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Network science is an essential tool for describing and analyzing complex systems in the social,
biological, physical, information and engineering sciences. Initially, almost all studies on networks used
an abstraction, in which systems are represented by an ordinary graph: the

”
vertices“ (or

”
nodes“) of

the graph represent some entity or agent, and the connection between a pair of nodes is represented
by an

”
edge“ (or

”
link�). Loops and multi-edges are usually ignored. Although this approach is rather

naive, it has been extremely successful.
With the development of research on complex systems, it became necessary to move towards more

complex and realistic models than a simple graph. For example, di�erent heterogeneous properties
of edges: they can be directional, have di�erent strengths (i. e.,

”
weights“), and exist only between

nodes that belong to di�erent sets (for example, bipartite networks), or be active only at a certain
time. Much later, more and more e�orts were made to investigate networks with multiple types of
connections and the so-called

”
networks of networks“. Such systems were explored decades ago in

disciplines such as sociology and design, but relatively recently serious research has been carried out
on multi-level complex networks and generalizations of terminology and tools in this area. One such
generalization is the multilayer network model.

In telecommunication networks, problems naturally arise that are solved at several levels of the
network. For example, the task of routing in a circuit-switched data network with several logical layers
(di�erent technologies) and di�erent interfaces, which can lead to invalid paths. This paper shows a
negative example of a graph with edge properties. The tasks of designing a multi-level WLAN structure,
a two-level SDH / WDM network were solved, a scheme was developed to protect (restore) a two-level
optical network. To assess the distribution of tra�c, a two-level model (LCN) was introduced, consisting
of physical and logical layers. All of these models are not universal (i. e., they either depend on a speci�c
technology, or are applicable to speci�c types of networks, or only take into account connections between
neighboring layers). However, for modeling multi-level embedded networks of various natures, for more
than 30 years several universities in Russia, Kyrgyzstan and Kazakhstan have been using the model
of a hyper net and its development. Hyper nets make it possible to adequately describe multi-level
networks with an arbitrary number of levels.

The hyper net (or S-hyper net) model consists of a physical layer and a logical layer(s) and is
thus an abstraction of computer networks. Probably the largest number of applications of the theory
of hyper nets and S-hyper nets are in telecommunications and transport. Nevertheless, the theory of
S-hyper nets is applicable to the analysis and synthesis of other systems of network structure. The
multilayer network model can be used to represent most types of complex systems (for example, in
sociology, epidemiology, biomedicine, etc.) that consist of several networks or include disparate and /
or multiple interactions between objects.
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Modeling real networks with a more complex model than a graph has long been a necessity. However,
questions about the uni�cation of models, and most importantly, terminology began to arise only in
the last decade. This article presents two of the most common layered networking models to date.
It is shown that the choice of this or that model (even when solving the same problem) is based on
the features of the network. For example, the application of the hyper-network model will most likely
be appropriate when modeling a multi-layer telecommunication or transport network. A list of the
studied literature was also given, as well as the author's works in the table, which showed the model's
belonging to one or another class of multi-level networks.

Each of the above models describes only a subset of the set of multi-layer networks. It is possible
to develop both existing models and introduce new ones for networks that are not yet integrated into
the general theory. Therefore, research in this area will remain relevant and have many applications.

Key words: multilevel networks, multilayer networks, modeling, hyper nets.
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Îãðàíè÷åííîñòü ìîäåëè ãðàôà ïðè ìîäåëèðîâàíèè ðåàëüíûõ ñåòåé äàâíî óæå ñòàëà î÷åâèäíà.
Êàê ñëåäñòâèå, ñòàëî ïîÿâëÿòüñÿ îãðîìíîå êîëè÷åñòâî òðóäîâ, ó÷èòûâàþùèõ ìíîãîóðîâíåâûé
õàðàêòåð ðåàëüíûõ ñåòåé, îäíàêî âîïðîñû óíèôèêàöèè ìîäåëåé è òåðìèíîâ ñòàëè ïîäíèìàòüñÿ
ëèøü â ïðîøëîì äåñÿòèëåòèè. Â äàííîé ñòàòüå ïðåäñòàâëåí èñòîðè÷åñêèé îáçîð ðàçâèòèÿ ìî-
äåëåé ìíîãîóðîâíåâûõ ñåòåé. Îïèñàíû íåñêîëüêî íàèáîëåå ðàçâèòûõ ìîäåëåé íà ñåãîäíÿøíèé
ìîìåíò, à òàêæå ëîãèêà èõ ïîñòðîåíèÿ. Ïðèâåäåíà òàáëèöà, ïîêàçûâàþùàÿ ïðèìåðû ïðèìå-
íåíèÿ ðàññìîòðåííûõ ìîäåëåé.

Êëþ÷åâûå ñëîâà: ìíîãîóðîâíåâûå ñåòè, ìíîãîñëîéíûå ñåòè, ìîäåëèðîâàíèå, ãèïåðñåòè.

Ââåäåíèå. Íàóêà î ñåòÿõ (Network science) ÿâëÿåòñÿ âàæíûì èíñòðóìåíòîì äëÿ îïèñà-
íèÿ è àíàëèçà ñëîæíûõ ñèñòåì â ñîöèàëüíûõ, áèîëîãè÷åñêèõ, ôèçè÷åñêèõ, èíôîðìàöèîí-
íûõ è èíæåíåðíûõ íàóêàõ [1�3]. Èçíà÷àëüíî ïî÷òè âñå èññëåäîâàíèÿ î ñåòÿõ èñïîëüçîâàëè
àáñòðàêöèþ, â êîòîðîé ñèñòåìû ïðåäñòàâëåíû îáû÷íûì ãðàôîì [4]:

”
óçëû“ (èëè

”
âåðøè-

íû“) ãðàôà ïðåäñòàâëÿþò íåêîòîðóþ ñóùíîñòü èëè àãåíòà, è ñâÿçü ìåæäó ïàðîé óçëîâ
ïðåäñòàâëÿåòñÿ

”
ðåáðîì“ (èëè

”
ñâÿçüþ“). Ïåòëè è ìóëüòè-ðåáðà îáû÷íî èãíîðèðóþòñÿ.

Õîòÿ ýòîò ïîäõîä äîâîëüíî íàèâåí, îí áûë êðàéíå óñïåøåí [1, 2, 5�11].
Ïî ìåðå ðàçâèòèÿ èññëåäîâàíèé ñëîæíûõ ñèñòåì ñòàëî íåîáõîäèìî äâèãàòüñÿ ê áîëåå

ñëîæíûì è ðåàëèñòè÷íûì ìîäåëÿì, ÷åì ïðîñòîé ãðàô. Íàïðèìåð, ðàçëè÷íûå íåîäíîðîä-
íûå ñâîéñòâà ðåáåð: îíè ìîãóò áûòü íàïðàâëåííûìè [1, 2, 12], èìåòü ðàçëè÷íóþ ñèëó
(ò. å.

”
âåñà“) [2, 13, 14], ñóùåñòâîâàòü òîëüêî ìåæäó óçëàìè, êîòîðûå ïðèíàäëåæàò ðàç-

ëè÷íûì ìíîæåñòâàì (íàïðèìåð äâóäîëüíûå ñåòè) [1, 2, 15] èëè áûòü àêòèâíûìè òîëüêî
â îïðåäåëåííîå âðåìÿ [16, 17]. Íàìíîãî ïîçæå ñòàëè ïðèëàãàòüñÿ âñå áîëüøèå óñèëèÿ ïî
èññëåäîâàíèþ ñåòåé ñ ìíîæåñòâåííûìè òèïàìè ñâÿçåé è òàê íàçûâàåìûå

”
ñåòè ñåòåé“ [18].

Òàêèå ñèñòåìû áûëè èññëåäîâàíû äåñÿòèëåòèÿ íàçàä â òàêèõ äèñöèïëèíàõ êàê ñîöèîëîãèÿ
è ïðîåêòèðîâàíèå, íî îòíîñèòåëüíî íåäàâíî áûëè ïðîâåäåíû ñåðüåçíûå èññëåäîâàíèÿ ìíî-
ãîóðîâíåâûõ ñëîæíûõ ñåòåé è îáîáùåíèÿ òåðìèíîëîãèè è èíñòðóìåíòîâ â ýòîé îáëàñòè
[19, 20].

Â ñîöèàëüíûõ ñåòÿõ ìîæíî êëàññèôèöèðîâàòü ðåáðà â çàâèñèìîñòè îò õàðàêòåðà îòíî-
øåíèé èëè äåéñòâèé êîòîðûå îíè ïðåäñòàâëÿþò [2, 21, 22]. Óïðîùåíèå ñîöèàëüíîé ñèñòåìû
äî ñåòè, â êîòîðîé äåéñòâóþùèå ëèöà ñâÿçàíû ïîïàðíî òîëüêî îäíèì òèïîì îòíîøåíèé
ÿâëÿåòñÿ î÷åíü ãðóáûì ïðèáëèæåíèåì ðåàëüíîñòè. Â ðåçóëüòàòå ñîöèîëîãè äåñÿòèëåòèÿ
íàçàä îñîçíàëè âàæíîñòü èçó÷åíèÿ ñîöèàëüíûõ ñèñòåì ïóòåì êîíñòðóèðîâàíèÿ ìíîæåñòâà

© À.Ì. Êàëüíåé, 2021
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ñîöèàëüíûõ ñåòåé, èñïîëüçóþùèõ ðàçëè÷íûå ñâÿçè ñåðäè îäèíàêîâûõ ìíîæåñòâ èíäèâè-
äîâ [2, 23]. Íàïðèìåð, ðàññìîòðèì ñîöèîëîãðàììû, êîòîðûå áûëè íàðèñîâàíû â 1930-å,
÷òîáû ïðåäñòàâèòü ñîöèàëüíûå ñåòè â bank-wiring room [24]. Ýòè ñîöèîëîãðàììû îòîáðà-
æàþò îòíîøåíèå ìåæäó 14 èíäèâèäàìè ÷åðåç 6 ðàçëè÷íûõ òèïîâ ñîöèàëüíûõ âçàèìîäåé-
ñòâèé. Â ñîöèîëîãè÷åñêîé ëèòåðàòóðå ñåòè, â êîòîðûõ êàæäîå ðåáðî êëàññèôèöèðóåòñÿ åãî
òèïîì, íàçûâàþòñÿ

”
ìóëüòèïëåêñíûå ñåòè“ [25, 26] èëè

”
ìíîãîñâÿçíûå ñåòè“ [2]. Ñîöèàëü-

íûå ñåòè òàêæå ÷àñòî âêëþ÷àþò íåñêîëüêî òèïîâ óçëîâ (íàïðèìåð, ìóæ÷èíû è æåíùèíû)
èëè èåðàðõè÷åñêèå ñòðóêòóðû (íàïðèìåð, ÷àñòíûå ëèöà ÿâëÿþòñÿ ÷àñòüþ îðãàíèçàöèé),
êîòîðûå èçó÷àëèñü, èñïîëüçóÿ

”
ìíîãîóðîâíåâûå ñåòè“. Îïðåäåëåíèå

”
ñåòè ñåòåé“ òàêæå

äàòèðóåòñÿ, ïî êðàéíåé ìåðå, åùå â 1973 ãîäó [27]. Èíñòðóìåíòû, ðàçðàáîòàííûå äëÿ èñ-
ñëåäîâàíèÿ ìíîãîóðîâíåâûõ ñîöèàëüíûõ ñåòåé, âêëþ÷àþò ìîäåëè ýêñïîíåíöèàëüíîãî ñëó-
÷àéíîãî ãðàôà (ERGMs) [28, 29], ìåòà-ñåòè è ìåòà-ìàòðèöû [30, 31] è ìåòîäû âûÿâëåíèÿ
ñîöèàëüíûõ ðîëåé ñ èñïîëüçîâàíèåì áëî÷íîãî ìîäåëèðîâàíèÿ è ðåëÿöèîííûõ àëãåáð [32�
38].

Â ñîîáùåñòâàõ êîìïüþòåðíûõ íàóê è âû÷èñëèòåëüíîé ëèíåéíîé àëãåáðû ìåòîäû òåí-
çîðíîé äåêîìïîçèöèè [39, 40] è ìíîãîñòîðîííèé àíàëèç äàííûõ [41] èñïîëüçîâàëèñü äëÿ
èçó÷åíèÿ ðàçëè÷íûõ òèïîâ ìíîãîóðîâíåâûõ ñåòåé. Ýòè òèïû ìåòîäîâ îñíîâàíû íà ïðåä-
ñòàâëåíèè ìíîãîóðîâíåâûõ ñåòåé êàê òåíçîðîâ ñìåæíîñòè

”
ðàíãà“, áîëüøåãî, ÷åì 2 (íà-

ïðèìåð, ïîðÿäêà áîëüøå, ÷åì 2), à çàòåì íà ïðèìåíåíèè ìåõàíèçìîâ, ðàçðàáîòàííûõ äëÿ
òåíçîðíûõ ðàçëîæåíèé. Âîçìîæíî, íàèáîëåå ðàñïðîñòðàíåííûå ìåòîäû, êîòîðûå èñïîëü-
çóþò ýòîò ïîäõîä, ÿâëÿþòñÿ îáîáùåíèÿìè ñèíãóëÿðíîãî ðàçëîæåíèÿ (SVD) [42], è ýòè è
äðóãèå èíñòðóìåíòû áûëè êðàéíå óñïåøíû âî ìíîãèõ ïðèëîæåíèÿõ [40]. Íàïðèìåð, ìå-
òîäû òåíçîðíîé äåêîìïîçèöèè è ìíîãîñòîðîííåãî àíàëèçà äàííûõ ìîãóò èñïîëüçîâàòüñÿ
äëÿ èçâëå÷åíèÿ ñîîáùåñòâ (íàïðèìåð íàáîðû óçëîâ, êîòîðûå ïëîòíî ñîåäèíåíû äðóã ñ
äðóãîì) [39] èëè äëÿ êëàññèôèöèðîâàíèÿ óçëîâ [43, 44] â ìíîãîóðîâíåâûõ ñåòÿõ.

Ñåòåâûå ñèñòåìû, êîòîðûå íå ìîãóò áûòü ïðåäñòàâëåíû êàê òðàäèöèîííûå ãðàôû, òàê-
æå áûëè èçó÷åíû ñ òî÷êè çðåíèÿ ñáîðà äàííûõ. Íàïðèìåð, íåîäíîðîäíûå (èíôîðìàöèîí-
íûå) ñåòè áûëè ðàçðàáîòàíû êàê îáùàÿ ñòðóêòóðà ÷òîáû, ó÷åñòü ìíîæåñòâî òèïîâ óçëîâ
è ðåáåð [45�47]. Àíàëîãè÷íî, ìîæíî èñïîëüçîâàòü ìåòà-ìàòðèöû, ÷òîáû ïðîâåñòè àíàëèç
äèíàìè÷íûõ ñåòåé [48], êîòîðûé âêëþ÷àåò âðåìåííóþ è ïðîñòðàíñòâåííóþ èíôîðìàöèþ,
óçëîâûå àòðèáóòû è òèïû è äðóãèå òèïû äàííûõ î ñîöèàëüíûõ ñåòÿõ â òîé æå îáùåé
ñòðóêòóðå. Ìåòà-ìàòðèöû ïðèìåíÿëèñü â êîíòåêñòå

”
îðãàíèçàöèîííîé òåîðèè“ â êà÷åñòâå

îðãàíèçàöèè, ëþäåé, ðåñóðñîâ è âñåõ òèïîâ âçàèìîñâÿçàííûõ ñóùíîñòåé [30, 31].
Âçàèìîñâÿçàííûå ñèñòåìû ðàññìàòðèâàëèñü â òåõíè÷åñêîé ëèòåðàòóðå êàê èñòî÷íèê

êàñêàäíûõ îòêàçîâ [49�52]. Ïî àíàëîãèè ñ ïîíÿòèåì
”
ñèñòåìíûé ðèñê“ â ôèíàíñîâûõ ñè-

ñòåìàõ, óâåëè÷åíèå ñâÿçíîñòè, â òîì ÷èñëå âçàèìîñâÿçàííîñòè ðàçëè÷íûõ ñèñòåì â èí-
ôðàñòðóêòóðå, ìîæåò ïðèâåñòè ê óâåëè÷åíèþ ìàñøòàáîâ ñîáûòèé. Ïîçæå ýòè èäåè áûëè
ôîðìàëèçîâàíû âçàèìîäåéñòâóþùèìè ñåòÿìè (è âçàèìîçàâèñèìûìè ñåòÿìè) [53, 54]. Íà-
ïðèìåð, áûëî ïîêàçàíî (îñîáåííî ñ èñïîëüçîâàíèåì ïðîöåññîâ ïðîñà÷èâàíèÿ) ÷òî âçàèìî-
ñâÿçàííûå ñèñòåìû ìîãóò ðåàãèðîâàòü íà ñëó÷àéíûå îòêàçû ñïîñîáîì, êîòîðûé îòëè÷àåòñÿ
îò

”
ìîíîïëåêñíûõ“ (ò. å. îäíîóðîâíåâûõ) ñåòåé. Äëÿ íåêîòîðûõ òèïîâ ïðîöåññîâ êàñêàä-

íîãî îòêàçà âçàèìîçàâèñèìàÿ ñèñòåìà ìîæåò äåìîíñòðèðîâàòü ôàçîâûé ïåðåõîä
”
ïåðâîãî

ðîäà“ (ò. å. ïðåðûâèñòûé) âìåñòî ôàçîâûõ ïåðåõîäîâ
”
âòîðîãî ðîäà“ (ò. å. íåïðåðûâíûõ),

êîòîðûå òèïè÷íû äëÿ ìîíîïëåêñíûõ ñèñòåì [54, 55].
Â òåëåêîììóíèêàöèîííûõ ñåòÿõ åñòåñòâåííûì îáðàçîì âîçíèêàþò çàäà÷è, ðåøàåìûå

íà íåñêîëüêèõ óðîâíÿõ ñåòè. Íàïðèìåð, çàäà÷à ìàðøðóòèçàöèè â ñåòè ïåðåäà÷è äàííûõ
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Ðèñ. 1. Ðàñêðàñêà âåðøèí ãðàôà. Óçëû, èìåþùèå

ñõîæèå öâåòà, ñãðóïïèðîâàíû â îäíîì ñëîå. Ðåáðà

òå æå, ÷òî è â èñõîäíîé ñåòè

Ðèñ. 2. Ðàñêðàñêà ðåáåð ãðàôà. Óçëû èñõîäíîé ñåòè

ïîâòîðÿþòñÿ íà ðàçëè÷íûõ ñëîÿõ. Ñëîè

ïðåäñòàâëÿþò ðàçëè÷íûå àñïåêòû îòíîøåíèé â

ñåòè. Ðåáðà ðàçäåëåíû ïî ñëîÿì íà îñíîâå èõ öâåòîâ

ñ êîììóòàöèåé êàíàëîâ ñ íàëè÷èåì íåñêîëüêèõ ëîãè÷åñêèõ ñëîåâ (ðàçíûõ òåõíîëîãèé) è
ðàçëè÷íûõ èíòåðôåéñîâ [56], ÷òî ìîæåò ïðèâîäèòü ê íåâàëèäíûì ïóòÿì. Â äàííîé ðà-
áîòå ïîêàçàí íåãàòèâíûé ïðèìåð ãðàôà ñ ðåáåðíûìè ñâîéñòâàìè. Ðåøàëèñü çàäà÷è ïðî-
åêòèðîâàíèÿ ìíîãîóðîâíåâîé ñòðóêòóðû WLAN [57], äâóõóðîâíåâîé SDH/WDM ñåòè [58],
ðàçðàáàòûâàëàñü ñõåìà äëÿ çàùèòû (âîññòàíîâëåíèÿ) äâóõóðîâíåâîé îïòè÷åñêîé ñåòè [59].
Äëÿ îöåíêè ðàñïðåäåëåíèÿ òðàôèêà ââîäèëàñü äâóõóðîâíåâàÿ ìîäåëü (LCN), ñîñòîÿùàÿ
èç ôèçè÷åñêîãî è ëîãè÷åñêîãî óðîâíåé [60]. Âñå ýòè ìîäåëè íå ÿâëÿþòñÿ óíèâåðñàëüíû-
ìè (ò. å. ëèáî çàâèñÿò îò êîíêðåòíîé òåõíîëîãèè, ëèáî ïðèìåíèìû ê êîíêðåòíûì òèïàì
ñåòåé, ëèáî ó÷èòûâàþò ñâÿçè òîëüêî ñîñåäíèõ óðîâíåé). Îäíàêî, äëÿ ìîäåëèðîâàíèÿ ìíî-
ãîóðîâíåâûõ âñòðîåííûõ ñåòåé ðàçëè÷íîé ïðèðîäû, óæå áîëåå 30 ëåò â íåñêîëüêèõ óíè-
âåðñèòåòàõ Ðîññèè, Êèðãèçèè è Êàçàõñòàíà èñïîëüçóåòñÿ ìîäåëü ãèïåðñåòè è åå ðàçâèòèÿ
[61�72]. Ãèïåðñåòè ïîçâîëÿþò àäåêâàòíî îïèñûâàòü ìíîãîóðîâíåâûå ñåòè ñ ïðîèçâîëüíûì
êîëè÷åñòâîì óðîâíåé.

Â ïîñëåäóþùèõ äâóõ ãëàâàõ áóäóò êðàòêî îïèñàíû íåñêîëüêî íàèáîëåå îáùèõ ìîäåëåé,
êîòîðûå îïèñûâàþò äâà áîëüøèõ êëàññà ìíîãîóðîâíåâûõ ñåòåé. Ïîñëå áóäåò ïðèâåäåíà
òàáëèöà ñ èññëåäîâàííûìè ñòàòüÿìè è èõ ïðèíàäëåæíîñòüþ ê îïðåäåëåííîìó êëàññó.

1. Ìíîãîñëîéíàÿ ñåòü. Â äàííîé ãëàâå âìåñòî ïîíÿòèÿ óðîâåíü áóäåò ïðèìåíÿòüñÿ
áëèçêîå ïî çíà÷åíèþ ïîíÿòèå ñëîé, êàê â îðèãèíàëüíîé ñòàòüå [19]. Â îñíîâå ïåðåõîäà
îò îäíîñëîéíîé ñåòè ê ñåòè c áîëüøèì óðîâíåì ñëîåâ èñïîëüçóåòñÿ íåñêîëüêî ñïîñîáîâ:
1) ðàñêðàñêà âåðøèí ãðàôà (ñì. ðèñ. 1, çàèìñòâîâàííûé èç [73]); 2) ðàñêðàñêà ðåáåð ãðàôà
(ñì. ðèñ. 2, çàèìñòâîâàííûé èç [73]).

Êàê ñëåäñòâèå òàêèõ ðàññóæäåíèé áûëà ñîçäàíà îáùàÿ ìîäåëü, ïðåäñòàâëåííàÿ íà
ðèñ. 3, çàèìñòâîâàííîì èç [19]. Ìíîãîñëîéíàÿ ñåòü îáëàäàåò íàáîðîì óçëîâ V êàê îáû÷-
íàÿ ñåòü (ò. å. ãðàô), à òàêæå ìîæåò îáëàäàòü ëþáûì êîëè÷åñòâîì d àñïåêòîâ, è ìîæíî
îïðåäåëèòü ïîñëåäîâàòåëüíîñòü L = {La}da=1 íàáîðîâ ýëåìåíòàðíûõ ñëîåâ, òàêèõ ÷òî åñòü
îäèí íàáîð ýëåìåíòàðíûõ ñëîåâ La äëÿ êàæäîãî àñïåêòà a.

Èìåÿ ïîñëåäîâàòåëüíîñòü íàáîðîâ ýëåìåíòàðíûõ ñëîåâ, ìû ìîæåì ñêîíñòðóèðîâàòü
íàáîð ñëîåâ â ìíîãîñëîéíîé ñåòè ïóòåì ñáîðêè ìíîæåñòâà âñåõ êîìáèíàöèé ýëåìåí-
òàðíûõ ñëîåâ, èñïîëüçóÿ ïðÿìîå ïðîèçâåäåíèå L1 × · · · × Ld. Ïîñêîëüêó óçëû ìîãóò
îòñóòñòâîâàòü â íåêîòîðûõ ñëîÿõ, âî-ïåðâûõ ââîäÿòñÿ ìíîæåñòâî V × L1 × · · · × Ld

âñåõ êîìáèíàöèé è ïîäìíîæåñòâî VM ⊆ V × L1 × · · · × Ld, êîòîðîå ñîäåðæèò òîëü-
êî òå êîìáèíàöèè óçëîâ-ñëîåâ, â êîòîðûõ óçåë ïðèñóòñòâóåò â ñîîòâåòñòâóþùåì ñëîå.
Ìíîæåñòâî ñâÿçåé ìåæäó ýòèìè óçëàìè îáîçíà÷èì EM ⊆ VM × VM . Òàêèì îáðàçîì,
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Ðèñ. 3. (a) Ïðèìåð íàèáîëåå îáùåãî òèïà ìíîãîñëîéíîé ñåòè, M = (VM ,EM ,V,L), ðàññìàòðèâàåìîé â

ñòàòüå [19]. (b) Ãðàô GM = (VM ,EM ) òîé æå ìíîãîñëîéíîé ñåòè

ìíîãîñëîéíàÿ ñåòü îïðåäåëÿåòñÿ M = (VM ,EM ,V,L). Ïîíÿòèÿ ñìåæíîñòè è èíöèäåíò-
íîñòè ââîäÿòñÿ àíàëîãè÷íî ñåòÿì ñ îäíèì ñëîåì. Â ïðèìåðå ñåòü M èìååò 4 óçëà
V = {1, 2, 3, 4} è äâà àñïåêòà, êîòîðûå èìåþò ñîîòâåòñòâóþùèå ýëåìåíòàðíûå íàáîðû
ñëîåâ L1 = {A,B} è L2 = {X, Y }. Òàêèì îáðàçîì, èìååì â îáùåì ÷åòûðå ðàçëè÷-
íûõ ñëîÿ: (A,X), (A,Y ), (B,X) è (B,Y ). Êàæäûé ñëîé ñîäåðæèò íåêîòîðûé íàáîð óç-
ëîâ ìíîæåñòâà V ; äëÿ ýòîãî ïðèìåðà, ìíîæåñòâàìè ïàð óçëîâ-ñëîåâ ÿâëÿåòñÿ VM =
{(1, A,X), (2, A,X), (3, A,X), (2, A, Y ), (3, A, Y ), (1, B,X), (3, B,X), (4, B,X), (1, B, Y )} ⊆
V ×L1×L2. Óçëû ìîãóò áûòü ñîåäèíåíû äðóã ñ äðóãîì ïîïàðíî êàê â îäíîì ñëîå, òàê è â
ðàçíûõ ñëîÿõ. Óçëû, êîòîðûå îñòàþòñÿ âíóòðè ñëîÿ (ò. å. âíóòðèñëîéíûå ðåáðà), ïîêàçà-
íû êàê ñïëîøíûå ëèíèè è ðåáðà, êîòîðûå ïåðåñåêàþò ñëîÿ (ò. å. ìåæñëîéíûå ðåáðà) êàê
ïóíêòèðíûå ëèíèè. Â ãðàôå GM âíóòðèñëîéíûå ðåáðà ïîêàçûâàþòñÿ êàê ñïëîøíûå ëè-
íèè è ìåæñëîåâûå ðåáðà ïóíêòèðíûìè ëèíèÿìè. Ìàòðèöà ñìåæíîñòè ãðàôà (èëè

”
ñâåðõ-

ãðàôà“) ÿâëÿåòñÿ ìàòðèöåé ñâåðõñìåæíîñòè ìíîãîñëîéíîé ñåòè.
2. Ãèïåðñåòè. Ïåðåéäåì ê îïèñàíèþ ãèïåðñåòåâûõ ìîäåëåé. Äâóõóðîâíåâàÿ èëè ïðî-

ñòàÿ ãèïåðñåòü H = (X, V,R;P, F,W ) ñîñòîèò èç ñëåäóþùèõ îáúåêòîâ (ñì. ðèñ. 4, çàèì-
ñòâîâàííûé èç [71]): X = (x1, . . . ,xn) � íàáîð âåðøèí; V = (v1, . . . ,vm) � íàáîð âåòâåé
(ðåáåð ãðàôà ïåðâè÷íîé ñåòè); R = (r1, . . . ,rg) � íàáîð ðåáåð (ðåáåð ãðàôà âòîðè÷íîé
ñåòè); P : V → X × X � îòîáðàæåíèå, êîòîðîå îïðåäåëÿåò ãðàô PN = (X,V ), êîòîðûé
íàçûâàåòñÿ ïåðâè÷íîé ñåòüþ; W : R → X ×X � îòîáðàæåíèå, êîòîðîå îïðåäåëÿåò ãðàô
SN = (X,R), êîòîðûé íàçûâàåòñÿ âòîðè÷íîé ñåòüþ; F : R → 2V � îòîáðàæåíèå ðåáåð â
ìàðøðóòû PN .

Ââîäÿ ìíîæåñòâåííîå âëîæåíèå âòîðè÷íûõ ñåòåé â ïåðâè÷íóþ ñåòü, âëîæåíèå âòîðè÷-
íûõ ñåòåé äðóã â äðóãà, à òàêæå îòîáðàæåíèå íåñêîëüêèõ âåðøèí âòîðè÷íîé ñåòè â óçåë
ïåðâè÷íîé, ïðèõîäèì ê ôîðìàëüíîìó îïðåäåëåíèþ S-ãèïåðñåòè [65].

Ïóñòü çàäàíî ìíîæåñòâî ãðàôîâ (ãèïåðãðàôîâ) G0 = (X0,V ),G1 = (X1, U1), . . . ,Gk =
(Xk,Uk) è êîðíåâîå äåðåâî T0 = (Z,R), ãäå Z = z0,z1, . . . ,zk,R = r1, . . . ,rk � îïðåäåëÿþùåå
âëîæåíèå ãðàôîâ Gj â Gi (i < j) àíàëîãè÷íî âëîæåíèÿì, îïðåäåëÿåìûì â ãèïåðñåòÿõ, çà
èñêëþ÷åíèåì òîãî, ÷òî âåðøèíû xi

k è xj
l ãðàôîâ Gi è Gj íå òîæäåñòâåííû, à èíöèäåíòû.

Î÷åâèäíî, ÷òî îäíîé è òîé æå âåðøèíå xi
k ìîãóò áûòü èíöèäåíòû íåñêîëüêî âåðøèí Xj

k =
{xj1

k1
,xj2

k2
, . . . ,xjl

kl
} èç l ãðàôîâ {Gjs}, s = 1, . . . ,l. Íà ìíîæåñòâå âåðøèí Xj

l îïðåäåëÿåòñÿ
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Ðèñ. 4. Èëëþñòðàöèÿ ê îïðåäåëåíèþ ãèïåðñåòè: PN � ýòî ïåðâè÷íàÿ ñåòü; òåìíûå âåðøèíû {1, 3, 4, 6} èç
íàáîðà âåðøèí îòíîñÿòñÿ ê SN ; SN � ýòî âòîðè÷íàÿ ñåòü (â íàøåì ñëó÷àå ÿâëÿåòñÿ ïîëíûì ãðàôîì);

H � ýòî ãèïåðñåòü (SN îòîáðàæàåòñÿ â PN)

Lj = (Xj
k,E). Âåðøèíû xji

kj
è xjs

ks
ñìåæíû â Lj, åñëè ñîîòâåòñòâóþùèå ãðàôû Gji è Gjs â

âåðøèíå xi
k èìåþò íåêîòîðóþ ñèñòåìîîáðàçóþùóþ ñâÿçü l(xji ,xjs). Â ïðîòèâíîì ñëó÷àå ýòè

âåðøèíû íå ñâÿçàíû. Òàê æå, êàê è â ãèïåðñåòÿõ, ðåáðó uj
l ∈ Gj â ãðàôå Gi ñîïîñòàâëÿåòñÿ

öåïü èëè íåêîòîðàÿ ñâÿçíàÿ ÷àñòü ìåæäó ñîîòâåòñòâóþùèìè âåðøèíàìè èç Gi. Íà ðèñ. 5
(çàèìñòâîâàííîì èç [65]) ïðèâåäåí ïðèìåð òàêîé ãèïåðñåòè. Ñèñòåìîîáðàçóþùèå ñâÿçè
òèïà {l(x,y)} ìîãóò èìåòü ðàçëè÷íóþ ïðèðîäó è, êàê ïðàâèëî, ñóùåñòâåííî çàâèñÿò îò
âðåìåíè.

Îïðåäåëåííóþ òàêèì îáðàçîì S-ãèïåðñåòü ñ ïîìîùüþ ïðèâåäåííûõ â [65] ìàòðèö ìîæ-
íî çàäàòü ñ òî÷íîñòüþ äî èçîìîðôèçìà è äàæå ñ òî÷íîñòüþ äî íóìåðàöèè âåðøèí è ðåáåð.
Â [71] ðàññìîòðåíû ðàçëè÷íûå âàðèàíòû ãèïåðñåòåé ñ íåíàäåæíûìè, à â [72] � íå÷åòêèìè
ýëåìåíòàìè.

3. Ñðàâíåíèå. Âûøåïðèâåäåííûå ìîäåëè îïèñûâàþò íåñêîëüêî êðóïíûõ êëàññîâ ìíî-
ãîóðîâíåâûõ ñåòåé. Ìîäåëü ãèïåðñòè (èëè S-ãèïåðñåòè) ñîñòîèò èç ôèçè÷åñêîãî ñëîÿ è
ëîãè÷åñêîãî(-èõ) ñëîÿ(-åâ) è òåì ñàìûì ÿâëÿåòñÿ àáñòðàêöèåé êîìïüþòåðíûõ ñåòåé. Âå-
ðîÿòíî, íàèáîëüøåå ÷èñëî ïðèëîæåíèé òåîðèè ãèïåðñåòåé è S-ãèïåðñåòåé ïðèõîäèòñÿ íà
ýëåêòðîñâÿçü è òðàíñïîðò. Òåì íå ìåíåå, òåîðèÿ S-ãèïåðñåòåé ïðèìåíèìà äëÿ àíàëèçà è
ñèíòåçà äðóãèõ ñèñòåì ñåòåâîé ñòðóêòóðû. Äðóãàÿ æå ìîäåëü ìîæåò èñïîëüçîâàòüñÿ äëÿ
ïðåäñòàâëåíèÿ áîëüøèíñòâà òèïîâ ñëîæíûõ ñèñòåì (íàïðèìåð, â ñîöèîëîãèè, ýïèäåìèî-
ëîãèè, áèîìåäèöèíå è ò. ä.), êîòîðûå ñîñòîÿò èç íåñêîëüêèõ ñåòåé èëè âêëþ÷àþò íåñîïî-
ñòàâèìûå è/èëè ìíîæåñòâåííûå âçàèìîäåéñòâèÿ ìåæäó îáúåêòàìè. Ïðèâåäåì òàáëèöó ñ
èçó÷åííûìè ñòàòüÿìè, ãäå áóäåò ñðàâíèâàòüñÿ ïðèíàäëåæíîñòü ðàññìàòðèâàåìîé â ñòàòüå
ìîäåëè ê òîìó èëè èíîìó êëàññó ìíîãîóðîâíåâûõ ñåòåé.

Â îáçîðå ìíîãîñëîéíûõ ñåòåé [19] ðåçþìèðóþò ðàçëè÷íûå íàèìåíîâàíèÿ ýòèõ ñåòåé â
òàáëèöå èç 26 ðàçëè÷íûõ íàèìåíîâàíèé (à òàêæå åùå áîëüøåå êîëè÷åñòâî ññûëîê íà ñòà-
òüè, êîòîðûå ìîæíî áûëî áû âïèñàòü â òàáëèöó â êà÷åñòâå ìîäåëåé ìíîãîñëîéíûõ ñåòåé) è
ââîäÿò îáùåå îïðåäåëåíèå ìíîãîñëîéíûõ ñåòåé. Òàêæå ýòè íàèìåíîâàíèÿ êëàññèôèöèðó-
þòñÿ íà îñíîâå òèïîâ îãðàíè÷åíèé, êîòîðûå íàëàãàþòñÿ íà ýòî îïðåäåëåíèå ìíîãîñëîéíîé
ñåòè.

Â ÷àñòè ñòàòåé, êîòîðûå ïðèïèñûâàþòñÿ ê êëàññó ãèïåðñåòåé [56�59] íå èñïîëüçóåòñÿ
ìîäåëü ãèïåðñåòè, îäíàêî åå ïðèìåíåíèå âïîëíå âîçìîæíî. Â [60, 75, 76] ðåøàþòñÿ çàäà÷è,
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Ðèñ. 5. Ãèïåðñåòü è åå ñîñòàâëÿþùèå: à � îòîáðàæåíèå ãðàôà âòîðè÷íîé ñåòè G1 â ãðàô ïåðâè÷íîé ñåòè

G2 ñ îáðàçîâàíèåì ãèïåðñåòè G2(G1); á � îòîáðàæåíèå ãèïåðñåòè G2(G1) è ãðàôà G3 â ãðàô G0 ñ

îáðàçîâàíèåì S-ãèïåðñåòè H = (G0(G3,G2(G1))); â � ãèïåðñåòü H = (G0(G3,G2(G1))), â êîòîðîé

îïðåäåëåíû âíóòðèóçëîâûå ñâÿçè (ãðàôû Li)

ñâÿçàííûå ñ îöåíêîé, äèíàìèêîé òðàôèêà â ñåòè. Îäíàêî èç-çà îñîáåííîñòåé ñåòåé ìîæåò
ïîíàäîáèòüñÿ ïðèìåíåíèå òîé èëè èíîé ìîäåëè [77].

Çàêëþ÷åíèå. Ìîäåëèðîâàíèå ðåàëüíûõ ñåòåé áîëåå ñëîæíîé ìîäåëüþ, ÷åì ãðàô, äàâ-
íî óæå ñòàëî íåîáõîäèìîñòüþ. Îäíàêî âîïðîñû íàñ÷åò óíèôèêàöèè ìîäåëåé, à ñàìîå ãëàâ-
íîå, òåðìèíîëîãèè íà÷àëè âîçíèêàòü òîëüêî â ïðîøëîì äåñÿòèëåòèè. Â äàííîé ñòàòüå
ïðåäñòàâëåíû äâå íàèáîëåå îáùèå ìîäåëè ìíîãîóðîâíåâûõ ñåòåé íà òåêóùèé ìîìåíò. Ïî-
êàçàíî, ÷òî âûáîð òîé èëè èíîé ìîäåëè (äàæå ïðè ðåøåíèè îäíîé è òîé æå çàäà÷è) ïðîèñ-
õîäèò íà îñíîâå îñîáåííîñòåé ñåòè. Íàïðèìåð, ïðèìåíåíèå ìîäåëè ãèïåðñåòè áóäåò, ñêîðåå
âñåãî, óìåñòíûì ïðè ìîäåëèðîâàíèè ìíîãîóðîâíåâîé ñåòè ýëåêòðîñâÿçè èëè òðàíñïîðòà.
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Òàáëèöà

Ïðèíàäëåæíîñòü ìîäåëåé ê ðàññìàòðèâàåìûì êëàññàì ìíîãîóðîâíåâûõ ñåòåé

(S-) Ìíîãîñëîéíàÿ
Ñòàòüÿ Ãèïåðñåòü ñåòü
A multi-layer network model based on ITU-T G.805 [56] X
Cross-layer design in wireless local area networks (WLANs) issues and
possible solutions [57]

X

Branch-and-cut techniques for solving realistic two-layer network design
problems [58]

X

On the modeling issue of joint cross-layer network protection/restoration
[59]

X

Layered complex networks [60] X
Ìàòåìàòè÷åñêèå ìîäåëè ñâÿçíîñòè [61] X
Application of Hyperneet Theory for the Networks Optimazation
Problems [62]

X

On Optimal Placement of the Monitoring Devices on Channels of
Communication Network [63]

X

Framework for Biologically Inspired Graph Optimization [64] X
Ìàòåìàòè÷åñêèå ìîäåëè æèâó÷åñòè ñåòåé ñâÿçè [66] X
Ìåòîäû îïòèìèçàöèè ñòðóêòóð çîíîâûõ ñåòåé ñâÿçè [67] X
Ìàòåìàòè÷åñêèå ìîäåëè è ìåòîäû îïòèìèçàöèè ãîðîäñêèõ òðàíñ-
ïîðòíûõ ñèñòåì [68]

X

Multilayer and Multiplex Networks: An Introduction to Their Use in
Veterinary Epidemiology [74]

X

Multilayer networks: aspects, implementations, and application in
biomedicine [73]

X

Congestion Induced by the Structure of Multiplex Networks [75] X
Method to enhance tra�c capacity for two-layer complex networks [76] X
Designing of optmal power supply networks for the equipment of
multifunctional safety systems [69]

X

Àíàëèç íàäåæíîñòè ìíîãîóðîâíåâûõ ñåòåé ñ íåíàäåæíûìè âåðøèíà-
ìè [70]

X

Random Hypernets in Reliability Analysis of Multilayer Networks [71] X
Some Problems of Fuzzy Modeling of Telecommunications Networks [72] X

Ïðèâåäåí ñïèñîê èçó÷åííîé ëèòåðàòóðû, à òàêæå ðàáîò àâòîðà â òàáëèöå, ãäå ïîêàçûâà-
ëàñü ïðèíàäëåæíîñòü ìîäåëè ê òîìó èëè èíîìó êëàññó ìíîãîóðîâíåâûõ ñåòåé.

Êàæäàÿ ïðèâåäåííàÿ âûøå ìîäåëü îïèñûâàåò ëèøü íåêîòîðîå ïîäìíîæåñòâî ìíî-
æåñòâà ìíîãîóðîâíåâûõ ñåòåé. Ìîæíî ðàçâèâàòü êàê ñóùåñòâóþùèå ìîäåëè, òàê è
ââîäèòü íîâûå äëÿ ñåòåé, êîòîðûå åùå íå âñòðàèâàþòñÿ â îáùóþ òåîðèþ. Ïîýòîìó èññëå-
äîâàíèÿ â äàííîé îáëàñòè áóäåò îñòàâàòüñÿ àêòóàëüíûìè è èìåòü ìíîæåñòâî ïðèëîæåíèé.
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