôàçîâîãî ïðîñòðàíñòâà. Ñîîòâåòñòâóþùèé

ôàçîâûé ïîðòðåò ïðåäñòàâëåí íà ðèñ. 3.
Çàìåòèì, ÷òî èç ëþáîé íà÷àëüíîé òî÷êè ôàçîâîãî ïðîñòðàíñòâà x(0) = x0 > 0,

y(0) = y0 > 0 âñå òðàåêòîðèè âõîäÿò â óñòîé÷èâûé óçåë
(
0,R

c

)
. Ýòî çíà÷èò, ÷òî íå èìååòñÿ

äîñòàòî÷íûõ ðåñóðñîâ äëÿ ïîääåðæàíèÿ ðåãèîíàëüíîãî ñåðâèñà, îí èñ÷åçàåò.
1.3. Íåëèíåéíàÿ ìîäåëü 2. Â ìîäåëÿõ (1) è (2) ïðåäïîëàãàëîñü, ÷òî âíåøíèé äîõîä R

ïðåäïðèÿòèé òèïà Y ÿâëÿåòñÿ ïîñòîÿííîé âåëè÷èíîé. Îäíàêî, òàêîå ïîëîæåíèå äåë ñîîò-
âåòñòâóåò ñèòóàöèè, êîãäà â ðåãèîíå èìåþòñÿ ëèøü áþäæåòíûå îðãàíèçàöèè. Ïðè íàëè÷èè
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Рис. 3. Фазовый портрет системы (2) при условии        , 

и системы (6) при условии                    

 

  

  

  

  

 

 

 

Ðèñ. 3. Ôàçîâûé ïîðòðåò ñèñòåìû (2) ïðè óñëîâèè Rb− ac < 0, è ñèñòåìû (6) ïðè óñëîâèè

Rb2 + ab(p− c)− εa2 < 0

â ðåãèîíå êîììåð÷åñêèõ ïðåäïðèÿòèé åñòåñòâåííî ïðåäïîëîæèòü, ÷òî ñ ðîñòîì îáúåìà âû-
ïóñêàåìîé ïðîäóêöèè (óñëóã) äîõîä îò èõ ïðîäàæè íà âíåøíåì ðûíêå áóäåò óâåëè÷èâàòü-
ñÿ, òî åñòü èìååò âèä R+ py, p > 0. Åñëè æå ó÷åñòü, ÷òî ñ ðîñòîì îáúåìà òîâàðîâ è óñëóã
öåíû íåñêîëüêî ñíèæàþòñÿ, òî ïðåäëàãàåòñÿ äîõîä çàäàòü â âèäå R+py−εy2, p > 0, ε > 0.

Òîãäà äèíàìèêó èçìåíåíèÿ ôèíàíñîâ ìîæíî ïðåäñòàâèòü â âèäå íåñêîëüêî èçìåíåííîé
ñèñòåìû (2) {

ẋ = −ax+ bxy,

ẏ = R + (p− c)y − εy2 + dx− bxy,
(6)

â êîòîðîé, êðîìå íåðàâåíñòâà a− d > 0, áóäåì ïðåäïîëàãàòü, ÷òî p− c < 0.
Ñèñòåìà (6) èìååò â ôàçîâîì ïðîñòðàíñòâå K äâà ñîñòîÿíèÿ ðàâíîâåñèÿ:

1) (0, y1), ãäå y1 =
(p−c)+

√
(p−c)2+4εR

2ε
� ïîëîæèòåëüíûé êîðåíü óðàâíåíèÿ

εy2 + (c− p)y −R = 0, (7)

2)
(
x1,

a
b

)
, ãäå x1 =

Rb2+ab(p−c)−εa2

(a−d)b2
.

Çàìåòèì, ÷òî ñîñòîÿíèå ðàâíîâåñèÿ
(
x1,

a
b

)
ïðèíàäëåæèò ôàçîâîìó ïðîñòðàíñòâó ïðè

âûïîëíåíèè íåðàâåíñòâà
Rb2 + ab(p− c)− εa2 > 0. (8)

Â îêðåñòíîñòè ïåðâîãî ñîñòîÿíèÿ ðàâíîâåñèÿ (0, y1) ëèíåàðèçîâàííàÿ ñèñòåìà èìååò âèä:{
ẋ = (by1 − a)x+ 0(y − y1),
ẏ = (d− by1)x−

√
(−c)2 + 4εR(y − y1).

(9)

Ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû ëèíåéíîé ñèñòåìû (9) ëåãêî íàõîäÿòñÿ:
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λ1 = by1 − a, λ2 = −
√

(p− c)2 + 4εR. (10)

Çàìåòèì, ÷òî âûðàæåíèÿ by1 − a è Rb2 + ab(p− c)− εa2 èìåþò îäèíàêîâûé çíàê:

by1 − a =
b(p− c) + b

√
(p− c)2 + 4εR

2ε
− a =

b
√

(p− c)2 + 4εR− (b(c− p) + 2εa)

2ε
=

=
b2((p− c)2 + 4εRb(c− p) + 2εa)2

2ε[b
√

(p− c)2 + 4εR + b(c− p) + 2εa]
= 2

Rb2 + ab(p− c)− εa2

b
√

(p− c)2 + 4εR + b(c− p) + 2εa
.

Ïðè óñëîâèè (8) ñîáñòâåííûå çíà÷åíèÿ (10) áóäóò äåéñòâèòåëüíûìè è ðàçíûõ çíàêîâ, òî
åñòü, ñîñòîÿíèå ðàâíîâåñèÿ (0, y1) � ñåäëî.

Â îêðåñòíîñòè âòîðîãî ñîñòîÿíèÿ ðàâíîâåñèÿ
(
x1,

a
b

)
ëèíåàðèçîâàííàÿ ñèñòåìà èìååò

âèä: 
ẋ = 0(x− x1) + bx1

(
y − a

b

)
,

ẏ = (d− a)(x− x1)−
Rb2 + bd(p− c) + εa(a− 2d)

(a− d)b
(
y − a

b

)
.

(11)

Óðàâíåíèå äëÿ ñîáñòâåííûõ çíà÷åíèé ìàòðèöû ëèíåéíîé ñèñòåìû (11) èìååò âèä:

λ2 +
Rb2 + bd(p− c) + εa(a− 2d)

(a− d)b
λ+ (a− d)bx1 = 0. (12)

Ïðè âûïîëíåíèè óñëîâèé a− d > 0, p− c < 0, âûïîëíÿåòñÿ íåðàâåíñòâî

Rb2 + bd(p− c) + εa(a− 2d) > Rb2 + ab(p− c)− εa2 > 0, (13)

ïîýòîìó êîðíè óðàâíåíèÿ (12) ëèáî îáà äåéñòâèòåëüíûå è îòðèöàòåëüíûå, ëèáî
êîìïëåêñíî-ñîïðÿæåííûå ñ îòðèöàòåëüíîé äåéñòâèòåëüíîé ÷àñòüþ. Ýòî çíà÷èò, ÷òî ñî-
ñòîÿíèå ðàâíîâåñèÿ

(
x1,

a
b

)
ÿâëÿåòñÿ óñòîé÷èâûì óçëîì èëè ôîêóñîì. Ñîîòâåòñòâóþùèé

óñòîé÷èâîìó ôîêóñó ôàçîâûé ïîðòðåò ñèñòåìû (6) ïðåäñòàâëåí íà ðèñ. 2.
Ïðè óìåíüøåíèè ïàðàìåòðà R âûïîëíèòñÿ íåðàâåíñòâî Rb2 + ab(p − c) − εa2 < 0. Â

ýòîì ñëó÷àå âòîðîå ñîñòîÿíèå ðàâíîâåñèÿ ñèñòåìû (6) íå ïðèíàäëåæèò ôàçîâîìó ïðîñòðàí-

ñòâó, à ïåðâîå ñîñòîÿíèå ðàâíîâåñèÿ
(
0,

(p−c)+
√

(p−c)2+4εR

2ε

)
ñòàíîâèòñÿ óñòîé÷èâûì óçëîì

(ðèñ. 3). Ýòî çíà÷èò, ÷òî íå èìååòñÿ äîñòàòî÷íûõ ðåñóðñîâ äëÿ ïîääåðæàíèÿ ðåãèîíàëü-
íîãî ñåðâèñà, îí èñ÷åçàåò.

Âûâîäû.

1) Ðåçóëüòàòû èññëåäîâàíèÿ ëèíåéíîé ìîäåëè (1) è íåëèíåéíûõ ìîäåëåé (2) è (6) õî-
ðîøî ñîãëàñóþòñÿ.

2) Èç èññëåäîâàíèÿ ëèíåéíîé ìîäåëè ñëåäóåò: a) íàëè÷èå â ðåãèîíå ïðåäïðèÿòèé òè-
ïà Y ðàáîòàþùèõ íà

”
ýêñïîðò“, ÿâëÿåòñÿ äîñòàòî÷íûì óñëîâèåì äëÿ âîçíèêíîâåíèÿ è

óñòîé÷èâîãî ôóíêöèîíèðîâàíèÿ ìàëîãî áèçíåñà; b) äëÿ óâåëè÷åíèÿ îáúåìà óñëóã ìàëîãî
áèçíåñà x = bR

ad−bc
íàäî ñîêðàùàòü ðàçíèöó ìåæäó a è c, à òàêæå ìåæäó d è b, òî åñòü

óìåíüøàòü cóììû äåíåã (a − c)x, (d − b)y, êîòîðûå òðàòÿòñÿ íà ïîêóïêó òîâàðîâ è óñëóã
âíå ðåãèîíà.

3) Èç èññëåäîâàíèÿ íåëèíåéíûõ ìîäåëåé ñëåäóåò: a) íà÷èíàÿ ñ äîñòàòî÷íî áîëüøîãî
îáúåìà òîâàðîâ è óñëóã R, ïðîèçâîäèìûõ â åäèíèöó âðåìåíè ïðåäïðèÿòèÿìè òèïà Y ,
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ïîÿâëÿåòñÿ âîçìîæíîñòü äëÿ âîçíèêíîâåíèÿ è óñòîé÷èâîãî ôóíêöèîíèðîâàíèÿ ìàëîãî
áèçíåñà; b) äëÿ óâåëè÷åíèÿ îáúåìà óñëóã ìàëîãî áèçíåñà x = bR−ac

b(a−d)
íàäî ñîêðàùàòü

ðàçíèöó ìåæäó a è d, è óìåíüøàòü êîýôôèöèåíò c, òî åñòü óìåíüøàòü cóììû äåíåã
(a− d)x è cy, êîòîðûå òðàòÿòñÿ íà ïîêóïêó òîâàðîâ è óñëóã âíå ðåãèîíà.
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2018. �11(90) (ñîâìåñòíî ñ Øàìèíûì À.À.),
ìîíîãðàôèÿ

”
Çàäà÷è äèñêðåòíîé è íåïðåðûâ-

íîé îïòèìèçàöèè. ×èñëî Ôðîáåíèóñà“, èçä�âî
LAMBERT, 2020 ã.

Savel`ev Vladimir Petrovich was born
on the 5-th of July 1938 in Diveevo, Gorky
region. In 1962 after graduating Gorky state
University I was left at work at the faculty
of mechanics and mathematics, from which
the faculty of Computational Mathematics and
Cybernetics (CMC) was separated in 1963. The
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well-known scientist Professor Neimark Yu. I., the
initiator of the creation of the faculty of CMC, was
my scienti�c supervisor. In 1971-1972, I worked
in Cuba, at the Central University (Santa Clara
city). In 1974 I defended my thesis

”
Controllability

and optimality of one-dimensional motion“ for the
degree of candidate of physical and mathematical
sciences. In 1980 I received the academic title of
Associate Professor. In 1982-1986, I worked at
the University of Brazzaville (Republic of Congo).
From 1990 to 2006, I was elected as a Dean of
the CMC faculty at Lobachevsky state University
of Nizhny Novgorod. From the �rst years of
existence of the Nizhny Novgorod engineering
and economics Institute (2002) in Knyaginino
(later � the University) I worked in it part-
time, currently I am an Associate Professor of the
Chair of physical and mathematical sciences of the
Nizhny Novgorod state engineering and economics
University. I am an honorary worker of higher
professional education of the Russian Federation,
an honorary worker of Nizhny Novgorod state
University named after N. I. Lobachevsky, and
an honorary professor of Nizhny Novgorod
state engineering and economic University, have
more than 90 scienti�c articles and methodical
works. The main topics of scienti�c work are
controllability of nonlinear systems, optimal
control, continuous and discrete optimization.
The most important publications: monograph

”
Dynamic models of control theory“, Moscow,
Nauka, 1985 (together with Neimark Yu.I., Kogan
N. Ya.),

”
Qualitative methods of global research

of controllability areas on the plane“, journal

”
Di�erential equations“, 1995, Vol. 31, No. 4,
(together with Butenina N. N., Pavlyuchenok Z.
G.),

”
Optimal planning of rhythmic production“,

Vestnik NGIEI. 2018. No. 11 (90) (together with
A. A. Shamin), monograph

”
Problems of discrete

and continuous optimization. The Frobenius
number“, LAMBERT Publishing House, 2020.

Ñóòÿãèíà Íàòàëüÿ Èãî-

ðåâíà � e-mail: sutyagina_

2012@mail.ru; òåë.: +7 (915)
930-90-09. Ðîäèëàñü 27 îêòÿá-
ðÿ 1977 ãîäà â ð. ï. Êíÿãèíè-
íî Íèæåãîðîäñêîé îáëàñòè. Â
2000 ãîäó îêîí÷èëà ìåõàíèêî-

ìàòåìàòè÷åñêèé ôàêóëüòåò Íèæåãîðîäñêîãî ãî-
ñóäàðñòâåííîãî óíèâåðñèòåòà èì. Í. È. Ëîáà-
÷åâñêîãî. Ñ 2000 ãîäà ïî 2010 ãîä íàõîäèëàñü
íà ìóíèöèïàëüíîé è ãîñóäàðñòâåííîé ñëóæáå.
Ñ 2010 ãîäà ðàáîòàåò â Íèæåãîðîäñêîì ãîñóäàð-
ñòâåííîì èíæåíåðíî-ýêîíîìè÷åñêîì óíèâåðñè-
òåòå (ðàíåå � èíñòèòóòå). Â 2012 ãîäó çàùè-
òèëà äèññåðòàöèþ íà ñîèñêàíèå ó÷åíîé ñòåïå-
íè êàíäèäàòà ýêîíîìè÷åñêèõ íàóê, â 2017 ãî-
äó ïðèñâîåíî ó÷åíîå çâàíèå äîöåíòà ïî íà-
ó÷íîé ñïåöèàëüíîñòè

”
Ìàòåìàòè÷åñêèå è èí-

ñòðóìåíòàëüíûå ìåòîäû ýêîíîìèêè“. Ñ 2013
ãîäà ïî íàñòîÿùåå âðåìÿ ÿâëÿåòñÿ çàâåäóþ-
ùåé êàôåäðîé

”
Ôèçèêî-ìàòåìàòè÷åñêèå íàóêè“

Íèæåãîðîäñêîãî ãîñóäàðñòâåííîãî èíæåíåðíî-
ýêîíîìè÷åñêîãî óíèâåðñèòåòà. Îñíîâíûå îáëà-
ñòè íàó÷íûõ èíòåðåñîâ � ôîðìèðîâàíèå è ðàç-
âèòèå ðûíêîâ óñëóã, óñòîé÷èâîå ðàçâèòèå ñåëü-
ñêèõ òåððèòîðèé è ñîöèàëüíîé èíôðàñòðóêòó-
ðû, ðàçðàáîòêà ñèñòåì ïîääåðæêè ïðèíÿòèÿ
ðåøåíèé. Èìååò áîëåå 60 íàó÷íûõ è ó÷åáíî-
ìåòîäè÷åñêèõ ðàáîò, ñðåäè êîòîðûõ:

”
Ìåòîä äè-

íàìè÷åñêîãî ïðîãðàììèðîâàíèÿ ïðè ïðèíÿòèè
ìèêðîýêîíîìè÷åñêîãî ðåøåíèÿ“, Âåñòíèê ÍÃÈ-
ÝÈ. �11(42). 2014. Ñ. 72�77,

”
Ìàòåìàòè÷åñêàÿ

ìîäåëü äëÿ ðàñ÷åòà îñíîâíûõ ïîêàçàòåëåé ðûí-
êà óñëóã“ Ýêîíîìèêà è ïðåäïðèíèìàòåëüñòâî,
� 11, ÷. 3 (52�3). 2014. Ñ. 885�887.
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”
The method of dynamic programming in making
microeconomic decisions“, Vestnik NGIEI. N 11

(42). 2014. P. 72�77,
”
Mathematical model for

calculating the main indicators of the service
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