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Deep learning in recent years has become state-of-the-art type of algorithms in various spheres such
as computer vision and natural language processing. Number of deep learning architectures is growing
and so is �eld of processing graphs through these architectures. Graph Neural Network (GNN) is deep
learning architecture that have an ability to re�ect graph structure and learn various patterns that are
e�ectively used in graph related domains such as drug discovery or tra�c forecasting. GNN embeds
vertices as vectors that re�ect vertex related features that are updated by function that depends on
vertex neighbors, in some ways that can be interpreted as message passing between vertices, also update
function is permutation invariant what gives GNN unique ability not to depend on vertices order or
vertices number, graph of any size can be fed into particular GNN. Many studies on applying deep
learning technics for combinatorial optimization is underway and since many combinatorial problems
either originally represented in terms of graph theory or can be converted to such, GNN seems to
be a natural choice for �nding their approximate solutions. Recent studies con�rm this by showing
great results in solving Travelling Salesman Problem or Boolean Satis�ability Problem. In this paper
we train GNN to �nd chromatic number of graph or to solve decision version of Graph Coloring
Problem. Neural Network is trained in supervised manner as a binary classi�er, given graph and number
of colors model should return a probability that graph can or cannot be colored by given number
of colors. Should be noticed that GNN �nds chromatic number but doesn't �nd vertices coloring
itself, hence GNN can predict lower chromatic. Model architecture re�ect color-vertex relationship
by assigning vector embedding to each color and passing them into update embeddings function
so they are treated like vertices embeddings. GNN is built in a recurrent manner with adjustable
number of timesteps that re�ect depth of message passing between vertices. At every timestep of
recurrency model updates vertex and colors embeddings through aggregating information from its
neighbors and/or colors through recurrent unit that stands as an update function (Long Short-Term
Memory network with LayerNorm in our case). For additional expressivity MLP layers were added
before recurrent unit at each timestep. After embedding updates vertices embeddings are being fed
into classi�er MLP to get a probability that graph is able to be colored by given number of colors. For
training GNN in supervised manner labeled data is needed. Natural datasets related to graph coloring
are unsuitable for training and validation through heterogeneity and small size. Data was generated
following phase transition paradigm, for each graph instance in dataset we have a paired one that
di�ers only by one edge but have higher chromatic number and that pair re�ects hard to color pair of
graphs. Because of this data generation paradigm GNN optimization objective becomes more di�cult
to reach and hopefully makes GNN more knowledgeable. Two datasets were generated CHROM_40_60
and CHROM_35_45 with 40 to 60 or 35 to 45 number of vertices in graph instance respectively and
with 3 to 8 chromatic numbers both. Instances of CHROM_35_45 dataset are supposed to be easier
to color than CHROM_40_60 ones. GNN was trained using that data and compared to heuristics:
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tabucol and greedy. Percentage of correctly predicted graphs chromatic numbers were taken as a
comparison metric. Testing on CHROM_40_60 and CHROM_35_45 datasets showed that GNN
have slightly better accuracy metric than tabucol: GNN correctly predict 69 % and 77 % of graph
chromatic numbers, when tabucol correctly predict 66 % and 76 % of graph chromatic numbers, greedy
is far behind. To test GNN generalization ability cross dataset experiments were performed, GNN
trained on CHROM_40_60 dataset is validated on CHROM_35_45 dataset and vice versa. These
experiments show that model trained on CHROM_40_60 harder instances show decent accuracy on
CHROM_35_45 easier instances while model trained on CHROM_35_45 easier instances perform
weaker on CHROM_40_60 hard instances but still keeps some accuracy hence we can say that model
has an ability to generalize to graphs with other number of vertices. Testing on natural instances of
COLOR02/03/04 dataset which instances di�er a lot from generated train/test data was performed.
GNN trained on CHROM_40_60 shows accuracy similar to tabucol and much better than greedy.
GNN behaves unstable on instances with chromatic number higher that was seen in training dataset.
We can say that GNN have an ability to generalize on graphs from other distributions with similar
chromatic number and doesn't have an ability to generalize on graphs with unseen chromatic number.
Referring to computational complexity execution time measurements show that GNN is approximately
100 times faster than tabucol and 30 times slower than greedy. There are problems with data generation
because such algo of data generation have exponential asymptotics and hence data with number of
vertices higher than 60 and chromatic number higher than 8 takes very long time that limits GNN
train possibilities and performance on higher than 8 chromatic numbers. Addressing further work GNN
model can be changed to more expressive, or manner of training could be changed to semi-supervised or
supervised/semi-supervised hybrid frameworks that could lead not only to �nding chromatic number
but to �nding vertex coloring itself. In total GNN was trained in supervised manner to �nd chromatic
number of graph so that it have an ability to generalize on graphs with various sizes and shows accuracy
on presented data similar to tabucol and at the same is much faster.
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Àëãîðèòìû ãëóáîêîãî îáó÷åíèÿ ñèëüíî ðàçâèëèñü â ïîñëåäíåå äåñÿòèëåòèå è ñòàëè ñòàíäàðòîì
âî ìíîãèõ ñôåðàõ. Ïðèòîì êîëè÷åñòâî àðõèòåêòóð ãëóáîêîãî îáó÷åíèÿ ðàñòåò è ñóùåñòâóþò
ìîäåëè, ðàáîòàþùèå ñî ñòðóêòóðîé ãðàôà Graph Neural Network èëè GNN, êîòîðûå ïîêàçà-
ëè ñâîþ ýôôåêòèâíîñòü â ðàçëè÷íûõ äîìåíàõ. Òàêæå ãëóáîêîå îáó÷åíèå ïðèìåíÿþò è äëÿ
ðåøåíèÿ çàäà÷ êîìáèíàòîðíîé îïòèìèçàöèè. Ïîñêîëüêó ìíîãèå çàäà÷è êîìáèíàòîðíîé îïòè-
ìèçàöèè èçíà÷àëüíî ôîðìóëèðóþòñÿ â òåðìèíàõ òåîðèè ãðàôîâ èëè æå ìîãóò áûòü êîíâåðòè-
ðîâàíû â ïîäîáíîå ïðåäñòàâëåíèå, òî àðõèòåêòóðà GNN ìîæåò ñòàòü ýôôåêòèâíûì ìåòîäîì
äëÿ èõ ïðèáëèçèòåëüíîãî ðåøåíèÿ. Â ýòîé ðàáîòå ðàññìàòðèâàåòñÿ çàäà÷à î íàõîæäåíèè õðî-
ìàòè÷åñêîãî ÷èñëà ãðàôà è åå ïðèáëèçèòåëüíîå ðåøåíèå ñ ïîìîùüþ GNN. Âåðøèíû è öâåòà,
â êîòîðûå ïðåäïîëîæèòåëüíî ìîæíî ðàñêðàñèòü ãðàô, çàäàþòñÿ ñëó÷àéíûìè ýìáåääèíãàìè,
äàëåå GNN, c ó÷åòîì ñòðóêòóðû ãðàôà, ïðåîáðàçîâûâàåò âñå ýìáåääèíãè è ïðîèçâîäèò íà èõ
îñíîâå áèíàðíóþ êëàññèôèêàöèþ, ìîæåò ãðàô áûòü ðàñêðàøåí â äàííîå êîëè÷åñòâî öâåòîâ
èëè íåò. Äàííûå äëÿ îáó÷åíèÿ ñåòè ÿâëÿþòñÿ ñãåíåðèðîâàííûìè è ïðåäñòàâëÿþò ñîáîé ñëîæ-
íûå ñëó÷àè ðàñêðàñêè. Òàêæå äëÿ òåñòèðîâàíèÿ îáîáùåííîñòè ïðèâåäåíû çàìåðû íà äàííûõ,
ñèëüíî îòëè÷àþùèõñÿ îò òðåíèðîâî÷íûõ. Íàòðåíèðîâàííàÿ íà ñèíòåòè÷åñêèõ äàííûõ GNN
ñðàâíèâàåòñÿ ïî òî÷íîñòè è âðåìåíè èñïîëíåíèÿ ñ ýâðèñòèêàìè: tabucol è æàäíûé àëãîðèòì.

Êëþ÷åâûå ñëîâà: íåéðîííàÿ ñåòü, ãëóáîêîå îáó÷åíèå, õðîìàòè÷åñêîå ÷èñëî ãðàôà, êîì-
áèíàòîðíàÿ îïòèìèçàöèÿ.

Ââåäåíèå. Â ïîñëåäíåå âðåìÿ ñòàë àêòèâíî ðàçâèâàòüñÿ êëàññ àëãîðèòìîâ ïðèáëèçè-
òåëüíîãî ðåøåíèÿ çàäà÷, îñíîâàííûõ íà ìàøèííîì îáó÷åíèè (Machine Learning), à òàêæå
ïîäêëàññ ñàìûõ òÿæåëîâåñíûõ èç íèõ � àëãîðèòìîâ íà îñíîâå ãëóáîêîãî îáó÷åíèÿ (Deep
Learning). Îíè óæå ïîêàçàëè ìíîæåñòâî óäèâèòåëüíûõ ðåçóëüòàòîâ, íàïðèìåð ãëóáîêàÿ
íåéðîííàÿ ñåòü AlphaGo [1] ñìîãëà ïîáåäèòü ïðîôåññèîíàëà ìèðîâîãî óðîâíÿ â èãðó Ãî,
òàêæå ãëóáîêèå íåéðîííûå ñåòè ïîêàçàëè áîëüøèå óñïåõè â êîìïüþòåðíîì çðåíèè è îá-
ðàáîòêå åñòåñòâåííîãî ÿçûêà. Åñòü òàêæå ïîïûòêè ïðèìåíåíèÿ ãëóáîêèõ íåéðîííûõ ñåòåé
äëÿ êîìáèíàòîðíîé îïòèìèçàöèè, ê ïðèìåðó äëÿ ðåøåíèÿ çàäà÷è î âûïîëíåíèè áóëåâûõ
ôîðìóë (SAT) [2] èëè äëÿ ðåøåíèÿ çàäà÷è î êîììèâîÿæåðå (TSP) [3]. Òàêæå íåäàâíî íà-
÷àëè î÷åíü àêòèâíî ðàçâèâàòüñÿ ãðàôîâûå íåéðîííûå ñåòè GNN [4], êîòîðûå ðàáîòàþò
cî ñòðóêòóðîé ãðàôà, ÷òî îòêðûâàåò íîâûå âîçìîæíîñòè â êîìáèíàòîðíîé îïòèìèçàöèè ñ
ïîìîùüþ ãëóáîêîãî îáó÷åíèÿ.

Â ýòîé ðàáîòå áóäåò ðàññìîòðåíà çàäà÷à î íàõîæäåíèè õðîìàòè÷åñêîãî ÷èñëà ãðàôà. Ó
ýòîé çàäà÷è åñòü ïðèìåíåíèå, íàïðèìåð, ïðè ïîñòðîåíèè ðàñïèñàíèÿ â àýðîïîðòàõ [5], ïðè
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ðàáîòå ïëàíèðîâùèêà çàäà÷ [6] èëè ïðè ðàñïðåäåëåíèè ðåãèñòðîâ [7]. Îäíàêî ñëîæíîñòü
ýòîé çàäà÷è èìååò ýêñïîíåíöèàëüíóþ àñèìïòîòèêó, ïîýòîìó ýòà çàäà÷à ïðåèìóùåñòâåííî
ðåøàåòñÿ ïðèáëèçèòåëüíî, èñïîëüçóÿ ðàçëè÷íûå ýâðèñòèêè ñ ïîëèíîìèàëüíîé àñèìïòîòè-
êîé.

Àðõèòåêòóðà ïðåäñòàâëåííîé íåéðîííîé ñåòè îñíîâûâàåòñÿ íà [8], ïðîâåðÿåòñÿ íà ñèí-
òåòè÷åñêè ñãåíåíèðîâàííûõ íàáîðàõ ïðèìåðîâ ðàñêðàñêè è îãðàíè÷åííîì êîëè÷åñòâå ïðè-
ìåðîâ ðàñêðàñêè èç Color02/03/04 äàòàñåòà [9], è, íàêîíåö, ñðàâíèâàåòñÿ ñ äðóãèìè ýâðè-
ñòèêàìè, êîòîðûå òàêæå ðåøàþò çàäà÷ó GCP.

1. Ôîðìàëüíàÿ ïîñòàíîâêà çàäà÷è. Íàéòè òàêîå ìèíèìàëüíîå C|C ∈ N ∨ C > 0
äëÿ ãðàôà G(V,E), ÷òî

∃f : v → c, v ∈ V, c ∈ {1, 2..C} , ¬∃ i, j vi,vj → c, eij ∈ E.

Â òåðìèíîëîãèè ìàøèííîãî îáó÷åíèÿ: äàí ãðàô G(V, E) è, ïåðåáèðàÿ C îò 2 äî |V |,
íóæíî âûáðàòü ìèíèìàëüíîå êîëè÷åñòâî öâåòîâ C, êîòîðîå áóäåò êëàññèôèöèðîâàíî ìî-
äåëüþ êàê âîçìîæíîå äëÿ C-ðàñêðàñêè G(V, E). Ïðè ýòîì ñàìà ðàñêðàñêà, òî åñòü îòîá-
ðàæåíèå V → {1, 2, . . . , C}, íå íàõîäèòñÿ.

2. Ìîäåëü. 2.1. GNN. GNN � ýòî àðõèòåêòóðà íåéðîííîé ñåòè, êîòîðàÿ ðàáîòàåò
íàä ãðàôîì G(V, E), ãäå ó êàæäîé âåðøèíû åñòü âåêòîðíîå ïðåäñòàâëåíèå Em(Vi) ∈
Rd| ∀Vi ∈ V, êîòîðîå èòåðàöèîííî îáíîâëÿåòñÿ, èñïîëüçóÿ èíôîðìàöèþ î ñòðóêòóðå ãðà-
ôà. Îáíîâëåíèå çàâèñèò îò âåêòîðíîãî ïðåäñòàâëåíèÿ ñàìîé âåðøèíû, à òàêæå îò âåê-
òîðíûõ ïðåäñòàâëåíèé âñåõ åå ñîñåäåé. Ïîñêîëüêó ñóùåñòâóåò ìíîæåñòâî èçîìîðôíûõ
ãðàôîâ, òî îáíîâëåíèå Em(Vi) äîëæíî äëÿ âñåõ èçîìîðôèçìîâ áûòü îäèíàêîâûì, è ñëå-
äóþùàÿ äàëåå ôóíêöèÿ îáíîâëåíèÿ ýòî îáåñïå÷èâàåò.

Ôóíêöèÿ îáíîâëåíèÿ:

Em (Vi)
t+1 = Update

(
Em (Vi)

t,Mvv × Em (V )t
)
| ∀Vi ∈ V,

ãäå Em(Vi)
t ∈ Rd � âåêòîðíîå ïðåäñòàâëåíèå âåðøèíû Vi â ìîìåíò t, Em(V )t ∈ R|V |xd

� âåêòîðíûå ïðåäñòàâëåíèÿ âñåõ âåðøèí â ìîìåíò t, Mvv � ìàòðèöà ñìåæíîñòåé ãðàôà
G(V,E).

Òàêæå ñòîèò çàìåòèòü, ÷òî ïðèâåäåííàÿ âûøå ôóíêöèÿ îáíîâëåíèÿ íå çàâèñèò îò êîëè-
÷åñòâà âåðøèí â ãðàôå, òî åñòü îäíà è òà æå êîíêðåòíàÿ GNN ìîæåò ðàáîòàòü íà ãðàôàõ
ëþáîãî ðàçìåðà, ÷òî è áóäåò äàëåå èñïîëüçîâàíî â ýêñïåðèìåíòàõ.

Â ýòîé ðàáîòå áóäåò èñïîëüçîâàòüñÿ íåñêîëüêî ìîäèôèöèðîâàííàÿ âåðñèÿ GNN. ×òîáû
èìèòèðîâàòü çàâèñèìîñòü âåêòîðíûõ ïðåäñòàâëåíèé âåðøèí îò öâåòîâ, äîñòóïíûõ äëÿ
ðàñêðàñêè ãðàôà, ââîäÿòñÿ âåêòîðíûå ïðåäñòàâëåíèÿ öâåòîâ ðàñêðàñêè Em(Cj) ∈ Rd| Cj ∈
{1, 2..C} (Em(C) ∈ RC x d � äëÿ âñåõ öâåòîâ âìåñòå ïîäîáíî âåêòîðíûì ïðåäñòàâëåíèÿì
Em(Vi) ∈ Rd äëÿ âåðøèí, à òàêæå ôóíêöèÿ îáíîâëåíèÿ äëÿ öâåòîâ.

Òîãäà ôóíêöèè îáíîâëåíèÿ:

Em (Vi)
t+1 = UpdateV (Em (Vi)

t, Mvv × Em (V )t, MT
vc × Cmsg(Em(C)t))| ∀Vi ∈ V

Em (Cj)
t+1 = UpdateC(Em (Cj)

t, MT
vc × Vmsg(Em (V )t))| Cj ∈ {1, 2..C},

ãäå Cmsg : Rd → Rd � ôóíêöèÿ, òðàíñëèðóþùàÿ âåêòîðíîå ïðåäñòàâëåíèå öâåòîâ â ñîîá-
ùåíèå, ãîòîâîå ê îáðàáîòêå UpdateV ôóíêöèåé, Vmsg : R

d → Rd ôóíêöèÿ, òðàíñëèðóþùàÿ
âåêòîðíîå ïðåäñòàâëåíèå âåðøèí â ñîîáùåíèå, ãîòîâîå ê îáðàáîòêå UpdateC ôóíêöèåé.
Cmsg Vmsg ïðåäñòàâëåíû 3õ-ñëîéíûìè ïåðöåïòðîíàìè.
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Ðèñ. 1. Àëãîðèòì GNN

UpdateV : R3d → Rd

UpdateC : R2d → Rd

Ôóíêöèè UpdateV è UpdateC ÿâëÿþòñÿ ðåêóððåíòíûìè íåéðîííûìè ñåòÿìè (RNN),
÷òî è ïîçâîëÿåò àëãîðèòìó áûòü èòåðàöèîííûì, â íàøåì æå êîíêðåòíîì ñëó÷àå ýòî áûëè
ñåòè, ñîñòîÿùèå êàæäàÿ èç îäíîãî LSTM áëîêà ñ LayerNorm [10, 11]. Òàêèì îáðàçîì ñåòü
âûó÷èâàåò ñòðóêòóðíûå ïàòòåðíû â ïðåäîñòàâëåííûõ ãðàôàõ, è äàëåå, ïîñëå îáó÷åíèÿ,
â ñîîòâåòñòâèè ñ ýòèìè ïàòòåðíàìè âûñòðàèâàåò âåêòîðíûå ïðåäñòàâëåíèÿ âåðøèí, íà
îñíîâå êîòîðûõ äàëåå ïðîèñõîäèò êëàññèôèêàöèÿ ãðàôà ñ ïîìîùüþ îòäåëüíîé ôóíêöèè
Vvote : R

d → R, òàê ìû ïîëó÷àåì ½ãîëîñà“ âñåõ âåðøèí, à äàëåå èùåì ñðåäíåå mean(Vvote)
è ïðåâðàùàåì åãî â âåðîÿòíîñòü sigmoid(mean(Vvote)), êîòîðàÿ ÿâëÿåòñÿ âåðîÿòíîñòüþ
òîãî, ìîæíî ëè ðàñêðàñèòü ãðàô G(V, E) ñ ïîìîùüþ C öâåòîâ. Ïîëíûé àëãîðèòì íà
ïñåâäî ÿçûêå ïðåäñòàâëåí íà ðèñ. 1, à áëî÷íàÿ âèçóàëèçàöèÿ íåéðîñåòè ïîêàçàíà íà ðèñ.
2. Ïîñêîëüêó ìîäåëü ðåøàåò çàäà÷ó áèíàðíîé êëàññèôèêàöèè ãðàôà, òî ôóíêöèåé ïîòåðü
ÿâëÿåòñÿ áèíàðíàÿ êðîññ-ýíòðîïèÿ.

2.2. Äàòàñåò. Äëÿ òðåíèðîâêè ãëóáîêîé íåéðîííîé ñåòè íåîáõîäèì äàòàñåò, òî åñòü
íàáîð äàííûõ, íà êîòîðûõ áóäåò îñóùåñòâëÿòüñÿ îáó÷åíèå è òåñòèðîâàíèå GNN. Ïðèãîä-
íûõ äàòàñåòîâ, ñîñòîÿùèõ èç åñòåñòâåííûõ ãðàôîâ, ïîëó÷åííûõ èç êàêîé-ëèáî ïðåäìåò-
íîé îáëàñòè, íå áûëî çàìå÷åíî, ïîýòîìó ïðèäåòñÿ ãåíåðèðîâàòü äàòàñåò. Îäíàêî ïðîñòî
òàê ñãåíåðèðîâàòü ãðàôû (íàïðèìåð, ñ ïîìîùüþ ìîäåëè Ýðäåøà-Ðåíüè) è ðàñêðàñèòü
íå ïîëó÷èòñÿ, òàê êàê ýòè ñëó÷àè áóäóò äîñòàòî÷íî ëåãêèìè äëÿ ðàñêðàñêè. Óâåëè÷èòü
ñëîæíîñòü ðàñêðàñêè ìîæíî ñ ïîìîùüþ îñîáîé ìîäåëè ãåíåðàöèè, îñíîâàííîé íà ôàçî-
âûõ ñäâèãàõ [8]. Áåðåòñÿ òîò èëè èíîé ñãåíåðèðîâàííûé ãðàô, ðàñêðàøèâàåòñÿ ñ ïîìîùüþ
ïðÿìîãî àëãîðèòìà, à äàëåå íàõîäèòñÿ è äîáàâëÿåòñÿ òàêîå ðåáðî, ÷òî ìåíÿåò ðàñêðàñêó,
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Ðèñ. 2. Ñõåìà GNN

òî åñòü óâåëè÷èâàåò õðîìàòè÷åñêîå ÷èñëî ãðàôà. Òàêèì îáðàçîì ïîëó÷àåòñÿ ïàðà ãðàôîâ,
êîòîðàÿ îïèñûâàåò ñëîæíûé ñëó÷àé ðàñêðàñêè.

2.3. Êîíå÷íàÿ êîíôèãóðàöèÿ ìîäåëè. Äëÿ îáó÷åíèÿ îïèñàííîé âûøå ìîäåëè áûë ñãå-
íåðèðîâàí äàòàñåò CHROM_40_60, ñîñòîÿùèé èç 15710 òðåíèðîâî÷íûõ è 1024 òåñòîâûõ
ïàð ãðàôîâ, ãäå 40 ⩽ |V| ⩽ 60 è 3 ⩽ χ ⩽ 8, à òàêæå äàòàñåò CHROM_35_45, ñîñòîÿùèé
èç 8000 òðåíèðîâî÷íûõ è 1000 òåñòîâûõ ïàð ãðàôîâ, ãäå 35 ⩽ |V| ⩽ 45 è 3 ⩽ χ ⩽ 8.

Ìîäåëü íà îáîèõ äàòàñåòàõ îáó÷àëàñü ñ êîëè÷åñòâîì âíóòðåííèõ èòåðàöèé timesteps =
32 è ðàçìåðíîñòüþ âåêòîðíîãî ïðåäñòàâëåíèÿ â d = 64, â òå÷åíèå îêîëî 1000 ýïîõ ñ áàò÷åì
batchsize = 16, èìåÿ ïî 128 èòåðàöèé â îäíîé ýïîõå, ñ ýêñïîíåíöèàëüíûì learning rate
ðàñïèñàíèåì îò lr = 1e−04 lr = 1e−06. Ìåòðèêà óñïåøíîñòè îáó÷åíèÿ ìîäåëè (òî÷íîñòè):

acc =

∑n
i f (groundtruthi,predi)

n
,

ãäå groundtruthi = 1, {åñëè G (V,E) ìîæíî ïîêðàñèòü â C öâåòîâ, èíà÷å 0}, f(x, y) = {1,
åñëè x = y, èíà÷å 0}, predi � âåðîÿòíîñòü òîãî, ÷òî G(V,E) ìîæíî ïîêðàñèòü â C öâåòîâ,
n � êîëè÷åñòâî ïðèìåðîâ â âûáîðêå.

3. Ðåçóëüòàòû ýêñïåðèìåíòîâ. 3.1. Ýâðèñòèêè äëÿ ñðàâíåíèÿ. Ñóùåñòâóåò ìíîæå-
ñòâî ýâðèñòèê äëÿ ïîèñêà õðîìàòè÷åñêîãî ÷èñëà, íî çäåñü áóäóò ðàññìàòðèâàòüñÿ äâå èç
íèõ: æàäíûé ïîèñê è tabucol [12].

Æàäíûé ïîèñê ½æàäíî“ ðàñêðàøèâàåò âåðøèíû ãðàôà â äîñòóïíûå öâåòà. Àëãîðèòì
î÷åíü ïðîñòîé, íî íå î÷åíü ýôôåêòèâíûé â ñìûñëå òî÷íîñòè ïîëó÷àåìîãî ðåøåíèÿ.

Tabucol [12] � ýòî ýâðèñòèêà ëîêàëüíîãî ïîèñêà, îñíîâàííàÿ íà ïîèñêå ñ çàïðåòàìè
(òàáó-ïîèñê).

3.2. Ñèíòåòè÷åñêèé äàòàñåò. Ïðîöåäóðà òðåíèðîâêè íà äàòàñåòå CHROM_40_60 áû-
ëà îñòàíîâëåíà, êîãäà ìîäåëü äîñòèãëà òî÷íîñòè acc=0.706 íà òðåíèðîâî÷íûõ äàííûõ è
acc=0.681 íà òåñòîâûõ äàííûõ, à ïðîöåäóðà òðåíèðîâêè íà äàòàñåòå CHROM_35_45 áû-
ëà îñòàíîâëåíà, êîãäà ìîäåëü äîñòèãëà òî÷íîñòè â acc=0.761 íà òðåíèðîâî÷íûõ äàííûõ è
acc=0.756 íà òåñòîâûõ äàííûõ.

Äàëåå ïðèâåäåíû áîëåå ïîäðîáíûå ðåçóëüòàòû ðàáîòû àëãîðèòìîâ íà òåñòîâûõ äàí-
íûõ äëÿ CHROM_40_60 (ñì. òàáë. 1, 2, 3) è CHROM_35_45 (ñì. òàáë. 4, 5, 6). Ïî âåð-
òèêàëè èçîáðàæåíû õðîìàòè÷åñêèå ÷èñëà, ïðåäñêàçàííûå àëãîðèòìîì, à ïî ãîðèçîíòàëè
íàñòîÿùèå õðîìàòè÷åñêèå ÷èñëà. Íà äèàãîíàëè, ïîäñâå÷åííîé çåëåíûì, ðàñïîëàãàþòñÿ
ïðàâèëüíûå îòâåòû (ïðåäñêàçàíèå àëãîðèòìà ñîâïàäàåò ñ òåì, ÷òî åñòü íà ñàìîì äåëå),
ñîîòâåòñòâåííî âñå, ÷òî âûøå èëè íèæå � ýòî îøèáêà. Êàê ìåòðèêà äëÿ îáùåé îöåíêè
êà÷åñòâà àëãîðèòìà èñïîëüçóåòñÿ Mean Absolute Error (MAE) èëè Ñðåäíåå Àáñîëþòíîå
Îòêëîíåíèå.
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Òàáëèöà 1

Ðåçóëüòàòû ðàáîòû àëãîðèòìà GNN äëÿ CHROM_40_60

10 0,000 0,000 0,000 0,000 0,000 0,000
9 0,000 0,000 0,000 0,000 0,000 0,000
8 0,000 0,000 0,000 0,000 0,065 0,694
7 0,000 0,000 0,000 0,116 0,630 0,306
6 0,000 0,000 0,180 0,562 0,306 0,000
5 0,000 0,168 0,614 0,322 0,000 0,000
4 0,081 0,801 0,206 0,000 0,000 0,000
3 0,919 0,031 0,000 0,000 0,000 0,000
2 0,000 0,000 0,000 0,000 0,000 0,000

pred/color 3 4 5 6 7 8
MAE 0,311

Òàáëèöà 2

Ðåçóëüòàòû ðàáîòû àëãîðèòìà tabucol äëÿ CHROM_40_60

10 0,000 0,000 0,000 0,000 0,000 0,000
9 0,000 0,000 0,000 0,000 0,000 0,000
8 0,000 0,000 0,000 0,000 0,065 1,000
7 0,000 0,000 0,000 0,116 0,847 0,000
6 0,000 0,000 0,180 0,651 0,000 0,000
5 0,000 0,168 0,550 0,000 0,000 0,000
4 0,081 0,620 0,000 0,000 0,000 0,000
3 0,774 0,000 0,000 0,000 0,000 0,000
2 0,000 0,000 0,000 0,000 0,000 0,000

pred/color 3 4 5 6 7 8
MAE 0,342

Êàê âèäíî, æàäíûé àëãîðèòì î÷åíü ñèëüíî îòñòàåò ïî êà÷åñòâó îò îñòàëüíûõ àëãîðèò-
ìîâ. Â îáùåì tabucol è GNN èìåþò ñõîæåå êà÷åñòâî, íî ñòîèò çàìåòèòü, ÷òî GNN ëó÷øå
ðàáîòàåò íà ãðàôàõ ñ íèçêèì õðîìàòè÷åñêèì ÷èñëîì è õóæå íà ãðàôàõ ñ áîëüøèì õðîìà-
òè÷åñêèì ÷èñëîì. Òàêæå, ïîñêîëüêó tabucol è æàäíûé àëãîðèòì èùóò ïîëíóþ ðàñêðàñêó
è ïî íåé îïðåäåëÿþò õðîìàòè÷åñêîå ÷èñëî, òî îíè íå îøèáàþòñÿ â ñòîðîíó óìåíüøåíèÿ
îöåíêè õðîìàòè÷åñêîãî ÷èñëà, â îòëè÷èå îò GNN, òåíäåíöèþ êîòîðîé îøèáàòüñÿ â ñòîðîíó
óìåíüøåíèÿ õîðîøî âèäíî íà ãðàôàõ ñ áîëüøèìè õðîìàòè÷åñêèìè ÷èñëàìè. Òàêæå òî÷-
íîñòü â 0.681 ìîæåò ïîêàçàòüñÿ ìàëî âïå÷àòëÿþùåé èç-çà òîãî, ÷òî òî÷íîñòü ñëó÷àéíîãî
âûáîðà áóäåò ñîñòàâëÿòü 0.5, îäíàêî, êàê ïîêàçûâàþò ïðèâåäåííûå âûøå íàáëþäåíèÿ (ñì.
òàáë. 1�6), GNN â ðåçóëüòàòå îøèáàåòñÿ òîëüêî íà +/- 1 îòíîñèòåëüíî õðîìàòè÷åñêîãî
÷èñëà, ÷òî ãîâîðèò î òîì, ÷òî GNN äåéñòâèòåëüíî ïîíèìàåò, êàêîå ïðèìåðíî õðîìàòè÷å-
ñêîå ÷èñëî ó ãðàôà.

3.3. Êðîññ-äàòàñåò ýêñïåðèìåíòû.Ïîñêîëüêó GNN ÿâëÿåòñÿ ãèáêîé îòíîñèòåëüíî ðàç-
ìåðà âõîäíîãî ãðàôà íåéðîñåòüþ, òî îòäåëüíûé âîïðîñ ñîñòàâëÿåò îáîáùàåìîñòü GNN,
íàòðåíèðîâàííàÿ íà ãðàôàõ îäíîãî ðàçìåðà íà ãðàôû ñ äðóãèì ðàçìåðîì. ×òîáû ýòî
ïðîâåðèòü, ìû ìîæåì âçÿòü GNN, íàòðåíèðîâàííóþ íà CHROM_40_60 äàííûõ, è ïðîòå-
ñòèðîâàòü åå íà äàííûõ èç CHROM_35_45 è íàîáîðîò (ñì. òàáë. 7).
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Òàáëèöà 3

Ðåçóëüòàòû ðàáîòû àëãîðèòìà greedy äëÿ CHROM_40_60

10 0,000 0,000 0,000 0,038 0,190 0,222
9 0,000 0,000 0,030 0,259 0,532 0,167
8 0,000 0,006 0,274 0,463 0,241 0,000
7 0,000 0,094 0,302 0,229 0,005 0,000
6 0,008 0,380 0,354 0,011 0,000 0,000
5 0,407 0,275 0,039 0,000 0,000 0,000
4 0,581 0,246 0,000 0,000 0,000 0,000
3 0,004 0,000 0,000 0,000 0,000 0,000
2 0,000 0,000 0,000 0,000 0,000 0,000

pred/color 3 4 5 6 7 8
MAE 0,924

Òàáëèöà 4

Ðåçóëüòàòû ðàáîòû àëãîðèòìà GNN äëÿ CHROM_35_45

10 0,000 0,000 0,000 0,000 0,000 0,000
9 0,000 0,000 0,000 0,000 0,000 0,000
8 0,000 0,000 0,000 0,000 0,065 0,690
7 0,000 0,000 0,000 0,116 0,630 0,310
6 0,000 0,000 0,180 0,562 0,306 0,000
5 0,000 0,168 0,614 0,322 0,000 0,000
4 0,081 0,801 0,206 0,000 0,000 0,000
3 0,919 0,031 0,000 0,000 0,000 0,000
2 0,000 0,000 0,000 0,000 0,000 0,000

pred/color 3 4 5 6 7 8
MAE 0,225

Êàê âèäíî, GNN, òðåíèðîâàííàÿ íà äàííûõ CHROM_40_60, ïîêàçûâàåò ñåáÿ íà
òåñòîâûõ äàííûõ CHROM_35_45 äàæå ëó÷øå, ÷åì ñïåöèàëüíî íàòðåíèðîâàííàÿ íà
CHROM_35_45 äàííûõ ñåòü, ÷òî ìîæåò ãîâîðèòü î ñèëüíîé ñïîñîáíîñòè ê îáîáùàåìî-
ñòè ìîäåëåé, òðåíèðîâàííûõ íà áîëåå ñëîæíûõ äàííûõ. GNN æå, íàòðåíèðîâàííàÿ íà
CHROM_35_45 äàííûõ, èìååò êà÷åñòâî íà CHROM_40_60 äàííûõ çíà÷èòåëüíî ìåíü-
øåå, ÷åì òðåíèðîâàííàÿ íà CHROM_40_60 äàííûõ ñåòü, îäíàêî íåêîòîðîå êà÷åñòâî âñå
ðàâíî ñîõðàíÿåòñÿ, è ýòî îçíà÷àåò: çíàíèÿ, ïîëó÷åííûå ñ òðåíèðîâêè íà CHROM_35_45,
ïåðåíîñÿòñÿ íà CHROM_40_60, îäíàêî òîëüêî ÷àñòè÷íî.

3.4. COLOR02/03/04 äàòàñåò. ×òîáû ïîñìîòðåòü, êàê íàòðåíèðîâàííàÿ íà ñèíòåòè÷å-
ñêèõ äàííûõ GNN âåäåò ñåáÿ íà ãðàôàõ, ñèëüíî îòëè÷àþùèõñÿ îò òåõ, ÷òî îíà âèäåëà ïðè
òðåíèðîâêå, ïðîâîäèëèñü çàìåðû íà âûáîðî÷íûõ ãðàôàõ èç ïóáëè÷íî îòêðûòîãî äàòàñåòà
Color02/03/04 [9] (ñì òàáë. 8).

Êàê âèäíî, GNN íåïëîõî ïîêàçûâàåò ñåáÿ íà ãðàôàõ ñ êîëè÷åñòâîì âåðøèí áîëüøå, ÷åì
ó òðåíèðîâî÷íûõ ãðàôîâ, è âûäàåò ïðåäñêàçàíèÿ, áëèçêèå ê ðåàëüíîñòè, îäíàêî åùå ÷àùå
íà÷èíàåò îøèáàòüñÿ â ñòîðîíó çàíèæåíèÿ îöåíêè. Ïî ïîäñ÷èòàííîé MAE òàêæå ìîæíî
çàìåòèòü, ÷òî æàäíûé àëãîðèòì ñèëüíî îòñòàåò, è GNN áîëåå êîíñècòåíòíî ñðàâíèâàòü ñ
tabucol. Õîòÿ ó GNN MAE ìåíüøå, ÷åì ó tabucol, èç-çà íåñòàáèëüíîñòè âûáîðêè íåëüçÿ
ñêàçàòü, ÷òî íà ýòèõ ïðèìåðàõ GNN ðàáîòàåò ëó÷øå.
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Òàáëèöà 5

Ðåçóëüòàòû ðàáîòû àëãîðèòìà tabucol äëÿ CHROM_35_45

10 0,000 0,000 0,000 0,000 0,000 0,000
9 0,000 0,000 0,000 0,000 0,000 0,010
8 0,000 0,000 0,000 0,000 0,422 0,990
7 0,000 0,000 0,000 0,174 0,578 0,000
6 0,000 0,000 0,324 0,826 0,000 0,000
5 0,000 0,251 0,676 0,000 0,000 0,000
4 0,068 0,749 0,000 0,000 0,000 0,000
3 0,932 0,000 0,000 0,000 0,000 0,000
2 0,000 0,000 0,000 0,000 0,000 0,000

pred/color 3 4 5 6 7 8
MAE 0,239

Òàáëèöà 6

Ðåçóëüòàòû ðàáîòû àëãîðèòìà greedy äëÿ CHROM_35_45

10 0,000 0,000 0,000 0,011 0,295 0,583
9 0,000 0,000 0,010 0,093 0,342 0,205
8 0,000 0,000 0,169 0,418 0,261 0,013
7 0,000 0,059 0,356 0,455 0,025 0,000
6 0,008 0,375 0,383 0,024 0,000 0,000
5 0,286 0,285 0,082 0,000 0,000 0,000
4 0,676 0,281 0,000 0,000 0,000 0,000
3 0,030 0,000 0,000 0,000 0,000 0,000
2 0,000 0,000 0,000 0,000 0,000 0,000

pred/color 3 4 5 6 7 8
MAE 0,887

Òàáëèöà 7

Ðåçóëüòàòû

Train data Test data Train acc Test acc

CHROM_40_60 CHROM_35_45 0,7060 0,7660
CHROM_35_45 CHROM_40_60 0,7610 0,6348

Ê ñîæàëåíèþ, ðàáîòà GNN íà ãðàôàõ ñ áîëüøèìè õðîìàòè÷åñêèì ÷èñëàìè îêàçàëàñü
î÷åíü íåñòàáèëüíîé ââèäó òîãî, ÷òî ñàìè ãðàôû î÷åíü ðàçíûå è GNN ïðè òðåíèðîâêå íå
âèäåëà íè÷åãî ïîäîáíîãî, ïîýòîìó ðåçóëüòàòû íå áûëè ïðåäñòàâëåíû è, ìîæíî ñêàçàòü,
÷òî íà ãðàôàõ ñ õðîìàòè÷åñêèìè ÷èñëàìè áîëüøå òîãî, ÷òî îíà âèäåëà íà òðåíèðîâêå,
GNN ðàáîòàåò ïëîõî.

Ââèäó ýêñïåðèìåíòîâ íà COLOR02/03/04 (ñì òàáë. 8) è êðîññ-äàòàñåò ýêñïåðèìåíòîâ
(ñì. òàáë. 7) ìîæíî ñäåëàòü âûâîä, ÷òî GNN â íåêîòîðûõ ïðåäåëàõ ñëàáî ÷óâñòâèòåëüíà ê
èçìåíåíèþ âåðøèí â ãðàôàõ, íà êîòîðûõ ïðèìåíÿåòñÿ, ïîêà õðîìàòè÷åñêîå ÷èñëî îñòàåòñÿ
áëèçêèì ê òðåíèðîâî÷íûì ïðèìåðàì.

3.5. Âðåìÿ ðàáîòû àëãîðèòìîâ. Òàêæå áûë ïðîâåäåí çàìåð âðåìåíè ðàáîòû àëãîðèò-
ìîâ â ñëó÷àå îïðåäåëåíèÿ õðîìàòè÷åñêîãî ÷èñëà ãðàôà (ñì. òàáë. 9).
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Ðåçóëüòàòû íà Color02/03/04 äàòàñåòå

Graph Size C_numb GNN GREEDY TABUCOL GNN GREEDY TABUCOL
TIME TIME TIME

1-FullIns_3 30 4 4 8 4 0.32 0.0039 2.73
1-Insertions_4 67 5 4 5 5 0.33 0.0045 15.74
2-FullIns_3 52 5 4 9 5 0.32 0.0029 9.51

2-Insertions_3 37 4 3 4 4 0.30 0.0016 4.62
3-Insertions_3 56 4 3 4 4 0.30 0.0044 9.72
DSJC125.1 125 5 5 8 8 0.37 0.014 58.36
games120 120 9 6 10 9 0.37 0.013 108.76
mug88_1 88 4 3 4 4 0.30 0.0071 22.62
mug88_25 88 4 3 4 4 0.30 0.007 25.2
myciel3 11 4 4 4 4 0.28 0.0012 0.56
myciel4 23 5 4 5 5 0.29 0.0017 2.64
myciel5 47 6 5 6 6 0.30 0.002 11.0

2-FullIns_4 212 6 6 13 15 0.41 0.022 74.3
5-FullIns_3 154 8 6 16 9 0.36 0.017 47.3
mug100_1 100 4 3 4 4 0.31 0.0086 30.44
mug100_25 100 4 3 4 4 0.32 0.0073 28.30
queen5_5 25 5 6 8 5 0.32 0.0017 2.99
queen6_6 36 7 7 10 8 0.36 0.0019 11.22
queen7_7 49 7 8 10 9 0.36 0.0032 25.04
queen8_8 64 9 9 13 12 0.35 0.0032 45.8

MAE 0.81 2 0.9

AVG TIME 0.327 0.009 25.5

Êàê âèäíî, GNN ðàáîòàåò ìåäëåííåå æàäíîãî àëãîðèòìà è ãîðàçäî áûñòðåå Tabucol
(â 145 è 90 ðàç ñîîòâåòñòâåííî). Íà ïðèìåðå ãðàôîâ èç COLOR02/03/04 äàòàñåòà âèäíà
ïîõîæàÿ äèíàìèêà. Âû÷èñëèòåëüíàÿ ñëîæíîñòü GNN ñêàëèðóåòñÿ ëèíåéíî îòíîñèòåëüíî
ðàçìåðà ãðàôà.

3.6. Îãðàíè÷åíèÿ, ñâÿçàííûå ñ äàííûìè. Êàê óæå áûëî ïîäìå÷åíî, ìàññèâ äàííûõ äëÿ
òðåíèðîâêè è òåñòèðîâàíèÿ ìîäåëè áûë ñãåíåðèðîâàí ïî ñïåöèàëüíîé ìîäåëè [8]. Îäíàêî
õðîìàòè÷åñêèå ÷èñëà äëÿ ãðàôîâ â ýòîé ìîäåëè â îáùåì ñëó÷àå îïðåäåëÿþòñÿ ñ ïîìî-
ùüþ ïîëíîãî ïåðåáîðà, ïîýòîìó ñãåíåðèðîâàòü äàòàñåò èç ãðàôîâ ñ êîëè÷åñòâîì âåðøèí
áîëåå 60 çà àäåêâàòíîå âðåìÿ íå ïðåäñòàâëÿåòñÿ âîçìîæíûì. È õîòÿ áûëî ïîêàçàíî, ÷òî
GNN ìîæåò áûòü ñêàëèðóåìà îòíîñèòåëüíî êîëè÷åñòâà âåðøèí, òî îòíîñèòåëüíî õðîìàòè-
÷åñêîãî ÷èñëà òîãî æå ñêàçàòü íåëüçÿ. Îãðàíè÷åííîå êîëè÷åñòâî âåðøèí â ãåíåðèðóåìûõ
äàííûõ òàêæå îãðàíè÷èâàåò è âîçìîæíîñòü ãåíåðèðîâàòü êà÷åñòâåííûå ïðèìåðû ðàñêðàñ-
êè ñ áîëüøèìè õðîìàòè÷åñêèìè ÷èñëàìè, ÷òî ïîêà ÷òî ñòàâèò ïîä âîïðîñ ïðèìåíåíèå GNN
äëÿ ãðàôîâ ñ áîëüøèìè õðîìàòè÷åñêèìè ÷èñëàìè.

Çàêëþ÷åíèå. Ïîäõîä ê ðàñêðàñêå ãðàôîâ ÷åðåç ãëóáîêîå îáó÷åíèå ïîêàçàë ñåáÿ
âïîëíå íåïëîõî. GNN, òðåíèðóÿñü íà ñèíòåòè÷åñêè ñãåíåðèðîâàííûõ äàííûõ, ïîêàçû-
âàåò ñåáÿ êàê íà ñèíòåòè÷åñêè ñãåíåðèðîâàííûõ äàòàñåòàõ, òàê è íà ðåàëüíûõ ãðàôàõ
ñ óâåëè÷åííûì ðàçìåðîì çíà÷èòåëüíî ëó÷øå, ÷åì æàäíûé àëãîðèòì, è ñðàâíèìî ñ
ýâðèñòèêîé tabucol. GNN îáëàäàåò áîëüøåé âû÷èñëèòåëüíîé ñëîæíîñòüþ ïî îòíîøåíèþ
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Âðåìÿ ðàáîòû àëãîðèòìîâ

Àëãîðèòì Äàííûå Âðåìÿ, ñåê

GNN CHROM_40_60 (Test) 317
Tabucol CHROM_40_60 (Test) 46071
Greedy CHROM_40_60 (Test) 10.3
GNN CHROM_35_45 (Test) 280

Tabucol CHROM_35_45 (Test) 25206
Greedy CHROM_35_45 (Test) 7.1

ê æàäíîìó àëãîðèòìó, íî ìåíüøåé ïî îòíîøåíèþ ê tabucol. Òàêæå GNN äîñòàòî÷íî
õîðîøî ñêàëèðóåòñÿ îòíîñèòåëüíî êîëè÷åñòâà âåðøèí â ãðàôå, ÷òî ðàñøèðÿåò åå ãðàíèöû
ïðèìåíèìîñòè. Â èòîãå GNN, íàòðåíèðîâàííàÿ íà ñïåöèàëüíî ïîäãîòîâëåííûõ äëÿ
êàêîé-ëèáî çàäà÷è äàííûõ ñ íå ñèëüíî áîëüøèì êîëè÷åñòâîì âåðøèí è ïðèìåðíî òàêèì
æå õðîìàòè÷åñêèì ÷èñëîì, ÷òî è â ïðåäñòàâëåííûõ ñèíòåòè÷åñêèõ äàííûõ, ïðåäïîëî-
æèòåëüíî, áóäåò ïîêàçûâàòü ñåáÿ ëó÷øå, ÷åì æàäíûé àëãîðèòì, ïðè ýòîì çàòðà÷èâàÿ
÷óòü áîëüøå âðåìåíè è ñðàâíèìî ïî êà÷åñòâó ñ tabucol, ïðè ýòîì ðàáîòàÿ ãîðàçäî
áûñòðåå åãî. Â êà÷åñòâå äàëüíåéøåãî óëó÷øåíèÿ ìîæíî áûëî áû ïîïðîáîâàòü äðóãèå,
áîëåå ìîùíûå èëè ïðèñïîñîáëåííûå êîíêðåòíî ê ýòîé çàäà÷å àðõèòåêòóðû ãðàôîâûõ
íåéðîííûõ ñåòåé, êîòîðûå, ïðåäïîëîæèòåëüíî, ïîäíèìóò êà÷åñòâî ìîäåëè, îäíàêî, êàê
óæå îòìå÷àëîñü âûøå, ñóùåñòâóþò îãðàíè÷åíèÿ ïî äàííûì, èëè ìîæíî ïîïðîáîâàòü
íàéòè ñïîñîá ðàñøèðèòü ìîäåëü íå òîëüêî íà ðåøåíèå çàäà÷è î ïîèñêå õðîìàòè÷åñêîãî
÷èñëà, à åùå è íà íàõîæäåíèå ðàñêðàñêè ãðàôà.
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