
Problems of Informatics. 2022. � 1

HYBRID MPI + OPENMP ALGORITHM FOR SYMMETRIC
SPARE MATRIX REORDERING AND ITS APPLICATION TO

THE SOLVING SYSTEMS OF LINEAR EQUATIONS

A.Yu. Pirova

Lobachevsky State University,
603950, Nizhny Novgorod, Russia

DOI: 10.24412/2073-0667-2022-1-28-41

Systems of linear equations (SLAE) with large sparse matrix arise from numerical simulations in
various scienti�c and engineering applications. SLAE solution is one of the time and memory-consuming
stages of modeling, which requires e�cient implementation on modern supercomputers. Depending on
the properties of the matrix, direct and iterative methods of solving such systems are applied. Direct
methods are based on matrix factorization into two triangular matrices and backward solution of these
systems. A feature of direct methods is that the number of non-zero elements during the factorization
step can signi�cantly increase over the initial matrix. Symmetric row and column reordering is used
before numerical factorization to minimize the �ll-in. A suitable permutation reduces the memory
consumption for storing the factor and the time required for the most time-consuming stage - numerical
factorization. Therefore, it is important to develop new parallel reordering algorithms that reduce the
total time for solving SLAEs with a sparse matrix, and hence, the time of numerical simulation in
applications.

The problem of �nding the ordering that minimizes the factor �ll-in is NP-hard. In practice, two
heuristic approaches are commonly used: the minimum degree and nested dissection algorithms. The
nested dissection algorithm is built on the divide-and-conquer principle. At each step of the algorithm,
a graph separator is found. The separator vertices divide the graph into two disconnected subgraphs of
similar size. Then the separator vertices are numbered and removed from the graph, and the algorithm
operates recursively on new subgraphs. The process stops when all vertices are numbered. There
are many modi�cations of the nested dissection method that di�er in the algorithm for �nding the
separator. Since 1993, the modi�cations of the nested dissection algorithm employing the multilevel
approach are used in parallel computations.

Most sparse SLAE solvers have built-in implementations of reordering methods, as well as an
interface for using third-party libraries and user permutations. Open source libraries ParMETIS and
PT-Scotch are widely used in the academic community. They implement a multilevel nested dissection
algorithm for distributed memory systems using MPI technology. In particular, the open academic
direct solver MUMPS has an interface for using these libraries. The ParMETIS library also has a version
for shared memory systems called mt-metis. The commercial solver Intel MKL PARDISO and its cluster
version Intel Cluster PARDISO are examples of tight integration of the solver and ordering routine.
They include optimized versions of the METIS library, designed for shared-memory and distributed-
memory systems, but its approaches to optimizing and combining shared and distributed memory
computations during the reordering process have not been published.

Earlier, we presented the PMORSy and DMORSy reordering libraries that implement the multilevel
nested section method for shared- and distributed-memory systems, respectively. The ordering
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algorithm in PMORSy is based on parallel processing of the task queue. The task is to �nd the
separator in the current subgraph. After calculating the separator, new subgraphs go to the shared task
queue, from which they are assigned for execution to free threads. The algorithm is implemented using
OpenMP technology. The parallel algorithm in DMORSy is based on parallel processing of a binary
tree constructed during the nested dissection method. Let the original graph be distributed among P
processes. Then its separator is calculated in parallel by all P processes using a multilevel algorithm
similar to that used in PT-Scotch. After the separator is found, new subgraphs are redistributed to
P / 2 processes each, and the ordering process is continued independently for new subgraphs. The
algorithm is implemented using MPI technology.

In this paper, we propose a hybrid MPI + OpenMP parallel algorithm for distributed memory
systems, in which the use of processes and threads within a single computing node is combined. The
algorithm is constructed as follows. While the input graph is distributed among P > 1 processes, its
separator is calculated in parallel by all $P$ processes using a multilevel algorithm from DMORSy.
Once the input subgraph is stored on a single process, the ordering is performed using a parallel task
queue according to the algorithm from PMORSy. The combination of parallelization schemes includes
their advantages: the scalability of the distributed memory algorithm and less factor �ll-in obtained
by the algorithm on shared memory.

We show the competitiveness of the implementation in comparison with analogs in terms of ordering
time and factor �ll-in. We test our implementation on 37 symmetric matrices from the SuiteSparse
Matrix Collection and LOGOS-FEM Collection. Computational experiments show that the use of a
hybrid parallelization scheme in comparison with the pure MPI DMORSy parallelization reduces the
run-time of reordering by 5 % on average when working on two computational nodes. In comparison
with ParMETIS, hybrid DMORSy works faster on most matrices, the average advantage is 2 times
for matrices over 1 million rows and 4.9 times for matrices less than 1 million rows. Moreover, hybrid
DMORSy produces orderings of 8 % on average smaller �ll-in than ParMETIS for a 2 / 3 of test
matrices. Further, we tested the obtained permutations for solving the SLAEs. For this, a series of
experiments were carried out with the open source solver MUMPS. The use of the hybrid DMORSy
permutations allowed us to reduce the run-time of the solver on 26 matrices out of 37 in comparison
with the use of permutations from ParMETIS (on average, by 26 %). For most of these matrices, the
lead is obtained both by reducing the ordering time and by the time of numerical factorization.

Key words: nested dissection ordering, sparse matrix reordering, distributed-memory parallel
algorithms, sparse matrix solve.
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Â ðàáîòå ðàññìàòðèâàåòñÿ çàäà÷à ïåðåóïîðÿäî÷åíèÿ ñòðîê è ñòîëáöîâ ðàçðåæåííîé ìàòðèöû
ñ öåëüþ óìåíüøåíèÿ çàïîëíåíèÿ ôàêòîðà ïðè ïðÿìîì ðåøåíèè ÑËÀÓ. Ïðåäëàãàåòñÿ ïàðàë-
ëåëüíûé àëãîðèòì ìíîãîóðîâíåâîãî ìåòîäà âëîæåííûõ ñå÷åíèé äëÿ ñèñòåì ñ ðàñïðåäåëåííîé
ïàìÿòüþ, â êîòîðîì âûïîëíÿåòñÿ ñîãëàñîâàííîå èñïîëüçîâàíèå ïðîöåññîâ è ïîòîêîâ â ðàì-
êàõ îäíîé âû÷èñëèòåëüíîé ñèñòåìû. Ïðèâîäÿòñÿ ðåçóëüòàòû âû÷èñëèòåëüíûõ ýêñïåðèìåíòîâ,
ïîêàçûâàþùèå êîíêóðåíòîñïîñîáíîñòü ðåàëèçàöèè â ñðàâíåíèè ñ àíàëîãàìè ïî âðåìåíè ïåðå-
óïîðÿäî÷åíèÿ è çàïîëíåíèþ ôàêòîðà ìàòðèö. Ïîêàçàíî, ÷òî ïðèìåíåíèå ïîëó÷åííûõ ïåðåñòà-
íîâîê ïîçâîëÿåò ñîêðàòèòü âðåìÿ ðåøåíèÿ ÑËÀÓ ñ ïîìîùüþ îòêðûòîé áèáëèîòåêè MUMPS
íà ðÿäå òåñòîâûõ çàäà÷.

Êëþ÷åâûå ñëîâà: ìåòîä âëîæåííûõ ñå÷åíèé, ïåðåóïîðÿäî÷åíèå ðàçðåæåííûõ ìàòðèö,
ïàðàëëåëüíûé àëãîðèòì, ðåøåíèå ðàçðåæåííûõ ÑËÀÓ.

Ââåäåíèå. Ïðè âûïîëíåíèè ÷èñëåííîãî ìîäåëèðîâàíèÿ â ðàçëè÷íûõ ïðèêëàäíûõ îá-
ëàñòÿõ (àýðî- è ãèäðîäèíàìèêå, ìîäåëèðîâàíèè ýëåêòðîìàãíèòíûõ âîëí, ñðåä, ãåîôèçè-
÷åñêèõ ïðîöåññîâ è äð.), êàê ïðàâèëî, òðåáóåòñÿ ÷èñëåííîå ðåøåíèå äèôôåðåíöèàëüíûõ
óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ. Îäíèì èç êëþ÷åâûõ ýòàïîâ èõ ðåøåíèÿ, òðåáóþùèì
çíà÷èòåëüíûõ âðåìåííûõ çàòðàò, ÿâëÿåòñÿ ðåøåíèå ñèñòåì ëèíåéíûõ óðàâíåíèé, ïîëó÷åí-
íûõ â õîäå äèñêðåòèçàöèè. Êàê ïðàâèëî, ïðè ìîäåëèðîâàíèè äâóìåðíûõ è òðåõìåðíûõ
ñèñòåì, ïîñòðîåííûå â õîäå ðàñ÷åòîâ ìàòðèöû èìåþò áîëüøîé ïîðÿäîê (íåñêîëüêî ìèëëè-
îíîâ ñòðîê) è ìàëîå ÷èñëî íåíóëåâûõ ýëåìåíòîâ. Â çàâèñèìîñòè îò ñâîéñòâ ìàòðèöû, äëÿ
ðåøåíèÿ ÑËÀÓ èñïîëüçóþòñÿ ïðÿìûå èëè èòåðàöèîííûå ìåòîäû. Â õîäå ïðÿìîãî ðåøå-
íèÿ ÑËÀÓ âûïîëíÿåòñÿ ðàçëîæåíèå ìàòðèöû ñèñòåìû íà ïðîèçâåäåíèå äâóõ òðåóãîëüíûõ
ìàòðèö, íàçûâàåìûõ ôàêòîðàìè, ïðè ýòîì ÷èñëî íåíóëåâûõ ýëåìåíòîâ ôàêòîðà â ðàçû
áîëüøå, ÷åì â èñõîäíîé ìàòðèöå. Ïîýòîìó âûïîëíÿåòñÿ ïðåäîáðàáîòêà ìàòðèöû � åå ïåðå-
óïîðÿäî÷åíèå, òî åñòü íàõîæäåíèå ñèììåòðè÷íîé ïåðåñòàíîâêè ñòðîê è ñòîëáöîâ èñõîäíîé
ìàòðèöû ñ öåëüþ óìåíüøåíèÿ çàïîëíåíèÿ. Òàêèì îáðàçîì, ïðÿìîå ðåøåíèå ÑËÀÓ ñ ðàçðå-
æåííîé ìàòðèöåé âûïîëíÿåòñÿ â ÷åòûðå ýòàïà: ïåðåóïîðÿäî÷åíèå, ñèìâîëüíàÿ ôàêòîðèçà-
öèÿ (ôàçà àíàëèçà), ÷èñëåííàÿ ôàêòîðèçàöèÿ, îáðàòíûé õîä ìåòîäà Ãàóññà. Íàõîæäåíèå
ïîäõîäÿùåé ïåðåñòàíîâêè ïîçâîëÿåò ñîêðàòèòü çàòðàòû ïàìÿòè äëÿ õðàíåíèÿ ôàêòîðà,
âðåìÿ, íåîáõîäèìîå äëÿ íàèáîëåå òðóäîåìêîãî ýòàïà � ÷èñëåííîé ôàêòîðèçàöèè, à òàêæå
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âëèÿåò íà ïîòåíöèàë ïàðàëëåëèçìà ÷èñëåííîé ôàêòîðèçàöèè. Ïîýòîìó àêòóàëüíà ðàçðà-
áîòêà íîâûõ ïàðàëëåëüíûõ àëãîðèòìîâ ïåðåóïîðÿäî÷åíèÿ, ïîçâîëÿþùèõ ñîêðàòèòü îáùåå
âðåìÿ ðåøåíèÿ ÑËÀÓ ñ ðàçðåæåííîé ìàòðèöåé, à çíà÷èò, âðåìÿ ÷èñëåííîãî ìîäåëèðîâà-
íèÿ â ïðèêëàäíûõ çàäà÷àõ.

Çàäà÷à íàõîæäåíèÿ îïòèìàëüíîé ïåðåñòàíîâêè, ìèíèìèçèðóþùåé ðàçìåð ôàêòîðà,
NP-òðóäíàÿ [1]. Íà ïðàêòèêå äëÿ åå ðåøåíèÿ ïðèìåíÿþòñÿ ýâðèñòè÷åñêèå ìåòîäû, ïîç-
âîëÿþùèå çà îòíîñèòåëüíî íåáîëüøîå âðåìÿ ðàáîòû íàéòè ïåðåñòàíîâêó, ïðèåìëåìóþ ïî
çàïîëíåíèþ äëÿ äàëüíåéøåé ôàêòîðèçàöèè. Êàê ïðàâèëî, äëÿ ìèíèìèçàöèè çàïîëíåíèÿ
ïðèìåíÿþòñÿ ìîäèôèêàöèè ìåòîäà ìèíèìàëüíîé ñòåïåíè èëè ìåòîäà âëîæåííûõ ñå÷åíèé.

Â áîëüøèíñòâå ðåøàòåëåé ðàçðåæåííûõ ÑËÀÓ èìåþòñÿ âñòðîåííûå ðåàëèçàöèè ìå-
òîäîâ ïåðåóïîðÿäî÷åíèÿ, à òàêæå èíòåðôåéñ äëÿ èñïîëüçîâàíèÿ ñòîðîííèõ áèáëèîòåê è
ïîëüçîâàòåëüñêèõ ïåðåñòàíîâîê. Øèðîêîå ïðèìåíåíèå â íàó÷íîì ñîîáùåñòâå ïîëó÷èëè
áèáëèîòåêè ParMETIS [2] è PT-Scotch [3], â êîòîðûõ ðåàëèçîâàí ìíîãîóðîâíåâûé ìåòîä
âëîæåííûõ ñå÷åíèé äëÿ ñèñòåì ñ ðàñïðåäåëåííîé ïàìÿòüþ ñ èñïîëüçîâàíèåì òåõíîëîãèè
MPI. Â ÷àñòíîñòè, îòêðûòûé àêàäåìè÷åñêèé ðåøàòåëü MUMPS [4], ïðåäíàçíà÷åííûé äëÿ
êëàñòåðíûõ ñèñòåì, èìååò èíòåðôåéñ äëÿ èñïîëüçîâàíèÿ äàííûõ áèáëèîòåê. Áèáëèîòåêà
ParMETIS èìååò îòäåëüíóþ âåðñèþ äëÿ ñèñòåì ñ îáùåé ïàìÿòüþ, mt-metis [5]. Êîììåð-
÷åñêèé ðåøàòåëü Intel MKL PARDISO [6] è åãî êëàñòåðíàÿ âåðñèÿ Intel Cluster PARDISO
[7] ÿâëÿþòñÿ ïðèìåðîì òåñíîé èíòåãðàöèè ðåøàòåëÿ è ïåðåóïîðÿäî÷èâàòåëÿ. Îíè âêëþ-
÷àþò îïòèìèçèðîâàííûå âåðñèè áèáëèîòåêè METIS, îäíàêî ïðèìåíåííûå òàì ïîäõîäû ê
îïòèìèçàöèè è êîìáèíèðîâàíèþ âû÷èñëåíèé íà îáùåé è ðàñïðåäåëåííîé ïàìÿòè â ðàìêàõ
ïåðåóïîðÿäî÷åíèÿ íå îïóáëèêîâàíû.

Àâòîðîì äàííîé ðàáîòû ðàíåå áûëè ïðåäñòàâëåíû áèáëèîòåêè äëÿ ïåðåóïîðÿäî÷åíèÿ,
â êîòîðûõ ðåàëèçîâàí ïàðàëëåëüíûé ìíîãîóðîâíåâûé ìåòîä âëîæåííûõ ñå÷åíèé äëÿ ñè-
ñòåì ñ îáùåé ïàìÿòüþ PMORSy [8] è ñèñòåì ñ ðàñïðåäåëåííîé ïàìÿòüþ DMORSy [9]. Â
äàííîé ðàáîòå ïðåäëàãàåòñÿ ãèáðèäíàÿ ñõåìà ðàñïàðàëëåëèâàíèÿ ìåòîäà âëîæåííûõ ñå-
÷åíèé, îáúåäèíÿþùàÿ ðàíåå îïèñàííûå ïîäõîäû. Ïðèìåíåíèå äàííîé ñõåìû ïîçâîëÿåò
çàäàâàòü ÷èñëî èñïîëüçóåìûõ ïàðàëëåëüíûì àëãîðèòìîì ïðîöåññîâ è ïîòîêîâ èñõîäÿ èç
àðõèòåêòóðû âû÷èñëèòåëüíîé ñèñòåìû, à çíà÷èò, ìîæåò ïîçâîëèòü áîëåå ãèáêî íàñòðàè-
âàòü ïåðåóïîðÿäî÷èâàòåëü äëÿ ðåøåíèÿ ÑËÀÓ.

Ðàáîòà ðåêîìåíäîâàíà ê ïå÷àòè ïðîãðàììíûì êîìèòåòîì êîíôåðåíöèè ½Ìàòåìàòè÷å-
ñêîå ìîäåëèðîâàíèå è ñóïåðêîìïüþòåðíûå òåõíîëîãèè“ è ÿâëÿåòñÿ ðàñøèðåííûì âàðèàí-
òîì òåçèñîâ [10], îïóáëèêîâàííûõ â ìàòåðèàëàõ êîíôåðåíöèè. Â ñðàâíåíèè ñ [10] ñóùå-
ñòâåííî ðàñøèðåíà ýêñïåðèìåíòàëüíàÿ ÷àñòü ðàáîòû è åå àíàëèç. Ñòàòüÿ ïîñòðîåíà ñëå-
äóþùèì îáðàçîì. Â ðàçäåëå 1 äàåòñÿ îïèñàíèå ïðåäëàãàåìîãî ãèáðèäíîãî ïàðàëëåëüíîãî
àëãîðèòìà äëÿ ïåðåóïîðÿäî÷åíèÿ ðàçðåæåííûõ ìàòðèö. Â ðàçäåëå 2 ïðèâîäèòñÿ àíàëèç
ïðîèçâîäèòåëüíîñòè ãèáðèäíîãî àëãîðèòìà â ñðàâíåíèè ñ ïðåäûäóùèìè ðåàëèçàöèÿìè è
ïåðåóïîðÿäî÷èâàòåëåì ParMETIS. Â ðàçäåëå 3 èçó÷àþòñÿ ðåçóëüòàòû ïðèìåíåíèÿ ïîëó-
÷åííûõ ïåðåñòàíîâîê â ðåøàòåëå MUMPS, äàåòñÿ ñðàâíåíèå âðåìåíè ðàáîòû ðåøàòåëÿ
ïðè èñïîëüçîâàíèè ïåðåñòàíîâîê èç DMORSy è ParMETIS.

1. Ïàðàëëåëüíûé àëãîðèòì ïåðåóïîðÿäî÷åíèÿ. Àëãîðèòì ïåðåóïîðÿäî÷åíèÿ,
ðàññìàòðèâàåìûé â äàííîé ðàáîòå, îñíîâàí íà ìíîãîóðîâíåâîì ìåòîäå âëîæåííûõ ñå÷å-
íèé. Äëÿ åãî âûïîëíåíèÿ ïî èñõîäíîé ìàòðèöå ñèñòåìû ñòðîèòñÿ ãðàô, â êîòîðîì êàæäàÿ
âåðøèíà ñîîòâåòñòâóåò ñòðîêå ìàòðèöû, à êàæäîå ðåáðî � íåíóëåâîìó ýëåìåíòó. Ðàáîòà
ìåòîäà âëîæåííûõ ñå÷åíèé îñíîâàíà íà ïðèíöèïå ½ðàçäåëÿé è âëàñòâóé“ è çàêëþ÷àåò-
ñÿ â ìíîãîêðàòíîì íàõîæäåíèè âåðøèííûõ ðàçäåëèòåëåé. Â íà÷àëå ðàáîòû âû÷èñëÿåòñÿ
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Ðèñ. 1. Ãèáðèäíûé MPI + OpenMP àëãîðèòì ïåðåóïîðÿäî÷åíèÿ. Àäàïòèðîâàíî èç [9]

âåðøèííûé ðàçäåëèòåëü èñõîäíîãî ãðàôà, ïðè ýòîì ìíîæåñòâî âåðøèí, åãî ñîñòàâëÿþ-
ùèõ, íóìåðóþòñÿ è óäàëÿþòñÿ èç ãðàôà. Ïîäõîäÿùèì ñ÷èòàåòñÿ ðàçäåëèòåëü, èìåþùèé
íàèìåíüøåå ÷èñëî âåðøèí ïðè òîì, ÷òî ïîñëå åãî óäàëåíèÿ îáðàçóþòñÿ äâà áëèçêèõ ïî
ðàçìåðó ïîäãðàôà. Çàòåì ïåðåóïîðÿäî÷åíèå ïðîäîëæàåòñÿ àíàëîãè÷íî íà ãðàôàõ, îáðàçî-
âàâøèõñÿ ïîñëå óäàëåíèÿ ðàçäåëèòåëÿ. Ïåðåñòàíîâêà íàéäåíà, êîãäà âñå âåðøèíû ãðàôà
çàíóìåðîâàíû.

Ãèáðèäíûé ïàðàëëåëüíûé àëãîðèòì ïåðåóïîðÿäî÷åíèÿ, ïðåäëàãàåìûé â ðàáîòå, îñíî-
âàí íà êîìáèíàöèè ðåàëèçîâàííûõ ðàíåå ïàðàëëåëüíûõ àëãîðèòìîâ äëÿ ñèñòåì ñ îáùåé è
ðàñïðåäåëåííîé ïàìÿòüþ [8, 9]. Ïóñòü èñõîäíûé ãðàô õðàíèòñÿ ðàñïðåäåëåíî íà P ïðîöåñ-
ñàõ (ðèñ. 1). Òîãäà ðàçäåëèòåëü äëÿ íåãî âû÷èñëÿåòñÿ ïàðàëëåëüíî âñåìè P ïðîöåññàìè
ïî ìíîãîóðîâíåâîìó àëãîðèòìó, îïèñàííîìó â [9]. Ïîñëå òîãî êàê ðàçäåëèòåëü íàéäåí, íî-
âûå ïîäãðàôû ïåðåðàñïðåäåëÿþòñÿ íà P/2 ïðîöåññîâ êàæäûé, è íàõîæäåíèå ðàçäåëèòåëåé
ïðîäîëæàåòñÿ íåçàâèñèìî ïðîöåññàìè, õðàíÿùèìè ïîäãðàô. Êàê òîëüêî íà ïðîöåññå õðà-
íèòñÿ ïîäãðàô öåëèêîì, ïåðåóïîðÿäî÷åíèå âûïîëíÿåòñÿ ñ èñïîëüçîâàíèåì ïàðàëëåëüíîé
î÷åðåäè çàäà÷, êîòîðàÿ îáðàáàòûâàåòñÿ íåñêîëüêèìè ïîòîêàìè. Îäíîé çàäà÷åé, íàçíà÷à-
åìîé ïîòîêó, ÿâëÿåòñÿ íàõîæäåíèå ðàçäåëèòåëÿ â ïîäãðàôå. Ïîñëå âû÷èñëåíèÿ ðàçäåëè-
òåëÿ, íîâûå ïîäãðàôû ïîïàäàþò â î÷åðåäü çàäà÷ ïðîöåññà, èç êîòîðîé çàõâàòûâàþòñÿ íà
âûïîëíåíèå ñâîáîäíûìè ïîòîêàìè. Ïñåâäîêîä àëãîðèòìà ïðåäñòàâëåí íà ðèñ. 2.

Ðåàëèçàöèÿ àëãîðèòìà âûïîëíåíà ñ èñïîëüçîâàíèåì òåõíîëîãèé MPI è OpenMP. Êîì-
áèíèðîâàíèå ñõåì ðàñïàðàëëåëèâàíèÿ ïîçâîëèëî îáúåäèíèòü èõ ïðåèìóùåñòâà: ìàñøòà-
áèðóåìîñòü àëãîðèòìà äëÿ ñèñòåì ñ ðàñïðåäåëåííîé ïàìÿòüþ è ìåíüøåå çàïîëíåíèå ôàê-
òîðà, ïîëó÷àåìîå àëãîðèòìîì íà îáùåé ïàìÿòè.

2. Àíàëèç ãèáðèäíîé ðåàëèçàöèè.
2.1. Ìåòîäèêà ïðîâåäåíèÿ ýêñïåðèìåíòîâ. Öåëüþ ïåðâîé ñåðèè âû÷èñëèòåëüíûõ ýêñ-

ïåðèìåíòîâ áûëî ñðàâíåíèå ðåçóëüòàòîâ ðàáîòû ãèáðèäíîãî àëãîðèòìà DMORSy_hybrid ñ
ðåçóëüòàòàìè èñõîäíîãî ðàñïðåäåëåííîãî àëãîðèòìà DMORSy è ñòîðîííèìè áèáëèîòåêà-
ìè ParMETIS v.4.0.3 (äëÿ ðàñïðåäåëåííîé ïàìÿòè) è mt-metis v. 7.0.2 (äëÿ îáùåé ïàìÿòè).
Ðåçóëüòàòû ïåðåóïîðÿäî÷åíèÿ ñðàâíèâàëèñü ïî âðåìåíè ïîëó÷åíèÿ ïåðåñòàíîâîê è çàïîë-
íåíèþ ôàêòîðîâ ìàòðèö. Âñå óêàçàííûå ïàêåòû çàïóñêàëèñü ñ íàñòðîéêàìè ïåðåóïîðÿäî-
÷åíèÿ ïî óìîë÷àíèþ. Âû÷èñëèòåëüíûå ýêñïåðèìåíòû ïðîâîäèëè íà óçëàõ êëàñòåðà ÌÑÖ
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1 int* NDStepParal le l ( graph G0, int ba r r i e r ) {
2 Find separa to r G0=>sep using one thread ;
3 Find subgraphs G1, G2, \ dots Gk using one thread . Get G0=>subgraphs [ ]
4 for ( i = 0 ; i < k ; i++) {
5 i f (Gi > ba r r i e r )
6 #pragma omp task
7 Gi=>sep = NDStepParal le l (Gi , b a r r i e r ) ;
8 else

9 Gi=>sep = NDStepSequential (Gi ) ;
10 }
11 return G0=>sep ;
12 }
13
14
15 int* PMORSyOrdering( graph G, parameters , int nThreads ) {
16 omp_set_num_threads ( nThreads ) ;
17 #pragma omp p a r a l l e l
18 #pragma omp s i n g l e
19 G=>Sep = NDStepParal le l (G, b a r r i e r ) ;
20 s epa ra t o r s = Merge ( s epa ra t o r s from graph t r e e with root G) ;
21 return s epa ra t o r s ;
22 }
23
24 int* NDStepMPI( graph currGraph , parameters , int nProcs ) {
25 Find separa to r o f currGraph currGraph=>Sep using a l l p r o c e s s e s ;
26 Find two subgraphs subgraph [ 0 ] , subgraph [ 1 ] using a l l p r o c e s s e s ;
27 D i s t r i bu t e subgraph [ 0 ] to p r o c e s s e s 0 , 2 , \dots , nProcs / 2 ;
28 D i s t r i bu t e subgraph [ 1 ] to p r o c e s s e s 1 , 3 , \dots , nProcs / 2 ;
29 currGraph=>subgraph = subgraph [ proc_id
30
31 return currGraph=>Sep ;
32 }
33
34 int* NestedDissectionMPI ( graph G(V, E) , int nProcs , int nThreads ) {
35 currGraph = G;
36 while ( ( currGraph != NULL) && ( nProcs > 1) ) {
37 currGraph=>Sep = NDStepMPI( currGraph , parameters , nProcs ) ;
38 currGraph = currGraph=>subgraph ;
39 nProcs = nProcs / 2 ;
40 }
41 i f ( currGraph != NULL) {
42 currGraph=>Sep = PMORSyOrdering( currGraph , parameters , nThreads ) ;
43 }
44 iperm = Merge ( s epa ra t o r s from graph t r e e with root G) ;
45 return iperm ;
46 }

Ðèñ. 2. Ïñåâäîêîä ãèáðèäíîãî MPI + OpenMP àëãîðèòìà âëîæåííûõ ñå÷åíèé

ÐÀÍ ñî ñëåäóþùèìè õàðàêòåðèñòèêàìè: ïðîöåññîð Intel Xeon Gold 6154 (Skylake), 3,0 GHz,
2 õ 18 ÿäåð, ïàìÿòü 192 GB, êîìïèëÿòîð Intel Parallel Studio XE 2017 Cluster Edition. Âñåãî
ðàññìàòðèâàëîñü 27 ìàòðèö èç êîëëåêöèè SuiteSparse [11] ïîðÿäêîì îò 2 · 106 äî 1,5 · 106
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Òàáëèöà 1

Ïàðàìåòðû òåñòîâûõ ìàòðèö

íàçâàíèå N nz nz / n2 êîëëåêöèÿ

ecology2 999 999 2 997 995 3,00E-06 SuiteSparse
ecology1 1 000 000 2 998 000 3,00E-06 SuiteSparse

CurlCurl_3 1 219 574 7 382 096 4,96E-06 SuiteSparse
thermal2 1 228 045 4 904 179 3,25E-06 SuiteSparse

Kamaz_gusev 1 429 158 50 191 148 2,46E-05 ËÎÃÎÑ
Geo_1438 1 437 960 32 297 325 1,56E-05 SuiteSparse
StocF-1465 1 465 137 11 235 263 5,23E-06 SuiteSparse
Hook_1498 1 498 023 31 207 734 1,39E-05 SuiteSparse
af_shell10 1 508 065 27 090 195 1,19E-05 SuiteSparse
Flan_1565 1 564 794 59 485 419 2,43E-05 SuiteSparse
G3_circuit 1 585 478 4 623 152 1,84E-06 SuiteSparse
lopatka2 2 545 314 88 273 521 1,36E-05 ËÎÃÎÑ
49_750 2 615 169 97 081 773 1,42E-05 ËÎÃÎÑ
p4_6 4 216 212 144 714 294 8,14E-06 ËÎÃÎÑ

è 10 ìàòðèö, ñãåíåðèðîâàííûõ ïàêåòîì ½ËÎÃÎÑ“ â õîäå ðàñ÷åòîâ çàäà÷ ïðî÷íîñòè. Â ðà-
áîòå ïðèâåäåíû ðåçóëüòàòû äëÿ ìàòðèö ïîðÿäêà áîëåå 1 ìëí. ñòðîê, èõ õàðàêòåðèñòèêè
óêàçàíû â òàáë. 1.

2.2. Àíàëèç ïðîèçâîäèòåëüíîñòè è çàïîëíåíèÿ ôàêòîðà ìàòðèö. Äëÿ àíàëèçà ðåçóëü-
òàòîâ ðàáîòû ïåðåóïîðÿäî÷åíèÿ áûëè ïðîèçâåäåíû çàïóñêè íà îäíîì è äâóõ âû÷èñëèòåëü-
íûõ óçëàõ êëàñòåðà, à òàêæå ïðîâåäåíî ñðàâíåíèå ñ áèáëèîòåêàìè ParMETIS è mt-metis.

Â ðàìêàõ îäíîãî âû÷èñëèòåëüíîãî óçëà áûëè ïðîâåäåíû çàïóñêè ïàêåòîâ äëÿ îáùåé ïà-
ìÿòè PMORSy, mt-metis è ïàêåòîâ äëÿ ðàñïðåäåëåííîé ïàìÿòè DMORSy, DMORSy_hybrid
è ParMETIS. Çàïóñêè ïðîèçâîäèëèñü íà 32 âû÷èñëèòåëüíûõ ÿäðàõ. Äëÿ ãèáðèäíîé âåðñèè
áûëî âûáðàíî ñîîòíîøåíèå 16 ïðîöåññîâ ïî 2 ïîòîêà äëÿ âñåõ òåñòîâûõ ìàòðèö.

Ñðàâíåíèå âðåìåíè ðàáîòû (ðèñ. 3) ïîêàçûâàåò, ÷òî DMORSy è DMORSy_hybrid ðà-
áîòàþò áûñòðåå PMORSy çà ñ÷åò ïàðàëëåëüíîãî âûïîëíåíèÿ ýòàïîâ ìíîãîóðîâíåâîãî ìå-
òîäà. Â ñðàâíåíèè ñ âåðñèåé äëÿ îáùåé ïàìÿòè, ñîêðàùåíèå âðåìåíè ðàáîòû â ñðåäíåì
ñîñòàâëÿåò 2,4 ðàçà. Â ñðàâíåíèè ñ mt-metis è ParMETIS, DMORSy_hybrid ðàáîòàåò áûñò-
ðåå íà ïîëîâèíå òåñòîâûõ ìàòðèö (â ñðåäíåì, â 1,5 ðàçà îòíîñèòåëüíî mt-metis, â 1,9 ðàç
îòíîñèòåëüíî ParMETIS). Èñïîëüçîâàíèå ãèáðèäíîé ñõåìû ðàñïàðàëëåëèâàíèÿ íà îäíîì
âû÷èñëèòåëüíîì óçëå íå äàåò äîïîëíèòåëüíîãî âûèãðûøà ïî âðåìåíè ïî ñðàâíåíèþ ñ áà-
çîâîé MPI âåðñèåé, îäíàêî ïðè èñïîëüçîâàíèè íåñêîëüêèõ âû÷èñëèòåëüíûõ óçëîâ áóäåò
ïîêàçàíî åå ïðåèìóùåñòâî.

Ñðàâíåíèå çàïîëíåíèÿ ôàêòîðîâ ìàòðèö (ðèñ. 4) ïîêàçûâàåò, ÷òî ðåçóëüòàòû, ïîëó÷åí-
íûå PMORSy, DMORSy è DMORSy_hybrid áëèçêè. Äëÿ 10 èç 14 ìàòðèö íàèìåíüøåå çà-
ïîëíåíèå ôàêòîðà áûëî ïîëó÷åíî ïàêåòàìè PMORSy èëè DMORSy_hybrid, äëÿ îñòàâøèõ-
ñÿ 4 ìàòðèö � ïàêåòîì ParMETIS. Â ñðàâíåíèè ñî ñòîðîííèìè ïàêåòàìè, DMORSy_hybrid
ïîçâîëÿåò ïîëó÷èòü ëó÷øåå çàïîëíåíèå ôàêòîðà íà ïîëîâèíå òåñòîâûõ ìàòðèö, ïîëó÷àÿ
äî 20 % ìåíüøå, ÷åì mt-metis, è äî 12 % ìåíüøå, ÷åì ParMETIS.

Äàëåå ñðàâíèì ðåçóëüòàòû ðàáîòû DMORSy, DMORSy_hybrid è ParMETIS ïðè ðàáî-
òå íà 32 ÿäðàõ äâóõ âû÷èñëèòåëüíûõ óçëîâ (ðèñ. 5). Äëÿ DMORSy_hybrid äëÿ êàæäîé
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Ðèñ. 3. Ñðàâíåíèå âðåìåíè ðàáîòû ïåðåóïîðÿäî÷èâàòåëåé íà îäíîì âû÷èñëèòåëüíîì óçëå

Ðèñ. 4. Ñðàâíåíèå çàïîëíåíèÿ ôàêòîðà, ïîëó÷åííîãî ïåðåóïîðÿäî÷èâàòåëÿìè íà îäíîì âû÷èñëèòåëüíîì

óçëå

ìàòðèöû ñîîòíîøåíèå ÷èñëà ïðîöåññîâ è ïîòîêîâ âûáèðàëîñü òàêèì îáðàçîì, ÷òîáû âðå-
ìÿ ðàáîòû áûëî íàèìåíüøèì. Äëÿ áîëüøèíñòâà ìàòðèö áûëà âûáðàíà êîíôèãóðàöèÿ 16
ïðîöåññîâ ïî 2 ïîòîêà, äëÿ îñòàëüíûõ � 8 ïðîöåññîâ ïî 4 ïîòîêà èëè 32 ïðîöåññà ïî 1
ïîòîêó. Èñïîëüçîâàíèå ãèáðèäíîé ñõåìû ðàñïàðàëëåëèâàíèÿ ïîçâîëèëî ñîêðàòèòü âðåìÿ
ðàáîòû DMORSy äëÿ áîëüøèíñòâà ìàòðèö (â ñðåäíåì, íà 5 %, íàèáîëüøèé âûèãðûø �
12 %). Â ñðàâíåíèè ñ ParMETIS, DMORSy_hybrid ðàáîòàåò áûñòðåå íà 11 ìàòðèöàõ èç
14, â ñðåäíåì îïåðåæàÿ â 2,2 ðàçà (íàèáîëüøèé âûèãðûø � 3,8 ðàç).

Ñðàâíèì çàïîëíåíèå ôàêòîðîâ ìàòðèö, ïîëó÷åííîå ïðè ðàáîòå íà äâóõ âû÷èñëèòåëü-
íûõ óçëàõ (ðèñ. 6). Òàêæå êàê è ïðè ðàáîòå íà îäíîì âû÷èñëèòåëüíîì óçëå, çàïîëíåíèå
ôàêòîðîâ, ïîëó÷åííîå DMORSy è DMORSy_hybrid, îòëè÷àåòñÿ íåçíà÷èòåëüíî (ðàçíèöà
â ïðåäåëàõ 2 %). Ïðè ýòîì DMORSy_hybrid áûëî ïîëó÷åíî ìåíüøåå çàïîëíåíèå ôàêòî-
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Ðèñ. 5. Ñðàâíåíèå âðåìåíè ðàáîòû ïåðåóïîðÿäî÷èâàòåëåé íà äâóõ âû÷èñëèòåëüíûõ óçëàõ

Ðèñ. 6. Çàïîëíåíèå ôàêòîðà ìàòðèö, ïîëó÷åííîãî ïåðåóïîðÿäî÷èâàòåëÿìè íà äâóõ âû÷èñëèòåëüíûõ

óçëàõ

ðà, ÷åì ParMETIS, äëÿ ïîëîâèíû òåñòîâûõ ìàòðèö (ñðåäíåå îïåðåæåíèå 8 %, íàèáîëüøèé
âûèãðûø � 12 %).

Ðàíåå áûëî ïîêàçàíî, ÷òî DMORSy è DMORSy_hybrid ðàáîòàþò áûñòðåå, ÷åì
ParMETIS, íà ìàòðèöàõ ïîðÿäêà ìåíåå 1 ìëí. ñòðîê è ìàòðèöàõ ñ ðåãóëÿðíîé ñòðóê-
òóðîé (âñå ìàòðèöû èç êîëëåêöèè ËÎÃÎÑ è ÷àñòü ìàòðèö èç êîëëåêöèè SuiteSparse).
Ìàòðèöû ñ ðåãóëÿðíîé ñòðóêòóðîé, â ÷àñòíîñòè, ïîëó÷åííûå â õîäå êîíå÷íî-ýëåìåíòíûõ
ðàñ÷åòîâ, äîïóñêàþò òî÷íîå ñæàòèå, ò. å. âîçìîæíîñòü îáúåäèíèòü ñòðîêè ìàòðèöû ñ îäè-
íàêîâûì ðàñïîëîæåíèåì íåíóëåâûõ ýëåìåíòîâ. Ýòîò ïðèåì ïîçâîëÿåò ñîêðàòèòü âðåìÿ
ðàáîòû ïåðåóïîðÿäî÷åíèÿ â ðàçû ñ ñîõðàíåíèåì ðàçìåðà ôàêòîðà, ïîëó÷åííîãî â ðåçóëü-
òàòå ïåðåñòàíîâêè.

3. Ïðèìåíåíèå ïåðåñòàíîâîê äëÿ ðåøåíèÿ ðàçðåæåííûõ ÑËÀÓ.
3.1 Ìåòîäèêà ïðîâåäåíèÿ ýêñïåðèìåíòîâ. Äëÿ òåñòèðîâàíèÿ âîçìîæíîñòè èñïîëüçîâà-

íèÿ ïîëó÷åííûõ ïåðåñòàíîâîê äëÿ ðåøåíèÿ ÑËÀÓ áûëà ïðîâåäåíà ñåðèÿ ýêñïåðèìåíòîâ
ñ îòêðûòûì ðåøàòåëåì ÑËÀÓ MUMPS [4]. Ðåøàëàñü ñîâìåñòíàÿ ÑËÀÓ Ax = b, ãäå A �



À.Þ. Ïèðîâà 11

Ðèñ. 7. Ñðàâíåíèå âðåìåíè ðàáîòû ðåøàòåëÿ MUMPS ïðè èñïîëüçîâàíèè ðàçíûõ ïåðåñòàíîâîê. Âðåìÿ

ðàáîòû ðåøàòåëÿ äî 10 ñåêóíä

ìàòðèöà èç òåñòîâîãî íàáîðà, x � çàäàííûé âåêòîð íåèçâåñòíûõ. Ïðèìåíÿëîñü LDLT

ðàçëîæåíèå ìàòðèöû ñèñòåìû ñ óêàçàíèåì òèïà ìàòðèöû (ñèììåòðè÷íàÿ ïîëîæèòåëüíî
îïðåäåëåííàÿ èëè ñèììåòðè÷íàÿ íåîïðåäåëåííàÿ). Ðåøåíèå âûïîëíÿëîñü íà îäíîì âû-
÷èñëèòåëüíîì óçëå â 32 ïðîöåññà, ìàòðèöà èçíà÷àëüíî áûëà ðàçäåëåíà íà ðàâíûå ïîëîñû
ìåæäó ïðîöåññàìè.

Ïðîâåäåì ñðàâíåíèå ðåçóëüòàòîâ ðåøåíèÿ ÑËÀÓ ïðè òðåõ âàðèàíòàõ ïåðåñòàíîâîê: 1)
ïåðåñòàíîâêà èç ParMETIS, ParMETIS çàïóñêàëñÿ ÷åðåç âñòðîåííûé â MUMPS èíòåðôåéñ;
2) ïåðåñòàíîâêà èç DMORSy, ñ ïàðàìåòðàìè, äàþùèìè íàèìåíüøåå çàïîëíåíèå ôàêòîðà
ïðè ðàáîòå â 32 ïðîöåññà; 3) ïåðåñòàíîâêà èç DMORSy, ñ ïàðàìåòðàìè, îãðàíè÷èâàþùèìè
âðåìÿ ðàáîòû ïåðåóïîðÿäî÷åíèÿ çà ñ÷åò ñîêðàùåíèÿ îòäåëüíûõ ýòàïîâ ìíîãîóðîâíåâîãî
ìåòîäà âëîæåííûõ ñå÷åíèé.

Äëÿ DMORSy ñ ôèêñèðîâàííûìè ïàðàìåòðàìè ïðîèçâîäèëèñü çàïóñêè íà îäíîì âû-
÷èñëèòåëüíîì óçëå ïðè ðàçíîì ñîîòíîøåíèè ÷èñëà ïðîöåññîâ è ïîòîêîâ, çàòåì áûëè âû-
áðàíû ïåðåñòàíîâêè, äàþùèå ìèíèìàëüíîå ñóììàðíîå âðåìÿ ðàáîòû ïåðåóïîðÿäî÷èâàòåëÿ
è ðåøàòåëÿ. Ïåðåñòàíîâêè DMORSy ïîäàâàëèñü â MUMPS êàê ïîëüçîâàòåëüñêèå.

3.2. Ðåçóëüòàòû ðåøåíèÿ ÑËÀÓ ñ ðàçëè÷íûìè ïåðåñòàíîâêàìè. Âðåìÿ ðàáîòû ðåøà-
òåëÿ MUMPS ïðè ðàçëè÷íûõ ïåðåñòàíîâêàõ ïðèâåäåíî íèæå. Íà ðèñóíêàõ ìàòðèöû ðàç-
äåëåíû íà äâå ãðóïïû � òå, íà êîòîðûõ âðåìÿ ðàáîòû MUMPS ìåíåå 10 ñåêóíä (ðèñ. 7),
è òå, íà êîòîðûõ âðåìÿ ðàáîòû MUMPS áîëåå 10 ñåêóíä (ðèñ. 8).

Ïðèìåíåíèå ïåðåñòàíîâîê DMORSy ñ ïàðàìåòðàìè, äàþùèìè íàèìåíüøåå çàïîëíåíèå
ôàêòîðà, ïîçâîëèëî ñîêðàòèòü âðåìÿ ðàáîòû ðåøàòåëÿ íà 26 ìàòðèöàõ èç 37 â ñðàâíåíèè
ñ èñïîëüçîâàíèåì ïåðåñòàíîâêè èç ParMETIS (â ñðåäíåì, íà 26 %). Äëÿ áîëüøèíñòâà èç
ýòèõ ìàòðèö îïåðåæåíèå ïîëó÷åíî êàê çà ñ÷åò ñîêðàùåíèÿ âðåìåíè ïåðåóïîðÿäî÷åíèÿ,
òàê è çà ñ÷åò âðåìåíè ÷èñëåííîé ôàêòîðèçàöèè.

Èñïîëüçîâàíèå ïàðàìåòðîâ DMORSy ñ îãðàíè÷åííûì çàïîëíåíèåì ôàêòîðà (êîíôèãó-
ðàöèÿ 3) äàëî ïåðåñòàíîâêè ñ áîëüøèì çàïîëíåíèåì ôàêòîðà (â ñðåäíåì, +3 %), ïðè ýòîì
âðåìÿ ïåðåóïîðÿäî÷åíèÿ áûëî ñîêðàùåíî îò 20 % äî 2õ ðàç. Ïðèìåíåíèå òàêèõ ïåðåñòàíî-
âîê ê ðåøåíèþ ÑËÀÓ íà 18 ìàòðèöàõ ïîçâîëèëî äîïîëíèòåëüíî ñîêðàòèòü âðåìÿ ðàáîòû
ðåøàòåëÿ îòíîñèòåëüíî ParMETIS çà ñ÷åò âðåìåíè ïåðåóïîðÿäî÷åíèÿ, ñðåäíèé âûèãðûø
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Ðèñ. 8. Ñðàâíåíèå âðåìåíè ðàáîòû ðåøàòåëÿ MUMPS ïðè èñïîëüçîâàíèè ðàçíûõ ïåðåñòàíîâîê. Âðåìÿ

ðàáîòû ðåøàòåëÿ áîëåå 10 ñåêóíä

îáùåãî âðåìåíè ðàáîòû ñîñòàâèë 29 %. Åùå íà 8 ìàòðèöàõ âðåìÿ ðàáîòû ðåøàòåëÿ áûëî
ïî-ïðåæíåìó ìåíüøå, ÷åì ïðè èñïîëüçîâàíèè ïåðåñòàíîâîê ParMETIS, íî áîëüøå, ÷åì
ïðè èñïîëüçîâàíèè ïåðåñòàíîâîê DMORSy c ïàðàìåòðàìè èç êîíôèãóðàöèè 2.

Èç ðèñ. 9 âèäíî, ÷òî ïðè áëèçêîì çàïîëíåíèè ìàòðèö ïîñëå ïåðåóïîðÿäî÷åíèÿ (ìàòðè-
öû StocF-1465, audikw_1, CurlCurl_3) âðåìÿ ÷èñëåííîé ôàêòîðèçàöèè ïðè èñïîëüçîâàíèè
ðàçíûõ ïåðåñòàíîâîê îòëè÷àåòñÿ íåçíà÷èòåëüíî. Åñëè DMORSy áûëî ïîëó÷åíî çàïîëíå-
íèå íà 10 % ìåíüøå, òî âðåìÿ ÷èñëåííîé ôàêòîðèçàöèè ïðè ýòîì ñîêðàùàëîñü íà 20 %
(íàïðèìåð, ìàòðèöû 49_750, p4_6, Geo_1438). Äëÿ 20 ìàòðèö èç 37 ÷èñëåííàÿ ôàêòîðè-
çàöèÿ ïîñëå ïåðåñòàíîâîê DMORSy áûëà áûñòðåå áîëåå ÷åì íà 13 %.

Íà òåõ ìàòðèöàõ, ãäå èñïîëüçîâàíèå DMORSy çàìåäëÿåò îáùåå ðåøåíèå ÑËÀÓ, îò-
ñòàâàíèå â îáùåì âðåìåíè ðàáîòû MUMPS ÿâëÿåòñÿ íàêëàäíûìè ðàñõîäàìè íà èñïîëü-
çîâàíèå ïîëüçîâàòåëüñêîé ïåðåñòàíîâêè, â ÷àñòíîñòè, ïîñëåäîâàòåëüíîé ôàçîé àíàëèçà.
Ïðåèìóùåñòâîì èñïîëüçîâàíèÿ âñòðîåííîé â ðåøàòåëü ïåðåñòàíîâêè ÿâëÿåòñÿ âîçìîæ-
íîñòü ïàðàëëåëüíîãî âûïîëíåíèÿ ôàçû àíàëèçà, ÷òî äàåò ñîêðàùåíèå âðåìåíè ðàáîòû
ýòîãî ýòàïà â 1,5�3,5 ðàçà. Ïðè èíòåãðàöèè ïåðåóïîðÿäî÷èâàòåëÿ â ðåøàòåëü âîçìîæíî
èñïîëüçîâàòü ÷àñòü èíôîðìàöèè î ïåðåñòàíîâêå äëÿ ïðåäâàðèòåëüíîãî ïîñòðîåíèÿ äåðå-
âà èñêëþ÷åíèÿ, êàê ýòî ñäåëàíî â MUMPS. Â íåêîòîðûõ ðåøàòåëÿõ âûïîëíÿåòñÿ îöåíêà
çàïîëíåíèÿ ôàêòîðà â ïðîöåññå íàõîæäåíèÿ ïåðåñòàíîâêè, ÷òî ïîçâîëÿåò îãðàíè÷èòü âðå-
ìÿ ðàáîòû ïåðåóïîðÿäî÷åíèÿ ïðè ïîëó÷åíèè ïåðåñòàíîâêè íå ñ íàèìåíüøèì âîçìîæíûì
ðàçìåðîì ôàêòîðà, íî ïðèåìëåìîé äëÿ ôàêòîðèçàöèè.

Çàêëþ÷åíèå. Â ðàáîòå ðàññìàòðèâàåòñÿ çàäà÷à ïåðåóïîðÿäî÷åíèÿ ñèììåòðè÷íîé ðàç-
ðåæåííîé ìàòðèöû ñ öåëüþ óìåíüøåíèÿ çàïîëíåíèÿ ôàêòîðà ïðè ïðÿìîì ðåøåíèè ÑËÀÓ.
Êàê ïðàâèëî, äëÿ ðåøåíèÿ äàííîé çàäà÷è èñïîëüçóþòñÿ ýâðèñòè÷åñêèå ìåòîäû, îñíîâàí-
íûå íà ìåòîäå âëîæåííûõ ñå÷åíèé èëè ìåòîäå ìèíèìàëüíîé ñòåïåíè. Ðàíåå àâòîðîì áûëè
ïðåäëîæåíû ïàðàëëåëüíûå ðåàëèçàöèè ìíîãîóðîâíåâîãî ìåòîäà âëîæåííûõ ñå÷åíèé äëÿ
ñèñòåì ñ îáùåé ïàìÿòüþ [8] è ñèñòåì ñ ðàñïðåäåëåííîé ïàìÿòüþ [9]. Â äàííîé ðàáîòå
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Ðèñ. 9. Ñîêðàùåíèå âðåìåíè ÷èñëåííîé ôàêòîðèçàöèè è çàïîëíåíèÿ ôàêòîðà ïðè èñïîëüçîâàíèè

ïåðåñòàíîâîê èç DMORSy â êîíôèãóðàöèè 2 âìåñòî ïåðåñòàíîâîê èç ParMETIS, äëÿ ìàòðèö, íà êîòîðûõ

âðåìÿ ðàáîòû ðåøàòåëÿ áîëåå 10 ñåêóíä. Îïåðåæåíèþ ñîîòâåòñòâóþò ñòîëáöû âûñîòîé ìåíåå 100 %,

îòñòàâàíèþ � áîëåå 100 %

ïðåäëîæåí íîâûé ãèáðèäíûé MPI + OpenMP ïàðàëëåëüíûé àëãîðèòì ìåòîäà âëîæåííûõ
ñå÷åíèé, â êîòîðîì êîìáèíèðóåòñÿ ïàðàëëåëèçì ñ èñïîëüçîâàíèåì ïðîöåññîâ è ïîòîêîâ.

Âû÷èñëèòåëüíûå ýêñïåðèìåíòû ïîêàçàëè, ÷òî èñïîëüçîâàíèå ãèáðèäíîé ñõåìû ðàñïà-
ðàëëåëèâàíèÿ â ñðàâíåíèè ñ ðåàëèçàöèåé äëÿ ñèñòåì ñ ðàñïðåäåëåííîé ïàìÿòüþ ïîçâîëèëî
ñîêðàòèòü âðåìÿ íàõîæäåíèÿ ïåðåñòàíîâîê è çàïîëíåíèå ôàêòîðà ìàòðèö ïðè ðàáîòå íà
äâóõ âû÷èñëèòåëüíûõ óçëàõ. Â ñðàâíåíèè ñ ïàêåòîì ParMETIS [2], øèðîêî ïðèìåíÿåìûì
â ïðèëîæåíèÿõ, â ÷àñòíîñòè, ïðè ðàñ÷åòàõ â ñèñòåìàõ ñ ðàñïðåäåëåííîé ïàìÿòüþ, äëÿ ïî-
ëîâèíû òåñòîâûõ ìàòðèö áûëè ïîëó÷åíû ëó÷øèå ðåçóëüòàòû êàê ïî âðåìåíè ðàáîòû, òàê
è ïî çàïîëíåíèþ ôàêòîðà.

Â ðàáîòå ïðèâîäÿòñÿ ðåçóëüòàòû ïðèìåíåíèÿ ïîëó÷åííûõ ïåðåñòàíîâîê äëÿ ðåøåíèÿ
ÑËÀÓ ñ ðàçðåæåííîé ìàòðèöåé ñ ïîìîùüþ îòêðûòîãî ðåøàòåëÿ MUMPS. Ïîêàçàíî, ÷òî
óäàåòñÿ ñîêðàòèòü îáùåå âðåìÿ ðåøåíèÿ ÑËÀÓ íà áîëüøîì ÷èñëå òåñòîâûõ ìàòðèö, â
ñðàâíåíèè ñ èñïîëüçîâàíèåì ïåðåóïîðÿäî÷èâàòåëÿ ParMETIS. Îïåðåæåíèå ïîëó÷åíî êàê
çà ñ÷åò ìåíüøåãî âðåìåíè ïåðåóïîðÿäî÷åíèÿ, òàê è çà ñ÷åò ìåíüøåãî çàïîëíåíèÿ ôàê-
òîðà, ÷òî, â ñâîþ î÷åðåäü, ïðèâîäèò ê óìåíüøåíèþ âðåìåíè ÷èñëåííîé ôàêòîðèçàöèè.
Â äàëüíåéøåì ìîæíî âûïîëíèòü èíòåãðàöèþ ïåðåóïîðÿäî÷èâàòåëÿ â ðåøàòåëü, ÷òîáû
èìåòü âîçìîæíîñòü çàäàâàòü íàñòðîéêè ïàðàìåòðîâ ïåðåóïîðÿäî÷åíèÿ, íåîáõîäèìûå ïðè
ðåøåíèè êîíêðåòíîé çàäà÷è, à òàêæå ïàðàëëåëüíî âûïîëíÿòü ôàçó àíàëèçà.

Àâòîð âûðàæàåò áëàãîäàðíîñòü Ìååðîâó È.Á., Áàðòåíåâó Þ.Ã. è Êîçèíîâó Å.À. çà
öåííûå îáñóæäåíèÿ è âíèìàíèå ê ðàáîòå.
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