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Systems of linear equations (SLAE) with large sparse matrix arise from numerical simulations in
various scientific and engineering applications. SLAE solution is one of the time and memory-consuming
stages of modeling, which requires efficient implementation on modern supercomputers. Depending on
the properties of the matrix, direct and iterative methods of solving such systems are applied. Direct
methods are based on matrix factorization into two triangular matrices and backward solution of these
systems. A feature of direct methods is that the number of non-zero elements during the factorization
step can significantly increase over the initial matrix. Symmetric row and column reordering is used
before numerical factorization to minimize the fill-in. A suitable permutation reduces the memory
consumption for storing the factor and the time required for the most time-consuming stage - numerical
factorization. Therefore, it is important to develop new parallel reordering algorithms that reduce the
total time for solving SLAEs with a sparse matrix, and hence, the time of numerical simulation in
applications.

The problem of finding the ordering that minimizes the factor fill-in is NP-hard. In practice, two
heuristic approaches are commonly used: the minimum degree and nested dissection algorithms. The
nested dissection algorithm is built on the divide-and-conquer principle. At each step of the algorithm,
a graph separator is found. The separator vertices divide the graph into two disconnected subgraphs of
similar size. Then the separator vertices are numbered and removed from the graph, and the algorithm
operates recursively on new subgraphs. The process stops when all vertices are numbered. There
are many modifications of the nested dissection method that differ in the algorithm for finding the
separator. Since 1993, the modifications of the nested dissection algorithm employing the multilevel
approach are used in parallel computations.

Most sparse SLAE solvers have built-in implementations of reordering methods, as well as an
interface for using third-party libraries and user permutations. Open source libraries ParMETIS and
PT-Scotch are widely used in the academic community. They implement a multilevel nested dissection
algorithm for distributed memory systems using MPI technology. In particular, the open academic
direct solver MUMPS has an interface for using these libraries. The ParMETIS library also has a version
for shared memory systems called mt-metis. The commercial solver Intel MKL PARDISO and its cluster
version Intel Cluster PARDISO are examples of tight integration of the solver and ordering routine.
They include optimized versions of the METIS library, designed for shared-memory and distributed-
memory systems, but its approaches to optimizing and combining shared and distributed memory
computations during the reordering process have not been published.

Earlier, we presented the PMORSy and DMORSy reordering libraries that implement the multilevel
nested section method for shared- and distributed-memory systems,; respectively. The ordering
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algorithm in PMORSy is based on parallel processing of the task queue. The task is to find the
separator in the current subgraph. After calculating the separator, new subgraphs go to the shared task
queue, from which they are assigned for execution to free threads. The algorithm is implemented using
OpenMP technology. The parallel algorithm in DMORSy is based on parallel processing of a binary
tree constructed during the nested dissection method. Let the original graph be distributed among P
processes. Then its separator is calculated in parallel by all P processes using a multilevel algorithm
similar to that used in PT-Scotch. After the separator is found, new subgraphs are redistributed to
P / 2 processes each, and the ordering process is continued independently for new subgraphs. The
algorithm is implemented using MPI technology.

In this paper, we propose a hybrid MPI 4+ OpenMP parallel algorithm for distributed memory
systems, in which the use of processes and threads within a single computing node is combined. The
algorithm is constructed as follows. While the input graph is distributed among P > 1 processes, its
separator is calculated in parallel by all $P$ processes using a multilevel algorithm from DMORSYy.
Once the input subgraph is stored on a single process, the ordering is performed using a parallel task
queue according to the algorithm from PMORSy. The combination of parallelization schemes includes
their advantages: the scalability of the distributed memory algorithm and less factor fill-in obtained
by the algorithm on shared memory.

We show the competitiveness of the implementation in comparison with analogs in terms of ordering
time and factor fill-in. We test our implementation on 37 symmetric matrices from the SuiteSparse
Matrix Collection and LOGOS-FEM Collection. Computational experiments show that the use of a
hybrid parallelization scheme in comparison with the pure MPI DMORSy parallelization reduces the
run-time of reordering by 5 % on average when working on two computational nodes. In comparison
with ParMETIS, hybrid DMORSy works faster on most matrices, the average advantage is 2 times
for matrices over 1 million rows and 4.9 times for matrices less than 1 million rows. Moreover, hybrid
DMORSy produces orderings of 8 % on average smaller fill-in than ParMETIS for a 2 / 3 of test
matrices. Further, we tested the obtained permutations for solving the SLAEs. For this, a series of
experiments were carried out with the open source solver MUMPS. The use of the hybrid DMORSy
permutations allowed us to reduce the run-time of the solver on 26 matrices out of 37 in comparison
with the use of permutations from ParMETIS (on average, by 26 %). For most of these matrices, the
lead is obtained both by reducing the ordering time and by the time of numerical factorization.

Key words: nested dissection ordering, sparse matrix reordering, distributed-memory parallel
algorithms, sparse matrix solve.
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B pabore paccmarpuBaeTcsa 3aada Mepeynopsaaouennss CTPOK U CTOJOIOB PA3PEKEeHHON MATPHITHI
C TeJTBI0 YMEHBITICHNsT 3aToHeHnsT pakTopa mpu mpsimom perrernn CJTAY. Tlpemraraercs mapad-
JICJIBHBIA aJITOPUTM MHOTOYPOBHEBOIO METO/Ia BJIOXKEHHBIX CEYCHUN JIJId CUCTEM C PacIpegeseHHON
MaMsATbiO, B KOTOPOM BBITIOJIHSAETCS COTVIACOBAHHOE WCIIOJIH30BAHNE TPOIECCOB M MOTOKOB B PaM-
KaX O,Z[HOI‘/'I BBIUUCJAUTEALHON CUCTEMBI. HpI/IBO,Z[HTCH PEIYIBTATHI BHIYUCIUTEIBHBIX 9KCIIECPUMEHTOB,
ITOKA3BIBAIOIINE KOHKYPEHTOCIIOCOOHOCTh PEAJIUBAIINY B CDABHEHUH C aHAJIOTAaMU 110 BDEMEHH Tepe-
VIIOPALOIEHNS U 3ATOJTHEHWIO (pakTopa MaTpuil. [[oKa3amo, 970 TPUMEHEHNE Oy YeHHBIX TepecTa-
HOBOK TIO3BOJISIET COKpATHTEL BpeMst pemterns CJIAY ¢ momomnisio oTkpeiToit 6ubmmorekn MUMPS
Ha psJle TECTOBBIX 33/1a4.

KJ'IIO"IeBbIe CJIOBaA: METOJ BJIOXKE€HHBIX CequI/Iﬁ, IEpeynopAaa0veHne pa3peKEeHHbIX MaTPUIIL,
TMapaJsIebHBIN aaroOpuTM, pernenne pa3pekenubix CJIAY.

Beenenue. [Ipu BuIIOJIHEHHN YHCJIEHHOTO MOJIETUPOBAHNSA B PA3THIHBIX MPUKIATHBIX 00-
JacTax (adpo- M CHAPOJMHAMUKE, MOJCIUPOBAHUU JIEKTPOMArHUTHBIX BOJIH, Cpej, reodusn-
9eCKHUX TPOIECCOB U JP.), KaK MPaBUJIO, Tpebyercs duciaeHHoe pernienne auddepeHmaibabx
ypaBHEHWH B YaCTHBIX MPOU3BOAHBIX. OTHUM U3 KJIOUYEBHIX HTAMOB UX PENTeHUsI, TPEOYONNM
3HAYUTE/TBHBIX BPDEMEHHBIX 3aTPAT, ABJIAETCS PellleHre CHCTeM JIMHEHHbIX YPaBHEeHUH, IOy YeH-
HBIX B XOJIe JHCKpeTu3anuu. Kak mpaBuio, IpUd MOAEJTHPOBAHUE JIBYMEDPHBIX U TPEXMEPHBIX
CHCTEM, HOCTPOCHHBIE B XO/I€ PACYETOB MATPUIBI UMEIOT GOJIBIION MOPSIOK (HECKOJIBKO MUJLIIU-
OHOB CTPOK) M MAaJIO€ YHCJIO HEHYJIEBBIX 3JEMEHTOB. B 3aBUCHMOCTH OT CBOHCTB MATDHILBI, I/
pemrerust CJTAY ucnosb3yrTces mpsiMble WM UTEPAIMOHHBIE MeTO/Ibl. B X0je mpsiMoro perre-
aust CJIAY BeIIOTHsIETCS pa3/IoKeHHe MATPHUIIBI CHCTEMBI Ha IIPOU3BEIeHNe IBYX TPEYTOJbHBIX
MaTpHII, HA3BIBAEMBIX (Parmopamu, IPH TOM UYHUCJIO HEHYJIEBBIX 3JeMEHTOB (hakKTopa B pPa3bl
00JIbIIe, UeM B UCXOHOI MaTpuiie. [loaToMmy BeIOTHsIETCS TPe100paboTKa MATPHUIIHI — ee nepe-
Ynopadoverue, TO eCTh HAXOXKIEHNE CHMMETPUIHON MePecTAaHOBKU CTPOK U CTOJIOIOB MCXOTHOM
MAaTPHIIBI C IEAbI0 YMEeHbITeHN 3amoaaenns. Takum oopaszom, mpsamoe pererne CJIAY ¢ paspe-
JKEeHHOI MaTpHUIlel BBIIOJTHAETCS B Y€TBIPE dTala: IepeyIopsaIodeHre, CAMBO/IbHaA (haKTOpU3a-
nust (dasa ananmsa), unciaenHas gakropusaius, oOpaTHbil X0 MeTona [aycca. Haxoxmenune
HOAXOISAMIEH TePecTAHOBKHU TO3BOJIAET COKPATUTDH 3aTPAThl MAMSITH g XpaHeHUs (hakTopa,
BpeMs, HeOOX0IUuMOoe Jijis HanboJjiee TPYJI0EeMKOT0 3Tala — YUCJAeHHOH (pakTopu3aiuu, a Takxke
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BJINSIET HA TOTEHNHAJ TapaJsuien3Ma ducjaeHHoi ¢gpakropusanuu. [losTomy akTyanbHa paspa-
OOTKa HOBBIX MapaJlJIeJbHBIX AJITOPUTMOB MEPEYIOPST0UeHN S, TIO3BOIAIONINX COKPATUTH 00TIIee
spems pertenus CJIAY ¢ paspe:keHHO# MaTpuiieil, a 3HAYUT, BpeMs THCJICHHOTO MOJIETHPOBA-
HUS B MPUKJIATHBIX 33/Ta9aX.

3ajaua HAXOXK/EHUS ONTUMAJIbHON MepecTaHOBKM, MHUHUMH3UPYIONEH pa3mep daxropa,
NP-rpyanas [1]. Ha npakTuke jyisi ee pereHusi IPUMEHSIOTCST 9BPUCTUYECKHE METOJbI, 103~
BOJISIOIINE 33 OTHOCUTEIHHO HEDOJIBITOE BpeMsi pabOThl HANTH MepecTaHOBKY, TPUEMIEMYIO 110
3aMOTHEHWIO 71 JajbHelneill dpakTopusanuu. Kak mpaBuio, s MAHAMW3AINN 3aM0THEHAA
OPUMEHSIOTCS MOIUMUKAIIT METO/Ia MUHUMATBHOM CTeTIeHN WJIM METO/Ia BJIOXKEHHBIX CeYeHUH.

B GosbmuacTBe pemareseit pazpexkennbix CJIAY umeioTcss BCTPpOEHHBIE PeATN3ANNA Me-
TOMOB TEPeyIoPsI0YeHns, a Tak:ke nHTepdeiic s NCH0JIb30BaHUs CTOPOHHUX OUO/IMOTEK 1
M0JTB30BATENILCKUX MepecTaHoBOK. [IIupokoe mpumeHeHne B HaydIHOM COODIECTBE MOJIYIUIN
oubamorekn ParMETIS [2] u PT-Scotch [3], B KOTOPBIX peajn30BaH MHOIOYPOBHEBBINH METOJ
BJIO2KEHHBIX CeYeHUHl JJIg CHCTeM C pAcIpeieIeHHOW MaMsThIO ¢ MCIOIb30BAHUEM TEXHOJIOTUU
MPI. B gacraoctu, orkpbiThiit akagemudeckuii pemareas MUMPS [4], npeanasnadenuniii aist
KJIACTEPHBIX CUCTEM, uMeeT mHrepdeiic /i UCIoab30BaHusd JaHHbIX Oudamorek. bubanorexa
ParMETIS umeer orenbHy0 BepCHIO JJist CHCTeM ¢ obIel maMsiThio, mt-metis [5]. Kommep-
geckuii pemaress Intel MKL PARDISO [6] u ero kiractepuas Bepcus Intel Cluster PARDISO
[7] siBAsITOTCST MPUMEPOM TeCHON MHTErpaluy periaresis U rnepeyrnopsaounbaresis. OHU BKIIO-
Ja0T ONTHMU3UpoBaHuble Bepcuu O6ubanorekn METIS, onHako nmpuMeHeHHBIE TaM MOAXOABI K
ONTUMUBANNNA U KOMOMHUDOBAHUIO BLITUC/IEHUI HA OOIIEH U PACIPe/IeIeHHON MaMSITH B PAMKAX
nepeynopsiIoueHns He OnyOTNKOBAHBI.

ABTOpOM JaHHON PabOTHI paHee OBLIM HpeACTaBIeHbl ONOTHOTEKN s IePeYIOPSI0IeHns,
B KOTOPBIX PeaJn30BaH MapaslIebHbIi MHOTOYDPOBHEBBIN MeTOJ BIOYKEHHBIX CEYeHUI I CH-
crem ¢ obmmei mamarbio PMORSy [8] u cucrem ¢ pacnpenenennoii mamstsio DMORSy [9]. B
JIaHHON paboTe mpeiaraercd THOPUIHAS CXeMa PaCHapaJsIIe MBAHNSA METO/IA BJIOKEHHBIX Ce-
JeHuil, 00beINHSIONAS PaHee OMHUCAHHBIE MOAXOAbI. [IpuMeHeHMe TAHHOW CXEMBI TO3BOJISIET
3a/1aBaTh YHCJO UCIOJb3YEMBIX MapaJlIeJbHBIM aJTOPUTMOM IIPOIECCOB U IIOTOKOB HCXOMd U3
APXUTEKTYPHl BBIYHCJIATENHHOM CHCTEMBI, & 3HAYHUT, MOYKET MO3BOJIUTH OOJiee THOKO HACTpAM-
BaTh IepeynopgagodnBareb aas pemenns CJIAY.

Pabora pekomenjoBaHa K medaTu MpOrpaMMHBIM KOMUTeTOM KoHbepennnn ,,Maremarnde-
CKOe MOJIe/INPOBAHNE U CyNMEePKOMIIbIOTEPHBIE TEXHOIOTHH " U SBJISIETCS PACITHPEHHBIM BaPUAH-
ToMm Te3nco [10], omybamKkoBaHHBIX B Marepuanax koudepenmun. B cpasaenun c [10] cymie-
CTBEHHO DACIIUpeHa KCIepUMeHTaIbHAasd JacTh paboThl U ee aHa 3. CTaThbs IMOCTPOEHA CJIe-
ayiomuM obpa3om. B paznesne 1 maercs ommcanue mpejiaraeMoro rubpuIHOTO TapasIebHOTO
aJINOPUTMA JIJIsi EPEYIOPSI0UeHUs PA3PEKEHHBIX MATpull. B pa3siese 2 npuBoauTcs aHa/u3
POU3BOIUTETBHOCTH THOPUIHOTO AJITOPUTMA B CPABHEHHUH C MPEIBIAYIIUMEA PEATHIANASIMI 1
nepeynopsgounBaresem ParMETIS. B pasnene 3 uzyuatorcss pe3yabraTbl MPUMEHEHUs MOJTY-
YeHHBIX IHepecTaHoBoK B pemarene MUMPS, maercsa cpaBmenume BpeMeHH padOThI pellraTesis
npHu ucnogb3oBanuu nepectanoBok u3 DMORSy u ParMETIS.

1. ITapajieqbHBIE AJArOPUTM IEPEYIOPAM0OUYEHUd. AJNTOPUTM TEPEYIOPSIIOICHUS,
paccMaTpuBaeMblii B JaHHON paboTe, OCHOBAH Ha MHOTOYPOBHEBOM METOJE BJIOYKEHHBIX Cede-
Huil. /11 ero BBIMOJIHEHUST 10 UCXOHONW MATPHUIE CHCTEMBI CTPOUTCS Tpad, B KOTOPOM KarK1ast
BepIIIIHA COOTBETCTBYET CTPOKE MATPHUIIHI, & KaxKjaoe pedpo — HeHyJIeBOMY 3d1eMeHTy. Pabora
MeTO/Ia BJIOXKEHHBIX CevdeHWil OCHOBaHa Ha TPUHIUIE ,,pa3/iesdil W BJACTBYH" M 3aKII0YaeT-
cd B MHOTOKPATHOM HAXOXKIEHWHM BEPIIMHHBIX pazaenuTteneil. B madase paboThl BRITUCIAETCS
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pa3aeinTellb

4 mporecca Ha
rpad

2 mporiecca Ha
noarpad

1 mporece, HECKONBKO
[IOTOKOB Ha noarpad. @
Hcronb3oBaHue myla 3ajia4d

Puc. 1. Tubpuausiii MPI + OpenMP anroputm nepeymnopsigodenusi. Apantuposano n3 [9]

BEPIIUHHDI pa3/IeuTe b UCXOAHOTO rpada, MpH ITOM MHOYKECTBO BEPINUH, €r0 COCTABJIAIO-
MIUX, HyMepyIoTcs U yiaaasiorcs u3 rpada. [loaxogdnum cauTaeTcs pasieauTes b, UMeIOIii
HAUMEHBIIIee YUCJI0 BEPIIHH MPU TOM, 9TO MOCIE €ro yaaJdeHus o0pa3yloTcs aBa OJU3KUX 1O
pasmepy noarpada. 3arem nepeyrnopsgoueHe mpoaozKaeTcs aHAJOTHYHO Ha rpadax, 00pas3o-
BaBITINXCSI TOCTE yaaeHus: pa3aennrtesis. [lepecranoBka HaiineHa, Koriaa Bce BepuinHbl rpada
3aHyMepPOBAHDI.

['ubpuaHbIil TApa/IeTbHBIH AJITOPUTM MIEPEYIOPsI0UeHHSs, peIIaraeMblil B paboTe, OCHO-
BaH Ha KOMOWHAIIMY PEATU30BAHHBIX paHee MapasileIbHBIX aJTOPUTMOB JIJIsT CHCTEM ¢ 00Teil n
pacnpeesernoit namsarobio |8, 9. Ilycrs nexonnbiit rpad xpanurces pacupe/enaero va P uporec-
cax (puc. 1). Torma pasmesuTesb sl HETO BBIYHCSIETCS MAPALIeIbHO BceMu P mporeccamu
10 MHOTOYPOBHEBOMY ajiroputmy, omucannomy B [9]. Tlocse Toro kak pasjenuresb HailieH, HO-
BBIe TOArpad Bl TIepepacupeieaoTcs Ha P/2 nporeccoB KazKIblil, 1 HAXOXKIEHHe pa3jieureei
TPOIOIKAETCS HE3ABUCUMO TIPOIECCaM, XpaHdanumu noarpad. Kak Toapko Ha mporecce xpa-
HUTCS TTOArpad MEeJUKOM, MePeyHoPsI09eHNe BBIOJIHACTC C UCIOIb30BAHUEM MMapa/lIeIbHON
odepen 3a1a9, KOTopas o0padaTrbiBaeTcss HECKOIbKUME moTokamu. OmxHoN 3a1aqeil, Ha3HAYA-
eMoOil TOTOKY, ABJISIETCA HAXOXKJIeHne paszjenutess B nmoarpade. [locie Buraucienns pasmien-
TeJis, HOBBbIEe TOATpadbl MOMAIAIOT B 0Yepe/Ib 3aa4 MPOIEcca, U3 KOTOPOH 3aXBATHIBAIOTCA Ha
BBLITIOJTHEHWE CBOOOMIHBIMU MOTOKaMu. [IceB1oKoI agropuTMa npejcTaBieH Ha puc. 2.

Peajiuzanus asiropurma BoinoHeHa ¢ ucnosibzopanuem rexuosoruit MPI u OpenMP. Kowm-
OWHUPOBAHKE CXEM pPacHapa/ieIMBAHUS TO3BOIUI0 O0bEIUHATH X MPEHMYIIEeCTBA: MACIITA-
OUPYEMOCTh aJTOPUTMA JIJIA CHCTEM € PACIpeIeIeHHON maMsThio U MeHbIIee 3amoTHenne (pax-
TOpa, MOJIy4aeMoe aJrOPUTMOM Ha OOIIeil maMsaTH.

2. Ananu3 rubpuaHoii peajau3anum.

2.1. Memoduxa nposedenus axcnepumenmos. Llenbio mepBoit cepuu BEIYUCIATETLHBIX IKC-
HepUMEeHTOB OBLITO CpaBHEHHE Pe3ybTaToB paboTer rubpuaHoro aaropurma DMORSy  hybrid ¢
pe3yabTaTaMi HCXOAHOTO pachnpenenernoro agroputmMa DMORSy u cropornanmu 6ubgmorexa-
mu ParMETIS v.4.0.3 (ny1s pacnpeesrennoii mamsaru) u mt-metis v. 7.0.2 (11st obrmeit mamsaru).
PesynbraTer mepeynopsiodenns CpaBHABAINCH 10 BpEMEHH TIOIYYeHUs IePECTAHOBOK U 3aI10JI-
HeHnIo (PAKTOPOB MATPHUIl. Bee ykazaHHnble TaKeThl 3aIlyCKAINCh ¢ HACTPOWKAMH TIepPeyTIOPsII0-
YeHUS [0 YMOJYAHUIO. Bbraucanre/ibHble SKCIIEPUMEHTHI TPOBOANIN Ha y3/1ax Kiracrtepa MCI]
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1 intx NDStepParallel(graph GO, int barrier) {

2 Find separator GO—>sep using one thread;

3 Find subgraphs G1, G2, \dots Gk using one thread. Get GO—>subgraphs ]
4 for (i = 0; i < k; i++) {

5 if (Gi > barrier)

6 #pragma omp task

7 Gi—>sep = NDStepParallel(Gi, barrier);

8

else
9 Gi—>sep = NDStepSequential (Gi);
10 }
11 return GO—>sep;
12 )
13
14
15 intx PMORSyOrdering(graph G, parameters, int nThreads) {
16 omp_set num _threads(nThreads);
17 #pragma omp parallel
18 #pragma omp single
19 G—>Sep — NDStepParallel (G, barrier);
20 separators = Merge(separators from graph tree with root G);
21 return separators;
22 }
23
24 intx NDStepMPI(graph currGraph, parameters, int nProcs) {
25 Find separator of currGraph currGraph—>Sep using all processes;
26 Find two subgraphs subgraph[0], subgraph[l] wusing all processes;
27 Distribute subgraph[0] to processes 0, 2, \dots, nProcs / 2;
28 Distribute subgraph[1] to processes 1, 3, \dots, nProcs / 2;
29 currGraph—>subgraph = subgraph[proc_id
30
31 return currGraph—>Sep;
32 }
33

34 intx NestedDissectionMPI(graph G(V, E), int nProcs, int nThreads) {
35 currGraph = G;

36 while ((currGraph != NULL) && (nProcs > 1)) {

37 currGraph—>Sep = NDStepMPI(currGraph, parameters, nProcs);

38 currGraph = currGraph—>subgraph;

39 nProcs = nProcs / 2;

40

41 if (currGraph != NULL) {

42 currGraph—>Sep = PMORSyOrdering(currGraph, parameters, nThreads);
43}

44 iperm = Merge(separators from graph tree with root G);
45 return iperm;

16}

Puc. 2. Tlcemokon rubpumroro MPI + OpenMP anropurma BIOKEHHBIX CeYeHMit

PAH co caenyrommnvu xapakrepuctukamu: nporeccop Intel Xeon Gold 6154 (Skylake), 3,0 GHz,
2 x 18 aaep, namars 192 GB, kommumaarop Intel Parallel Studio XE 2017 Cluster Edition. Beero
paccmaTpuBajioch 27 MaTpul, u3 KoJuiekiuu SuiteSparse [11] mopsxom ot 2 - 10 g0 1,5 - 10°
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Tabauua 1
[TapameTpsl TECTOBBIX MATPHIT
Ha3BaHUE N nz nz / n2 | KoJIeKIus
ecology?2 999 999 2997 995 | 3,00E-06 | SuiteSparse
ecologyl 1 000 000 | 2998 000 | 3,00E-06 | SuiteSparse
CurlCurl 3 1219574 | 7382096 | 4,96E-06 | SuiteSparse
thermal2 1228045 | 4904 179 | 3,25E-06 | SuiteSparse
Kamaz gusev | 1429 158 | 50 191 148 | 2,46E-05 JIOTOC
Geo_ 1438 1437960 | 32297 325 | 1,56E-05 | SuiteSparse
Stock-1465 1465 137 | 11 235 263 | 5,23E-06 | SuiteSparse
Hook 1498 | 1498 023 | 31 207 734 | 1,39E-05 | SuiteSparse
af shell10 1508 065 | 27 090 195 | 1,19E-05 | SuiteSparse
Flan 1565 1564 794 | 59 485 419 | 2,43E-05 | SuiteSparse
G3_circuit 1585478 | 4623 152 | 1,84E-06 | SuiteSparse
lopatka?2 2 545 314 | 88 273 521 | 1,36E-05 JIOTOC
49 750 2 615169 | 97 081 773 | 1,42E-05 JIOT'OC
pd 6 4216 212 | 144 714 294 | 8,14E-06 JIOTOC

n 10 marpwut, creaepupoBanabix makerom ,,/IOTOC* B xome pacueros 3a1a4 npounoctu. B pa-
6oTe TpUBEIEHBI PE3YJbTATHI JIJIsT MATPHIL TOPsiAka 0oee 1 MJIH. CTPOK, UX XapaKTePUCTUKU
yKa3aHbl B Ta0J. 1.

2.2. Anaaus npou3sodumesbHoCmu U 3anoinenud daxmopa mampuy. g anaausa pe3y/ib-
TATOB PAOOTHI MEPEYIOPSITOYEHUS ObLTH TPOU3BE/IEHBI 3aMYCKH HA OTHOM U JBYX BBHIYUCTUATE b=
HBIX y3JIaX KJIACTepa, a TakzKe mposeseHo cpasuenue ¢ bubmmorekamu ParMETIS u mt-metis.

B pamkax 0HOTO BBIYUCIUTEIBHOTO Y3J1a OBLITH MPOBEIEHBI 3AIYCKHU MAKETOB J1Jis O0TIeit a-
msatu PMORSy, mt-metis u nakeros s pacupejaenentoil namaru DMORSy, DMORSy hybrid
u ParMETIS. Banycku npou3BoauIuch Ha 32 BBIYUCIUTEIBHBIX gapax. g rubpuanoit Bepcun
OBLIIO BEIOPAHO COOTHOIIEHHE 16 MPOIeccoB 1Mo 2 MOTOKA /s BCEX TECTOBBIX MATPHII.

Cpasuenune Bpemenun paborsl (puc. 3) nokassiBaer, ¥ro DMORSy 1 DMORSy hybrid pa-
ooraror ObicTpee PMORSYy 3a cuer mapasiesbHOrO BHIIIOJTHEHUS 3TAIIOB MHOIOYPOBHEBOTO Me-
toja. B cpaBHenum c Bepcueil st 00INeil maMsaTH, COKpaIlleHne BpeMeHH paboThl B CpeJIHEeM
cocrapiisieT 2,4 pasa. B cpaBaenun ¢ mt-metis u ParMETIS, DMORSy hybrid pa6oraer 6nict-
pee Ha MOJIOBHHE TeCTOBBIX MATpUIl (B cpeaHem, B 1,5 pasa oTHOcHTeIbHO mt-metis, B 1,9 pa3
oraocureabno ParMETIS). Mcnosnb3oBanune rubpuiHOil ¢XeMbl PACIAPAJIICINBAHNAS HA OJHOM
BBIUUC/IUTE/IHHOM Y3Jie He JaeT JOMOJTHUTETHFHOTO BBIUTPHIIIA 10 BPEMEHH 10 CPABHEHUIO ¢ Oa-
3o0B0#t MPI Bepcueit, offHako 1pu UCHOJIH30BAHUN HECKOJIBKUX BBIUYUCJIUTEILHBIX y3J0B OyIeT
MOKa3aHO ee MPEenMYTIEeCTBO.

Cpasuenue 3anoaHerust hakKTOPOB MATPHIL (PUC. 4) MOKA3BIBAET, YTO PE3YJIBTATHI, MOy I€H-
aeie PMORSy, DMORSy u DMORSy _ hybrid 6an3kn. Iaa 10 u3 14 marpur, nanMenbliee 3a-
nosiaenne paxropa Owi10 nmostydeno makeramu PMORSy wan DMORSy  hybrid, g ocrasmmmx-
ca 4 marpun — nakerom ParMETIS. B cpaBuenun co croponanmvu nakeramu, DMORSy hybrid
MO3BOJIIET MOJIYUYHTH JIydlllee 3aoaHeHne (pakTopa Ha MOJOBUHE TECTOBBIX MATPHIIL, ITOTYJas
10 20 % menbie, uem mt-metis, 1 10 12 % menbire, uem ParMETIS.

Janee cpaBuumM pesyabraThl paborst DMORSy, DMORSy hybrid u ParMETIS npu pa6o-
Te Ha 32 A]Apax JABYX BBIYUCIUTEIbHBIX Y3508 (puc. 5). Jas DMORSy hybrid mas xaxnoit
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Puc. 4. Cpasnenne 3anosaenns $hakTopa, MOJYIEHHOTO MEPEYIOPSAI0INBATEIIMI HA, OJHOM BBIYUCIATEIHHOM
yaJe

MATPHUIBI COOTHOIIEHIE YUC/Ia MPOIECCOB M MOTOKOB BBIOMPAIOCH TAKUM 00pPa30oM, 9TO0OBI Bpe-
M paboThl ObLIO HauMeHbIUM. /s GosrbImmHCTBA MaTpuIl ObLIa BhiOpaHa KoHdurypamus 16
MPOIECCOB IO 2 MOTOKA, JJId OCTAJIbHBIX — & MIPOIeccoB IO 4 MOTOKa miau 32 mporecca 1mo 1
noToKy. Vcrnoab3oBanue ruOpuIHON cXeMbl paclapaJlie IMBaHUs TO3BOJIUIO COKPATHTD BPEMsI
paborst DMORSy mig GoabimuacTBa MaTputl (B cpearem, Ha 5 %, HanGOIBITHN BHIATDBIIT —
12 %). B cpasuennn ¢ ParMETIS, DMORSy hybrid pa6oraer Geictpee na 11 marpumax u3
14, B cpesHem omepexkas B 2,2 pasza (HanbOJIBIMHIA BHIUTPHIIT — 3,8 pa3).

CpaBuuM 3amnosHeHne GpakTopoB MATpPHIl, MOJydeHHOoe IpU paboTe Ha JIBYX BBIYUCIUTE/Tb-
HBIX y3uax (puc. 6). Tak:ke Kak u npu paboTe HA OJHOM BBIYUCIUTEIBLHOM y3Jie, 3al0THeHHe
dbakropos, moaydennoe DMORSy u DMORSy hybrid, orinvaercs nesHaunTeabHo (pasHUIa
B npegesax 2 %). Ilpu stom DMORSy hybrid 6b110 moaydeno Menbiiee 3amnoaerne GakTo-
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Puc. 6. 3amonaenne dpakTopa MATPHIL, MOJYIEHHOTO EPEYIOPIIOINBATE/IAMY HA JIBYX BBIYUCIUTEIBHBIX

y3J1ax

pa, yem ParMETIS, fist moJOBHHBL TECTOBBIX MaTpull (cpeHee onepezkenue 8 %, HauGOJIbIIII
BeIArphim — 12 %).

Panee ©Obio mokazano, aro DMORSy u DMORSy hybrid paborator Osicrpee, dem
ParMETIS, na marpurax mopsaka MeHee 1 MJIH. CTPOK W MaTPHUIAX € PETYISPHONR CTPYK-
Typoit (Bce Marpuiel w3 kKouteknun JIOTOC u wacts marpur w3 Kojutekiun SuiteSparse).
MaTpuiipl ¢ peryasspHoil CTpyKTypoOil, B 9aCTHOCTH, MOJYyIEeHHbIE B X0/I€ KOHEUHO-3JIeMEHTHBIX
pacyeToB, JAOMYCKAIOT TOYHOE CKATHE, T. €. BO3MOKHOCTb O0LEIMHATH CTPOKH MATPHIILI ¢ OJIH-
HAKOBBIM PACIIOIOKEHIEM HEHYJIEBBIX J€MEHTOB. DTOT TPHEM MO3BOJISIET COKPATUTH BpPeMst
paboThl MepPeynopsaI0UeHNs B Pa3bl ¢ COXPaHeHneM pa3Mepa (HPaKTopa, MOJIYIeHHOTO B PE3y/ib-
TaTe MePeCTAHOBKH.

3. IIpumeHeHHnE II€PECTAHOBOK /g perneHus pa3pexkeHHbix CJIAY.

3.1 Memoduka nposederus skcnepumenmos. s TeCTUPOBAHUS BO3MOYKHOCTH UCIIOJIH30Ba-
HUST TMOJIYUeHHBIX mepecTanoBok st pemieruss CJIAY Oblia mpoBeeHa cepust IKCIEPUMEHTOB
¢ otkpbITeIM pemaresem CJIAY MUMPS [4]. Pemasnacs cosmecrnas CJIAY Az = b, tne A —
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Puc. 7. CpaBuenne Bpemenu padorsr permaresnsss MUMPS mpu ncmonp30Bannu pa3HbIX MEPECTAHOBOK. Bpems

paborsr permarens 10 10 cekyH

MATPUIIA U3 TeCTOBOTO Habopa, T — 3aJaHHBII BEKTOP Hem3BecTHHIX. llpmMensitocs LDLT
Pa3I0KeHUe MATPUIBI CHCTEMbBI ¢ YKA3AHUEM THUIIA MATPHUILI (CUMMETPUYHAS MOJOKUTETHHO
ONpesieIeHHAsT WM CHMMETPUYHAs Heolpe/ie/ieHHast). PellleHne BBINOJHIIOCh HA OJHOM BbI-
YUCUTEBHOM y3J€ B 32 Mporecca, MaTpUIla N3HAYaIbHO OblIa pa3/ie/ieHa Ha PaBHbIE MOJIOCHI
MEZK/JIY IIPOIECCAMH.

IIpoBesiem cpaBHenue pesyabratos pemerns CJIAY mpu Tpex BapuaHTaX MepecTaHOBOK: 1)
nepectanoBka u3 ParMETIS, ParMETIS zanyckasca gepe3 Berpoennbiii B MUMPS untepdeiic;
2) nepecranoska u3 DMORSy, ¢ napamerpamu, gaiomumu HauMeHbIee 3anoHenne Gpakropa
npu pabore B 32 mporecca; 3) nepecranobka u3 DMORSy, ¢ mapamerpamu, orpaHiauBarONHME
BpeMs pabOThI MepeyHopsA0UeHHs 38 CUeT COKPAIEHUs OTJAEIbHBIX 3TAIIOB MHOI'OYPOBHEBOIO
METO/IAa BJIOYKEHHBIX CEYeHHI.

Jnss DMORSy ¢ ¢puKcHpOBaHHBIMHU MapaMeTpaMi ITPOU3BOIMINCEH 3aIyCKH HA OJHOM BBI-
YUCJUTETBHOM y3Ji€ IIPU PA3HOM COOTHONIEHWH YHCJIA IPOIECCOB M IIOTOKOB, 3aTeM ObLIN Bbi-
OpaHbl EPECTAHOBKH, JIAIOIIIE MUHIMAIbHOE CyMMaPHOE BpeMst pabOThI EPEYIOPS T0INBATE TSI
u pemaress. [lepecranoskn DMORSy momasanmucs 8 MUMPS kak mosb30BaTeibCKue.

3.2. Pesyavmamor pewenua CJAAY ¢ pasasvunvmu nepecmanoskamu. Bpemst paboThl perra-
tesis MUMPS mpu pas/jmuHbIX epecTaHOBKaX IIpUBeIeHO Huzke. Ha pucyHkax MaTpuiipl pas-
JIGJICHBI HA JIBE TPYLIIbI — Te, Ha KOTOpbIX BpeMst paborst MUMPS menee 10 cexyn (puc. 7),
1 Te, Ha KOTOphIX Bpems paborer MUMPS 6Gostee 10 cekym (puc. 8).

[Tpumenenne mepecranoBok DMORSy ¢ mapamerpamu, JaruMi HANMEHbIIIee 30 THEHNE
dakTopa, MO3BOJMIO COKPATUTH BpeMs PabOTHI pemaTessd Ha 26 MaTpunax u3 37 B CpaBHEHUN
¢ ucnosibzoBanueM nepecranopku u3 ParMETIS (B cpeanem, Ha 26 %). s GoibiiuHcTBa U3
STUX MATPHIL OlleperKeHrne IMOJYIeHO KaK 3a CUeT COKPAIEHUsl BPeMeHU MepeyHnopsIoueHnsd,
TaK W 38 CYeT BPEMEHU YHCJIEHHOH (haKTOPU3AIUN.

UcnonpzoBanme mapamerpo DMORSy ¢ orpannyaenubiv 3anontennem dbakropa (KOHGUTY-
panus 3) J1aj0 nepecTaHoBKH ¢ 6oJIbInnM 3anoanerreM dbaxkropa (B cpeaaem, +3 %), npu sToM
BpeMsl lepeynopsaodenus Ob110 cokpamieno ot 20 % 10 2x pa3. [IpuMeHeHre TaKUX HepecTaHo-
BoK K pemrennio CJIAY na 18 MaTpuiiax mo3BoJIuIo JOMOJTHUTEIBHO COKPATUTH BpeMsT PabOTHI
pemraresisi oraocutebao ParMETIS 3a cuer Bpemenn mepeynopsiiouenusi, CpejHuil BEIUTPBITIT
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Puc. 8. CpaBuenue Bpemenu paborst permarens MUMPS npu ucnonb3oBanuy pa3HbIX MEPECTaHOBOK. Bpems

paborsl permarens 6osee 10 cekyH

obmero Bpemenu paborwr cocrasua 29 %. Eme na 8 marpunax BpeMs paboThl pemare/ist ObLIo
HO-TIPEe2KHEMY MeHbIIle, 4eM IIPpH HCIIOoJib3oBanuu nepectanoBok ParMETIS, no 6osbire, dem
IpHU Ucnoab30BaHuu nepectanoBok DMORSy ¢ napamerpamu u3 KoHUTYpanun 2.

U3 puc. 9 BUIHO, 4TO TPU GIU3KOM 3aMOTHEHUN MATPHIL MOCIE IEPEyHopsIoYeHust (MaTpu-
bl StocF-1465, audikw 1, CurlCurl _3) Bpemst uncsiennoil dpakTopusanuu Ipu HCIOIb30BAHIH
Pa3HBIX TEePecTaHOBOK OTamYaercs HezHaduTeabHo. Ecmm DMORSy 6bumo momydeno 3amosrHe-
nue Ha 10 % menbmie, To BpeMd 4YHCICHHON (DAKTOpPH3alMK IIPH 3TOM COKpamasaoch Ha 20 %
(manpumep, matpuisl 49 750, p4_ 6, Geo  1438). st 20 marpui u3 37 uncientas dhakTopu-
sanus 1ocae nepectanobok DMORSy 6bLta 6uicTpee 6onee gem ma 13 %.

Ha mex marpumax, rae ucrnosb3oBanne DMORSy samemiser odmee pemenune CJIAY, or-
craparmne B obOmem Bpemenn paborer MUMPS gapasercs HakIagHbIME PACXOJAMU HA WCIIOJIb-
30BaHUE T0JIH30BATEILCKOIl TIePecTaHOBKHM, B YaCTHOCTHU, IMOCJEI0BATEILHON (ha3oit anaansa.
[IpermyIiecTBOM HCIIOJIB30BAHUS BCTPOCHHOU B pelIaTe/b HEePEeCTAHOBKHU ABJSETCS BO3MOK-
HOCTDb TIapaJIIe/IbHOTO BBINOJHEHHS (a3bl aHaIN3a, YTO JAeT COKpalleHHe BpPeMeHH padOThI
sroro srana B 1,5-3,5 pasa. [Ipu narerpanuu nepeynopsijiouuBaTe/is B peliare/ib BO3MOKHO
HCIIO/Ib30BATH 9aCTh WH(OPMAINHT O MEePECTAHOBKE IS TPEIBAPUTETHHOTO HOCTPOEHUS Jepe-
Ba MCKJIIOUeHnd, Kak 310 caenano B MUMPS. B #HexoTopsix pemrare/isix BBITIOJIHSIETCS OIEHKA
3aIo/iHeHus (aKTopa B IpoIlecce HAXOXKICHUS IIePECTaHOBKH, YTO IMO3BOJIsI€T OTPAHUYUTD Bpe-
Mg pabOTHI MEePeyHOPSIOUCHHS IIPH HOJIYICHUH IePECTAHOBKH HE ¢ HAUMEHBIITUM BO3MOYKHBIM
pasmMepoM (hakTopa, HO IpUeMIeMOil 11 (pbaKTOPU3AIUNL.

3akaogyeHme. B pabore paccmarpuBaercd 3a/1a4a HepeynopsI09eHnss CAMMETPUIHON pas3-
PeKEeHHOIT MAaTPUITHI C MEIHI0 YMEHBITEHUsI 3an0 HeHns (pakTopa npu npsamom permernn CJTAY.
Kak npasuiio, Jjig pereHus JaHHON 3aa4l UCIOJIb3YIOTCS IBPUCTHUYECKHE METOIbI, OCHOBAH-
HbIE Ha MeTOJIe BJIOXKEHHBIX CeUeHH WM MeTOJIe MUHUMAJIbHOI cTenenu. Panee aBTopoM ObLIH
IpeIJIOKEeHBI TTapaJsiie/bHble peaJu3aliid MHOTOYPOBHEBOTO MeTO/1a BJIOKEHHBIX CeYeHUit JI1s
cucreM ¢ obmeit mamaTeio [8] m cucrem ¢ pacupegenennoil mamareio |9]. B mammoit pabore
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s 3anonHenue paxropa DMORSY otHocuTensHO ParMETIS
B ppeyva pakropusamun DMORSy otHocuTensao ParMETIS
s gpema pabotet DMORSy otaocuTensno ParMETIS

KOHTPOJIBHOC 3HAYCHHE

Puc. 9. Cokpalrenre BpeMeHr YUCIEHHON (DaKTOpU3anuy U 3amoIHeHnsT (haKTOpa MPY UCIOJIH30BAHUN
nepecranoBok 13 DMORSy B koudurypanuu 2 Bmecro nepecranoBok u3z ParMETIS, nuis marpuir, Ha KOTOPBIX
Bpems paborbl pemarensa 6onee 10 cexynm. OnepeKeHnio COOTBETCTBYIOT CTONONBI BhicOTOR Meree 100 %,

oTcTaBannio — obosee 100 %

npesaoxken HoBbil rubpuaHbiit MPI + OpenMP mapasutesbabiil aqiroputM MeTo1a BIOKEHHBIX
cedeHuil, B KOTOPOM KOMOMHHPYeTC MapaJiIeTu3M C HCIIOJIb30BAHUEM IIPOIECCOB U MOTOKOB.

BoraucaurebHble SKCIEPUMEHTHI IOKA3aJIH, 9TO HCIOJb30BaHHe I'HOPUIHOI cXeMbI pacia-
paJLIeIMBaHUs B CDABHEHHUU C peau3allfeil 11 CHCTeM ¢ pacIlpeieIeHHONR TaMIThIO MO3BOJIUIO
COKPATUTH BPEMsI HAXOXK/IEHUsI MEPECTAHOBOK M 3arojiHeHue (paxTopa MaTpull npu padore Ha
JIBYX BBIYHCIUTENBHBIX y3/i1ax. B cpapuennu ¢ nakerom ParMETIS [2], mmmpoko npumensembim
B MIPUJIOYKEHWSX, B YACTHOCTH, TIPU pacuerax B CHCTEMAX C PacIpeIeIeHHO NaMaThio, JJIsT M0-
JIOBUHBI TECTOBBIX MATPHUIL ObLIHA MOJYYEHBI JIYUIIHE Pe3yIbTaThl KaK 110 BpeMeHn paboThl, Tak
U 10 3aI0JHEeHu0 (hakTopa.

B pabore npuBoasiTcs pe3yibraTbl HIPUMEHEHHUsI [MO/LYYEeHHBIX HEePECTAHOBOK JIJIs PEIIeHust
CJIAY c¢ paspexkennoit Mmarpurieit ¢ noMors0 oTkpeiToro pemateas MUMPS. Tlokazano, aro
yaaeTcss cokparuth obinee Bpems perrenuss CJIAY Ha OOJABIIOM YHC/IE TECTOBBIX MaTPHIL, B
CpaBHEHHUHU C HCIOJb30BaHueM nepeyrnopsaouusaresns ParMETIS. Onepexkenune moaydeHo Kax
3a CcYeT MEHBIIEro BPpEMEHHU IepeylopsiIoueHus, TaK U 3a CYeT MEeHBIIero 3amojHeHus ¢hak-
TOpa, YTO, B CBOIO OYepeb, MPUBOIUT K YMEHBIIEHHIO BPEMEHHU UUCIeHHON (haKTOPU3AIMH.
B nanbreiinteM MOYXKHO BBIMOJHUTH WHTETDAIMIO TEPEYIIOPSIOUHBATE S B PEIIATe/h, ITOOBI
IMEeTh BO3MOZXKHOCTD 33/1aBaTh HACTPOWKN MapaMeTpoB MEPEYIOoPsI09eHst, HeOOX0MUMbIe TTPH
pelieHny KOHKPETHOi 3a/1aur, a TaKzKe HapaJsljieIbHO BBIIOJIHATH (ba3y aHaIn3a.

ABtop BeIpaxkaer GaaromapHocth Meepoy W.B., Baprenesy FHO.I. u KosunoBy E. A. 3a
IeHHbIe 00CY2KIeHUs U BHUMaHUe K paboTe.
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