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The paper is devoted to reachable sets of linear time-varying systems under uncertain initial states
and disturbances with a bounded uncertainty measure. The uncertainty measure is the sum of a
quadratic form of the initial state and the integral over the �nite-time interval from a quadratic form
of the disturbance. One of the main problems of dynamic system control theory is researching the
opportunity of reaching this or that state under control. Reachable sets studying allows us to solve
it. Reachable sets play a large role in di�erent parts of control theory. The main are optimal control
problems, disturbance estimation, etc. It makes them applicable to practically all spheres of activity:
technical �eld (preservation of given trajectory by pilotless aircraft, taking into account the speed and
direction of the wind [1] and building manipulator path [2]), economics [3], medicine [4], chemistry [5],
etc. Reachable set for system is class of all trajectory ends emerging from closed set in state space
de�ning class of possible initial system states. These trajectories correspond to di�erent values of
disturbance. For the system under disturbance reachable set describes area in which the system comes
under disturbance and allows us to evaluate accuracy of system hitting a �nite state [6]. Reachable
sets allow us to realise whether it is possible to put the system into the given state provided we add
a control to the system. There are two problems in this article: reacable sets �nding problem and
reachable sets estimation problem.

We solve some special matrix di�erential Riñcati equations for �nding reachable sets. We
demonstrate it using the Mathieu equation as the example of uncertain initial states and disturbances
problem and linear oscillator with �oating sti�ness coe�cient equation as the example of parametric
uncertainty problem. Method of estimation of ellipsoidal reachable sets has been cosidered for such
systems also using matrix di�erential Riñcati equation. Applying this method allows to �nd minimal
ellipsoidal set that is de�ned by optimal observer. Besides, linear time-varying system with parametric
time-varying uncertainty is being examined. Evaluation of ellipsoidal reachable sets is also given in the
article. Applying the method is demonstrated with numerical modeling with the Mathieu-Hill dying-
away equation for parametric vibrations and resonance. Euler iterative method is applied to compute
required estimations.
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Ðàññìàòðèâàåòñÿ ëèíåéíàÿ íåñòàöèîíàðíàÿ ñèñòåìà ïðè íåòî÷íî èçâåñòíûõ íà÷àëüíîì ñîñòîÿ-
íèè è äåéñòâóþùåì âîçìóùåíèè, óäîâëåòâîðÿþùèõ åäèíîìó îãðàíè÷åíèþ. Îãðàíè÷åíèå ïðåä-
ñòàâëÿåò ñîáîé ñóììó êâàäðàòè÷íîé ôîðìû íà÷àëüíîãî ñîñòîÿíèÿ è èíòåãðàëà ïî âðåìåíè îò
êâàäðàòè÷íîé ôîðìû âîçìóùåíèÿ (êâàäðàòè÷íûå ôîðìû ìîãóò áûòü âûðîæäåííûìè). Äëÿ
òàêîé ñèñòåìû ïðèâåäåí ñïîñîá îöåíêè ýëëèïñîèäàëüíîãî ìíîæåñòâà äîñòèæèìîñòè ñ èñïîëü-
çîâàíèåì ìàòðè÷íîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ Ðèêêàòè. Åãî èñïîëüçîâàíèå ïîçâîëÿåò
íàéòè ìèíèìàëüíîå ìíîæåñòâî äîñòèæèìîñòè (òî åñòü îöåíêà îïòèìàëüíà), êîòîðîå îïðåäåëå-
íî ïðè ïîìîùè îïòèìàëüíîãî íàáëþäàòåëÿ. Ïîìèìî ýòîãî, ðàññìàòðèâàåòñÿ ëèíåéíàÿ íåñòà-
öèîíàðíàÿ ñèñòåìà, âêëþ÷àþùàÿ â ñåáÿ ïàðàìåòðè÷åñêóþ íåîïðåäåëåííîñòü, êîòîðàÿ òàêæå
ÿâëÿåòñÿ íåñòàöèîíàðíîé. Äëÿ íåå òàêæå ïðèâîäèòñÿ îöåíêà ýëëèïñîèäàëüíûõ ìíîæåñòâ äî-
ñòèæèìîñòè. Ïðèìåíåíèå îáîèõ ìåòîäîâ ïðîäåìîíñòðèðîâàíî íà ïðèìåðå óðàâíåíèÿ Ìàòüå-
Õèëëà ñ çàòóõàíèåì, êîòîðîå îïèñûâàåò ïàðàìåòðè÷åñêèå êîëåáàíèÿ è ðåçîíàíñ è óðàâíåíèÿ
ìàÿòíèêà. Äëÿ âû÷èñëåíèé ïðèìåíÿåòñÿ èòåðàöèîííàÿ ïðîöåäóðà ñ èñïîëüçîâàíèåì ìåòîäà
Ýéëåðà.

Êëþ÷åâûå ñëîâà: ìíîæåñòâà äîñòèæèìîñòè, ýëëèïñîèäàëüíûå ìíîæåñòâà, îïòèìàëüíûé
íàáëþäàòåëü, ïàðàìåòðè÷åñêàÿ íåîïðåäåëåííîñòü.

Ââåäåíèå. Èññëåäîâàíèå âîçìîæíîñòè äîñòèæåíèÿ ñèñòåìîé òîãî èëè èíîãî ñîñòîÿíèÿ
ïîä äåéñòâèåì óïðàâëåíèÿ ÿâëÿåòñÿ îäíîé èç îñíîâíûõ çàäà÷ â òåîðèè óïðàâëåíèÿ äèíà-
ìè÷åñêèìè ñèñòåìàìè. Èçó÷åíèå ìíîæåñòâ äîñòèæèìîñòè ñèñòåìû ïîçâîëÿåò åå ðåøàòü.
Ìíîæåñòâà äîñòèæèìîñòè èãðàþò âàæíóþ ðîëü â ðàçíûõ îáëàñòÿõ òåîðèè óïðàâëåíèÿ.
Îñíîâíûå èç íèõ: çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ (ïðè èçâåñòíîì ìíîæåñòâå äîñòèæå-
íèÿ çàäà÷à ñâîäèòñÿ ê ìèíèìèçàöèè ôóíêöèè n ïåðåìåííûõ íà íåì); îöåíêà âîçìîæíîñòåé
óïðàâëåíèÿ (âîçìîæíî ëè ïðèâåñòè ñèñòåìó â çàäàííîå ñîñòîÿíèå â ôèêñèðîâàííûé ìî-
ìåíò âðåìåíè); îöåíêà âîçìóùåíèé (ìíîæåñòâî äîñòèæèìîñòè õàðàêòåðèçóåò îáëàñòü, â
êîòîðóþ ìîæåò ïîïàñòü ñèñòåìà ïîä äåéñòâèåì âîçìóùåíèÿ); ãàðàíòèðîâàííîå îöåíèâà-
íèå (ôèëüòðàöèÿ) â äèíàìè÷åñêèõ ñèñòåìàõ (ïðè èçâåñòíîì ìíîæåñòâå äîñòèæèìîñòè è
çàäàííûõ îãðàíè÷åíèÿõ íà âîçìóùåíèÿ ïîëó÷àåì îöåíêó ðàçáðîñà òðàåêòîðèé ïîä åãî
âîçäåéñòâèåì). Ýòî äåëàåò èõ ïðèìåíèìûìè ïðàêòè÷åñêè âî âñåõ ñôåðàõ äåÿòåëüíîñòè: â
òåõíè÷åñêîé äåÿòåëüíîñòè (çàäà÷ó ñîõðàíåíèÿ áåñïèëîòíûì ëåòàòåëüíûì àïïàðàòîì çà-
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äàííîé òðàåêòîðèè ñ ó÷åòîì ñêîðîñòè è íàïðàâëåíèÿ âåòðà [1] è çàäà÷ó ïîñòðîåíèÿ òðà-
åêòîðèè ìàíèïóëÿòîðà [2]), ýêîíîìèêå([3]), ìåäèöèíå ([4]), õèìèè ([5]) è ò. ä. Â äàííîé
ðàáîòå áóäåò ðàññìîòðåíî ïðèìåíåíèå ìíîæåñòâ äîñòèæèìîñòè äëÿ çàäà÷è ñ íåèçâåñòíûì
íà÷àëüíûì óñëîâèåì è çàäà÷è ñ ïàðàìåòðè÷åñêîé íåîïðåäåëåííîñòüþ.

1. Ìíîæåñòâà äîñòèæèìîñòè. Ðàññìîòðèì ñèñòåìó:

ẋ = A(t)x(t) +B(t)v(t), x(t0) = x0 ∈M, t ∈ [t0, T ], (1)

ãäå x ∈ Rnx � ñîñòîÿíèå ñèñòåìû; v ∈ Rnv � âîçìóùåíèå, äåéñòâóþùåå íà ñèñòåìó:
v = v(σ), σ ∈ [t0, t]; M � çàìêíóòîå ìíîæåñòâî â ïðîñòðàíñòâå ñîñòîÿíèé, îïðåäåëÿþùåå
ñîâîêóïíîñòü âîçìîæíûõ íà÷àëüíûõ ñîñòîÿíèé ñèñòåìû:

M(t, R) = {(x, v(σ)) : xT (t0)R
−1x(t0) +

∫ t

t0

vT (σ)G−1v(σ) 6 1}.

Èç êàæäîé òî÷êè ìíîæåñòâà M âûõîäèò ìíîæåñòâî òðàåêòîðèé ñèñòåìû, êîòîðûå îò-
âå÷àþò ðàçíûì çíà÷åíèÿì âîçìóùåíèÿ. Ìíîæåñòâî äîñòèæèìîñòè äëÿ ñèñòåìû ïðè t > t0
� ñîâîêóïíîñòü êîíöîâ âñåõ òðàåêòîðèé x(t), âûõîäÿùèõ èç M â ìîìåíò âðåìåíè t > t0.

Äëÿ ñèñòåìû, ïîäâåðæåííîé âîçìóùåíèÿì, ìíîæåñòâî äîñòèæèìîñòè õàðàêòåðèçóåò
îáëàñòü, â êîòîðóþ ïîä âîçäåéñòâèåì âîçìóùåíèÿ ïðèõîäèò ñèñòåìà, è ïîçâîëÿåò îöåíèòü
òî÷íîñòü ïîïàäàíèÿ ñèñòåìû â çàäàííîå êîíå÷íîå ñîñòîÿíèå [6]. Òàêæå, ïðè äîáàâëåíèè
â ñèñòåìó óïðàâëåíèÿ, îíî äàåò âîçìîæíîñòü ïîíÿòü, âîçìîæíî ëè ïðèâåñòè ñèñòåìó èç
îäíîãî ñîñòîÿíèÿ â çàäàííîå.

2. Íàõîæäåíèå ìíîæåñòâ äîñòèæèìîñòè.
2.1. Çàäà÷à ñ íåòî÷íî èçâåñòíûì íà÷àëüíûì ñîñòîÿíèåì è âîçìóùåíèåì. Ðàññìîòðèì

ñèñòåìó (1). Ïîëîæèì, ÷òî x(t0) è v = v(σ) ïðèíàäëåæàò ìíîæåñòâó:

S(t, t0, R,G) = {(x, v(σ)) : x = R1/2ω1, v(σ) = G1/2(σ)ω2(σ),

|ω1|2 +
∫ t
τ
||ω2(σ)|2|dσ 6 1} (2)

äëÿ çàäàííûõ R = RT > 0 è G(σ) = GT (σ) > 0.
Òåîðåìà 1.Ìíîæåñòâî äîñòèæèìîñòè ñèñòåìû (1) â ìîìåíò âðåìåíè t > t0 ïðè ëþáûõ

íà÷àëüíûõ ñîñòîÿíèÿõ è âîçìóùåíèÿõ èç ìíîæåñòâà (2) ñ R > 0 è G(σ) > 0, σ ∈ [t0, t], t ∈
[t0, T ] èìååò âèä ýëëèïñîèäà E(Y (t)), ìàòðèöà êîòîðîãî óäîâëåòâîðÿåò óðàâíåíèþ:

Ẏ = A(t)Y + Y AT (t) +B(t)G(t)BT (t). (3)

2.1.1. Ïðèìåð. Ïðîäåìîíñòðèðóåì ïðèìåíåíèå ìåòîäà íà ïðèìåðå óðàâíåíèÿ Ìàòüå:

ẍ+ ω2
0(1 + ε sin (ωt))x = v, x(0) = 0, ẋ(0) = 0. (4)

Ìàòðèöû ñèñòåìû:

A =

(
0 1

−ω2
0(1 + ε sin (ωt)) 0

)
, B =

(
0
1

)
. (5)

Ìàòðèöû íà÷àëüíûõ ñîñòîÿíèé è îãðàíè÷åíèé:
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Ðèñ. 1. Ìíîæåñòâî äîñòèæèìîñòè â çàäà÷å ñ íåîïðåäåëåííûìè íà÷àëüíûì ñîñòîÿíèåì è âîçìóùåíèåì

R =

(
0 1
1 0

)
, B =

(
0
1

)
. (6)

Ðåøèì óðàâíåíèå (3), ÷òîáû íàéòè ìíîæåñòâà äîñòèæèìîñòè. Âûáåðåì çíà÷åíèÿ ïà-
ðàìåòðîâ: ω0 = π, ω = 2π, ε = 0.1.

Ðåøèì çàäà÷ó íà îòðåçêå âðåìåíè [0, 1], äëÿ ðåøåíèÿ ïðèìåíèì ðàçíîñòíóþ ñõåìó,
îñíîâàííóþ íà ìåòîäå Ýéëåðà. Ìåòîä îòûñêàíèÿ ìíîæåñòâ äîñòèæèìîñòè â ÷àñòíûõ ñëó-
÷àÿõ îïèñàí â [7].

Âñå ìíîæåñòâà äîñòèæèìîñòè â ìîìåíò âðåìåíè t > t0 ñîäåðæàòñÿ âíóòðè ìíîæåñòâà
äîñòèæèìîñòè ïðè t = t0 (ðèñ. 1).

2.2. Çàäà÷à ñ ïàðàìåòðè÷åñêîé íåîïðåäåëåííîñòüþ. Ðàññìîòðèì ïîñòàíîâêó çàäà÷è èç
[8]. Ðàññìàòðèâàåìàÿ ñèñòåìà èìååò âèä:

ẋ = Â(t)x(t), Â = A+ FΩ(t)E, x(t0) = x0, t ∈ [t0, T ], (7)

ãäå A � ìàòðèöà èñõîäíîé ñèñòåìû; F , E � çàäàííûå ïîñòîÿííûå ìàòðèöû; Ω(t) � íåèç-
âåñòíàÿ ìàòðè÷íàÿ ôóíêöèÿ: ΩT (t)Ω(t) 6 I.

Äîáàâèì â ñèñòåìó âîçìóùåíèå è ââåäåì îáîçíà÷åíèå: ω(t) = Ω(t)E(t)x(t).

ẋ = A(t)x(t) +B(t)v(t) + F (t)ω(t), x(t0) = x0, t ∈ [t0, T ]
ωT (t)ω(t) 6 zT z, z = E(t)x(t);

xT0R
−1x0 +

∫ T
t0
vT (t)v(t)dt 6 1.

(8)

Òåîðåìà 2. Ìíîæåñòâî äîñòèæèìîñòè ñèñòåìû (8) çàêëþ÷åíî â ìíîæåñòâå äîñòèæè-
ìîñòè, èìåþùåì âèä ýëëèïñîèäà E(Y (t)), ìàòðèöà êîòîðîãî óäîâëåòâîðÿåò íåðàâåíñòâó
Ẏ > Y AT + Y A+BBT + µ−2FF T + µ2Y ETEY ñ íà÷àëüíûì óñëîâèåì Y (t0) = R.

Äîêàçàòåëüñòâî:

Ðàññìîòðèì äëÿ ñèñòåìû (8) êâàäðàòè÷íóþ ôîðìó V = xTY −1x, ìàòðèöà Y êîòîðîé
ÿâëÿåòñÿ ïîëîæèòåëüíî îïðåäåëåííîé ñèììåòðè÷åñêîé è óäîâëåòâîðÿåò äèôôåðåíöèàëü-
íîìó ìàòðè÷íîìó íåðàâåíñòâó
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Ẏ > Y AT + Y A+BBT + µ−2FF T + µ2Y ETEY, Y (t0) = R. (9)

Íàéäåì ïðîèçâîäíóþ â ñèëó ñèñòåìû îò êâàäðàòè÷íîé ôîðìû:

V̇ = xT [−Y −1Ẏ Y −1 + ATY −1 + Y −1A]x+ vTBTY −1x+ xTY −1Bv + ωTF TY −1x+ xTY −1Fω.

Èñïîëüçóÿ (9), ïîëó÷èì:

V̇ 6 vTv + µ2(|ω|2 − |z|2v − v∗)T (v − v∗µω − µ−1ω∗)
T (µω − µ−1ω∗),

v∗ = BTY −1x, ω∗ = F TY −1x

Ïðîèíòåãðèðîâàâ íà îòðåçêå [t0, T ] è èñïîëüçóÿ îãðàíè÷åíèÿ èç (8), ïîëó÷èì:

xT (t)Y −1(t)x(t) 6 1. (10)

Òàêèì îáðàçîì, â ëþáîé ìîìåíò âðåìåíè t ∈ [t0, T ] ìíîæåñòâî äîñòèæèìîñòè ñèñòåìû
ñ ïàðàìåòðè÷åñêîé íåîïðåäåëåííîñòüþ âèäà (8) ëåæèò âíóòðè ýëëèïñîèäà (10).

2.2.1. Íàõîæäåíèå ôóíêöèè η(t). Çàïèøåì (9) â âèäå:

Ẏ > Y AT + Y A+BBT + η(t)FF T + η−1(t)Y ETEY, Y (t0) = R, η(t) = µ−2(t).

Îáîçíà÷èì Ẏ = Γ, òîãäà

trace(Γ) = trace(Y AT + AY +BBT ) + ηtrace(FF T ) + η−1trace(Y ETEY )

Âûïîëíèì ìèíèìèçàöèþ ïðàâîé ÷àñòè ïî ïàðàìåòðó η, ðåøåíèåì áóäåò

η∗ =

√
trace(Y ETEY )

trace(FF T )
.

Ýòî ïîçâîëèò íàéòè
”
íàèìåíüøèé“ ýëëèïñîèä, îïðåäåëÿåìûé ìàòðèöåé Y (t).

2.2.2. Ïðèìåð. Ðàññìîòðèì ëèíåéíûé îñöèëëÿòîð ñ ïåðåìåííûì êîýôôèöèåíòîì
æåñòêîñòè:

ẋ1 = x2
ẋ2 = −ω2

0(1 + εΩ(t))x1

Ìàòðèöû ñèñòåìû:

A =

(
0 1
−ω2

0 0

)
, B =

(
0
1

)

F =

(
0
ω2
0

)
, E =

(
−ε 0

)
Ìàòðèöà íà÷àëüíûõ óñëîâèé:
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Ðèñ. 2. Ìíîæåñòâà äîñòèæèìîñòè äëÿ ñèñòåìû ñ ïàðàìåòðè÷åñêîé íåîïðåäåëåííîñòüþ

R =

(
1 0
0 1

)
Òàêæå âûáåðåì çíà÷åíèÿ ïàðàìåòðîâ: ω0 = π, ε = 0.1.
Ðåøåíèå ïðèâîäèòñÿ äëÿ íóëåâûõ íà÷àëüíûõ óñëîâèé íà îòðåçêå âðåìåíè [0,1]. Äëÿ ðå-

øåíèÿ ïðèìåíÿåòñÿ ðàçíîñòíàÿ ñõåìà, îñíîâàííàÿ íà ìåòîäå Ýéëåðà. Ýëëèïñîèä, êîòîðûé
äîëæåí âêëþ÷àòü â ñåáÿ âñå âîçìîæíûå ìíîæåñòâà äîñòèæèìîñòè ñèñòåìû, óäîâëåòâîðÿ-
þùåé îãðàíè÷åíèÿì, ïðèâåäåííûì â (8), íàéäåí ïîñëå ðåøåíèÿ ìàòðè÷íîãî äèôôåðåí-
öèàëüíîãî íåðàâåíñòâà (9). Ñïîñîá îòûñêàíèÿ ýëëèïñîèäîâ äëÿ ÷àñòíûõ ñëó÷àåâ íåîïðå-
äåëåííîñòè îïèñàí â [7]. Ðàññìàòðèâàåìûé ÷àñòíûé ñëó÷àé � Ω(t) = sin (t+ ϕ), ϕ =
[π/6; π/4;π/2;π; 2π].

Êðàñíîé ïóíêòèðíîé ëèíèåé íà ðèñ. 2 îáîçíà÷åí ýëëèïñ, êîòîðûé ïîëó÷åí èç ðåøå-
íèÿ (9), çåëåíûìè ñïëîøíûìè � ÷àñòíûå ñëó÷àè ïðè ðàçíûõ çíà÷åíèÿõ ϕ. Âñå ìíîæåñòâà
äîñòèæèìîñòè â ÷àñòíûõ ñëó÷àÿõ ñîäåðæàòñÿ âíóòðè ìíîæåñòâà äîñòèæèìîñòè, îïèñûâà-
þùåãî âñå âîçìîæíûå ñîñòîÿíèÿ ñèñòåìû âèäà (7).

3. Îöåíèâàíèå ìíîæåñòâ äîñòèæèìîñòè. Ðàññìîòðèì ñïîñîá ïîñòðîåíèÿ îïòè-
ìàëüíîé îöåíêè ìíîæåñòâà äîñòèæèìîñòè, ïðèâåäåííûé â ñòàòüå [7].

Ðàññìîòðèì ëèíåéíóþ íåñòàöèîíàðíóþ ñèñòåìó

ẋ = A(t)x+B(t)v,
y = C(t)x+D(t)v

(11)

ñ íåèçâåñòíûì íà÷àëüíûì óñëîâèåì x(t0).
Ïóñòü íà÷àëüíîå ñîñòîÿíèå ñèñòåìû è âîçìóùåíèÿ ïðåäñòàâèìî â âèäå

x(t0)− x∗ = R1/2w1, v(t) = G1/2(t)w2(t),

|w1|2 +

∫ t

t0

|w2(σ)|2dσ 6 1, t ∈ [t0, T ]
(12)
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Ðàññìîòðèì çàäà÷ó îöåíèâàíèÿ ñîñòîÿíèÿ x(t) ñèñòåìû (11) ïî èçìåðåíèÿì âûõîäà
y(σ), σ ∈ [t0, t] äëÿ çàäàííîé ìàòðèöû R = RT > 0 è ìàòðè÷íîé ôóíêöèè GT (σ) = G(σ) >
0.

Òîãäà ïîëó÷àåì óñëîâèå:

|x(t0)− x∗|2R + ||v||2G[t0;t]
6 1.

Ïîñòðîèì íàáëþäàòåëü ïîëíîãî ïîðÿäêà [9]

˙̂x = A(t)x̂+ L(t)[y − C(t)x̂], x̂(t0) = x∗, (13)

ãäå x̂(t) � îöåíêà ñîñòîÿíèÿ x(t), à L(t) � ìàòðèöà ïàðàìåòðîâ íàáëþäàòåëÿ, ïîäëåæà-
ùàÿ îïðåäåëåíèþ. Îáîçíà÷èì îøèáêó îöåíêè ε(t) = x(t) − x̂(t), êîòîðàÿ óäîâëåòâîðÿåò
óðàâíåíèþ

ε̇ = Ac(t)ε+Bc(t)v, ε(t0) = x(t0)− x∗,
ãäå Ac(t) = A(t)− L(t)C(t), Bc(t) = B(t)− L(t)D(t).

Äëÿ íàõîæäåíèÿ îïòèìàëüíîé ýëëèïñîèäàëüíîé îöåíêè ñîñòîÿíèÿ ñèñòåìû (11) âîñ-
ïîëüçóåìñÿ ñëåäóþùåé òåîðåìîé.

Òåîðåìà 3. [7] Åñëè det[D(σ)G(σ)DT (σ)] 6= 0, σ ∈ [t0, t], òî îïòèìàëüíûé íàáëþäà-
òåëü (13), îáåñïå÷èâàþùèé íàèëó÷øóþ ýëëèïñîèäàëüíóþ îöåíêó E(Y∗(t), x̂(t)) ñîñòîÿíèÿ
ñèñòåìû (11) â ìîìåíò âðåìåíè t > t0 ïðè ëþáûõ íà÷àëüíûõ ñîñòîÿíèÿõ è âîçìóùåíèÿõ,
óäîâëåòâîðÿþùèõ îãðàíè÷åíèþ (12) ñ R > 0 è G(σ) > 0, σ ∈ [t0, t], îïðåäåëÿåòñÿ ìàòðèöåé

L∗(t) = [D(t)G(t)BT (t) + C(t)Y∗(t)]
T [D(t)G(t)DT (t)]−1, (14)

ãäå ìàòðèöà Y∗(t) > 0 ÿâëÿåòñÿ ðåøåíèåì ìàòðè÷íîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ
Ðèêêàòè

Ẏ = A(t)Y + Y AT (t) +B(t)G(t)BT (t)−

−[D(t)G(t)BT (t) + C(t)Y ]T [D(t)G(t)DT (t)]−1[D(t)G(t)BT (t) + C(t)Y ]
(15)

ñ íà÷àëüíûì óñëîâèåì Y (t0) = R. Êðîìå òîãî, ïðè R > 0 âûïîëíÿåòñÿ Y∗(t) > 0, t ∈ [t0, T ].
Òàêèì îáðàçîì, äëÿ ñèñòåìû (13) ìíîæåñòâî äîñòèæèìîñòè èìååò âèä ýëëèïñîèäà

E(Y (t)), ìàòðèöà êîòîðîãî óäîâëåòâîðÿåò óðàâíåíèþ

Ẏ = Ac(t)Y + Y ATc (t) +Bc(t)G(t)BT
c (t) (16)

ñ íà÷àëüíûì óñëîâèåì Y (t0) = R. Òî åñòü äëÿ ñèñòåìû (11) ñîñòîÿíèå x(t) íàõîäèòñÿ
âíóòðè ýëëèïñîèäà E(Y (t)) ñ öåíòðîì â òî÷êå x̂(t), îïðåäåëÿåìîé óðàâíåíèåì íàáëþäàòåëÿ
(13).

Ïîëó÷åííîå ìíîæåñòâî ïîçâîëÿåò íàéòè ñîñòîÿíèå x(t) â ìîìåíò âðåìåíè t.
3.1. Ïðèìåð íàõîæäåíèÿ ìíîæåñòâà äîñòèæèìîñòè äëÿ çàäà÷è ñ íåèçâåñòíûì íà-

÷àëüíûì óñëîâèåì. Ðàññìîòðèì ïðèìåíåíèå îïèñàííîãî ñïîñîáà íà ïðèìåðå óðàâíåíèÿ
Ìàòüå-Õèëëà ñ çàòóõàíèåì [10, 11]:

ẍ+ εẋ+ ω2
0(t)(1 + F (t))x = u+ v, F (t) =

2µ

a+ b cosωt
,

ãäå a > 0, b > 0, a > b. Äîáàâèì â ñèñòåìó âûõîä y = x1 + x2 + v è ðåøèì ïîëó÷åííóþ
çàäà÷ó íà îòðåçêå âðåìåíè [0, 4].

Ñèñòåìà ïðèìåò âèä:
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Ðèñ. 3. Òðàåêòîðèè ñèñòåìû è ýâîëþöèÿ ìíîæåñòâ äîñòèæèìîñòè

A =

(
0 1

−ω2
0(1 + F (t)) ε

)
, B =

(
0
1

)
C =

(
1 1

)
, D = 1.

Ìàòðèöû äëÿ îãðàíè÷åíèé (12) âîçüìåì â âèäå

G = 1, R =

(
0.2 0.1
0.1 0.3

)
.

Òàêæå âûáåðåì çíà÷åíèÿ ïàðàìåòðîâ: ω0 = π, ω = 2π, ε = 0.1, a = 1, b = 0.5, µ = 0.1.
Äëÿ íàõîæäåíèÿ ìíîæåñòâ äîñòèæèìîñòè ñèñòåìû ïîä äåéñòâèåì âîçìóùåíèÿ ðåøèì

óðàâíåíèå (15), èñïîëüçóÿ åãî ðåøåíèå, íàéäåì L∗(t) ïðè ïîìîùè (14), äàëåå íàéäåì ìàò-
ðèöû çàìêíóòîé ñèñòåìû Ac è Bc è ñ èõ ïîìîùüþ íàéäåì ìíîæåñòâà äîñòèæèìîñòè, ðåøèâ
(16).

Òàêæå, äëÿ íàãëÿäíîñòè ðàáîòû ìåòîäà, ïîñòðîèì òðàåêòîðèè ñèñòåìû è íàáëþäàòåëÿ.
Äëÿ ýòîãî äîáàâèì â ñèñòåìó (11) íåñòàöèîíàðíîå âîçìóùåíèå v = 0.5 sinπt è ñäâè-

íåì åå íà÷àëüíîå óñëîâèå â òî÷êó x0 =

(
0.01
0.01

)
. Òîãäà èç (12) íà÷àëüíûì óñëîâèåì äëÿ

îïòèìàëüíîãî íàáëþäàòåëÿ (13) áóäåò x0 −R1/2

(
0

0.2

)
.

Ïîñòðîèì òðàåêòîðèþ ñèñòåìû è ïîëîæåíèå íàáëþäàòåëÿ. Äëÿ ýòîãî îòäåëüíî ïîñòðî-
èì (x1, x2) è (x3, x4). Ãîëóáîé ñïëîøíîé ëèíèåé íà ðèñ. 3 îáîçíà÷åíà òðàåêòîðèÿ ñèñòå-
ìû, ñèðåíåâîé ïóíêòèðíîé � òðàåêòîðèÿ íàáëþäàòåëÿ. Òàêæå íà íåì ïîêàçàíà ýâîëþöèÿ
ìíîæåñòâ äîñòèæèìîñòè â ìîìåíòû âðåìåíè t = 0 (ñèíèé ïóíêòèðíûé ñ òî÷êîé), t = 2
(êðàñíûé ïóíêòèðíûé), t = 4 (æåëòûé ñïëîøíîé) è èõ öåíòðû.

Ñ òå÷åíèåì âðåìåíè ðàçìåð ìíîæåñòâ äîñòèæèìîñòè óìåíüøàåòñÿ, ïðè ýòîì îíè ñî-
äåðæàò òðàåêòîðèþ ñèñòåìû è ïîëîæåíèå íàáëþäàòåëÿ, êîòîðîå ÿâëÿåòñÿ åãî öåíòðîì.

Çàêëþ÷åíèå. Áûëè ðàññìîòðåíû 2 çàäà÷è: çàäà÷à íàõîæäåíèÿ ìíîæåñòâ äîñòèæè-
ìîñòè è çàäà÷à îöåíèâàíèÿ ìíîæåñòâà äîñòèæèìîñòè. Ìíîæåñòâà äîñòèæèìîñòè áûëè
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íàéäåíû äëÿ çàäà÷è ñ íåòî÷íî çàäàííûìè íà÷àëüíûì óñëîâèåì è âîçìóùåíèåì è äëÿ
çàäà÷è ñ ïàðàìåòðè÷åñêîé íåîïðåäåëåííîñòüþ, ïðèìåíåíèå îáîèõ ìåòîäîâ ïðîäåìîíñòðè-
ðîâàíî íà ïðèìåðàõ. Òàêæå áûëà ïîëó÷åíà îöåíêà ìíîæåñòâ äîñòèæèìîñòè äëÿ çàäà÷ ñ
íåòî÷íî èçâåñòíûìè íà÷àëüíûì ñîñòîÿíèåì è âîçìóùåíèåì, ðàáîòà ìåòîäà ïîêàçàíà íà
ïðèìåðå.
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