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The article discusses new methods for accelerating the calculation of some characteristics of the
connectivity of a random graph (the probability of a subset of vertices being connected (all-terminal
reliability, ATR), the average probability of pairwise connectivity (APC), the mathematical expectation
of the size of a connected subgraph containing a selected vertex (MENC), and some others). These
problems have a proven non-polynomial complexity and, as a rule, approximate solutions are sought.
However, with the development of computer technology and the development of parallel algorithms,
�nding exact solutions has become possible for graphs of a su�ciently large dimension to solve practical
problems (up to hundreds of vertices in the case of a small average degree). In addition, the solutions
to these problems found over the years, including various methods of reduction and decomposition by
the author of the article [1�10], made it possible to further increase the dimension of the calculated
graphs. Exact solutions are also needed to assess the quality of approximate algorithms.

Most explored is the task of �nding ATR and two-terminal reliability (pairwise connectivity, s− t
connectivity), while various tasks may require and other characteristics of network's reliability [11] and
consider di�erent constrains, graph diameter in particular [12].

Various techniques are proposed for developing the well-known factorization method, when instead
of considering one resolving edge, a certain small subset of edges chosen in a special way is considered.
It is shown how to use cut edges as such a subset, leading to the possibility of e�ective use of known
decomposition formulas for cut of 1, 2 or 3-vertices [13].
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Â ñòàòüå ðàññìàòðèâàþòñÿ íîâûå ïðèåìû óñêîðåíèÿ ðàñ÷åòà íåêîòîðûõ õàðàêòåðèñòèê ñâÿç-
íîñòè ñëó÷àéíîãî ãðàôà (âåðîÿòíîñòü ñâÿçíîñòè ïîäìíîæåñòâà âåðøèí, ñðåäíÿÿ âåðîÿòíîñòü
ïàðíîé ñâÿçíîñòè, ìàòåìàòè÷åñêîå îæèäàíèå ðàçìåðà ñâÿçíîãî ïîäãðàôà, ñîäåðæàùåãî âûäå-
ëåííóþ âåðøèíó è íåêîòîðûå äðóãèå). Ýòè çàäà÷è èìåþò äîêàçàíî íåïîëèíîìèàëüíûé õàðàê-
òåð ñëîæíîñòè, è, êàê ïðàâèëî, èùóòñÿ ïðèáëèæåííûå ðåøåíèÿ. Îäíàêî, ñ ðàçâèòèåì âû÷èñëè-
òåëüíîé òåõíèêè è ðàçðàáîòêîé ïàðàëëåëüíûõ àëãîðèòìîâ, íàõîæäåíèå òî÷íûõ ðåøåíèé ñòàëî
âîçìîæíûì äëÿ ãðàôîâ äîñòàòî÷íî áîëüøîé ðàçìåðíîñòè äëÿ ðåøåíèÿ ïðàêòè÷åñêèõ çàäà÷
(äî ñîòåí âåðøèí â ñëó÷àå íåáîëüøîé èõ ñðåäíåé ñòåïåíè). Êðîìå òîãî, íàéäåííûå çà ãîäû
ðåøåíèÿ ýòèõ çàäà÷, â òîì ÷èñëå àâòîðîì äîêëàäà, ðàçëè÷íûå ïðèåìû ðåäóêöèè è äåêîìïî-
çèöèè ïîçâîëèëè åùå áîëüøå ïîäíÿòü ðàçìåðíîñòü ðàññ÷èòûâàåìûõ ãðàôîâ. Òî÷íûå ðåøåíèÿ
íåîáõîäèìû òàêæå äëÿ îöåíêè êà÷åñòâà ïðèáëèæåííûõ àëãîðèòìîâ.
Ïðåäëàãàþòñÿ ðàçëè÷íûå ïðèåìû ðàçâèòèÿ èçâåñòíîãî ìåòîäà ôàêòîðèçàöèè, êîãäà âìåñòî
ðàññìîòðåíèÿ îäíîãî ðàçðåøàþùåãî ðåáðà ðàññìàòðèâàåòñÿ íåêîòîðîå íåáîëüøîå ïîäìíîæå-
ñòâî ñïåöèàëüíûì îáðàçîì âûáðàííûõ ðåáåð.

Êëþ÷åâûå ñëîâà: ñëó÷àéíûå ãðàôû, ñåòåâàÿ íàäåæíîñòü, àëãîðèòìû.

Ââåäåíèå. Ñëó÷àéíûå íåîðèåíòèðîâàííûå ãðàôû (ÑÃ) ñ íàäåæíûìè âåðøèíàìè è
íåíàäåæíûìè ðåáðàìè â êà÷åñòâå ìîäåëè ñåòåé ðàçëè÷íîãî íàçíà÷åíèÿ èññëåäóþòñÿ ìíî-
ãèìè àâòîðàìè íà ïðîòÿæåíèè íåñêîëüêèõ äåñÿòèëåòèé [1�6], ïîëó÷åíî ìíîãî òåîðåòè-
÷åñêèõ ðåçóëüòàòîâ, ðàçðàáîòàíû ìíîãî÷èñëåííûå àëãîðèòìû àíàëèçà. Íàèáîëåå èçâåñò-
íû òàê íàçûâàåìûå ìîäåëè Ýðäåøà-Ðåíüè [7�8], â îäíîé èç êîòîðûõ ðàññìàòðèâàþòñÿ n-
âåðøèííûå ïîëíûå ãðàôû ñ ðàâíîé âåðîÿòíîñòüþ ïðèñóòñòâèÿ êàæäîãî ðåáðà, âî âòîðîé �
n-âåðøèííûå m-ðåáåðíûå ãðàôû ñ çàäàííîé (â îáùåì ñëó÷àå ðàçëè÷íîé) âåðîÿòíîñòüþ
ïðèñóòñòâèÿ êàæäîãî ðåáðà. Â îñíîâíîì èìåííî âòîðàÿ ìîäåëü èçó÷àåòñÿ â ïðèëîæåíè-
ÿõ. Ïîæàëóé ñàìîé èçâåñòíîé çàäà÷åé èññëåäîâàíèÿ ÑÃ ÿâëÿåòñÿ ïîëó÷åíèå âåðîÿòíîñòè
åãî ñâÿçíîñòè. ×àñòî ðàññìàòðèâàþò òàêæå âåðîÿòíîñòü ñâÿçíîñòè âûäåëåííîãî ïîäìíî-
æåñòâà âåðøèí (îñîáî âûäåëÿåòñÿ âåðîÿòíîñòü ñâÿçíîñòè âûäåëåííîé ïàðû âåðøèí, òàê
íàçûâàåìàÿ s− t ñâÿçíîñòü), ðàçìåð ìàêñèìàëüíîãî ñâÿçíîãî ïîäãðàôà, ðàçìåð ïîäãðàôà,
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ñîäåðæàùåãî âûäåëåííóþ âåðøèíó, âåðîÿòíîñòü ïåðåäà÷è ïîòîêà çàäàííîé âåëè÷èíû è
äð [3]. Äëÿ ÑÃ ñ ðàâíî íàäåæíûìè ðåáðàìè èññëåäóþòñÿ âîïðîñû ïîëó÷åíèÿ, àíàëèçà è
èñïîëüçîâàíèÿ òàê íàçûâàåìûõ ïîëèíîìîâ íàäåæíîñòè (ÏÍ) [9�12]. Ýòè çàäà÷è òàê èëè
èíà÷å ñâîäÿòñÿ ê ïåðåáîðó ðàçëè÷íûõ ñîñòîÿíèé ÑÃ è èìåþò äîêàçàíî íåïîëèíîìèàëüíóþ
ñëîæíîñòü [13�14]. Ñëåäñòâèåì ïîñëåäíåãî îáñòîÿòåëüñòâà ÿâëÿþòñÿ ìíîãî÷èñëåííûå èñ-
ñëåäîâàíèÿ ïî îöåíêå çíà÷åíèé ñîîòâåòñòâóþùèõ ïîêàçàòåëåé, ðàçðàáîòêà ïðèáëèæåííûõ
àëãîðèòìîâ ðàñ÷åòà. Îäíîâðåìåííî ïðîâîäÿòñÿ èññëåäîâàíèÿ ïî ïîëó÷åíèþ òî÷íûõ çíà÷å-
íèé ïîêàçàòåëåé è êîýôôèöèåíòîâ ñîîòâåòñòâóþùèõ ÏÍ. Ðàçðàáîòàíû ðàçëè÷íûå ïðèåìû
ðåäóêöèè è äåêîìïîçèöèè ÑÃ, ñîõðàíÿþùèå òî÷íîñòü âû÷èñëåíèé, ñàìûå î÷åâèäíûå èç
êîòîðûõ ñâÿçàíû ñ ðàññìîòðåíèåì âèñÿ÷èõ âåðøèí, öåïåé, ìîñòîâ, òî÷åê ñî÷ëåíåíèÿ, ðàç-
ðåçîâ è ñå÷åíèé [4, 15�17]. Ðÿä ðåçóëüòàòîâ ïðèíàäëåæèò êîëëåêòèâó, â êîòîðîì ðàáîòàåò
àâòîð äîêëàäà, è åìó ëè÷íî [18�27].

Ïîÿâëåíèå ïàðàëëåëüíîé âû÷èñëèòåëüíîé òåõíèêè äàëî íîâûé òîë÷îê ê ïîâûøåíèþ
ýôôåêòèâíîñòè âû÷èñëåíèÿ õàðàêòåðèñòèê ÑÃ, ñòàëî âîçìîæíûì ïîëó÷åíèå òî÷íûõ çíà-
÷åíèé ðàçëè÷íûõ ïîêàçàòåëåé äëÿ ÑÃ äîâîëüíî áîëüøîé ðàçìåðíîñòè (äåñÿòêè âåðøèí,
íåñêîëüêî ñîòåí ðåáåð). Îòìåòèì, ÷òî òî÷íûå ðåøåíèÿ íåîáõîäèìû òàêæå äëÿ îöåíêè
êà÷åñòâà ïðèáëèæåííûõ àëãîðèòìîâ, à òî÷íûå çíà÷åíèÿ êîýôôèöèåíòîâ ÏÍ ïîçâîëÿþò
èñêàòü íîâûå çàêîíîìåðíîñòè ïðè àíàëèçå ñòðóêòóð ÑÃ.

Îäíèì èç íàèáîëåå èçâåñòíûõ ìåòîäîâ ðàñ÷åòà õàðàêòåðèñòèê ñëó÷àéíûõ ãðàôîâ ÿâëÿ-
åòñÿ ìåòîä ôàêòîðèçàöèè [5, 17, 28], ÷àñòî íàçûâàåìûé ìåòîäîì Ìóðà-Øåííîíà ïðèìå-
íèòåëüíî ê âåðîÿòíîñòè ñâÿçíîñòè ÑÃ, íàçâàíèå ñâÿçàíî ñ øèðîêî èçâåñòíîé ïóáëèêàöèåé
[1]. Ìåòîä ÿâëÿåòñÿ ðåêóðñèâíûì è ïîçâîëÿåò îñóùåñòâëÿòü îáõîä âîçìîæíûõ âàðèàí-
òîâ ñîñòîÿíèÿ ÑÃ, ïðè ýòîì âåòâè äåðåâà ðàçáîðà âîçìîæíî çàêàí÷èâàòü íà âû÷èñëÿåìîì
êàêèì-ëèáî ñïîñîáîì òî÷íîãî çíà÷åíèÿ ïîêàçàòåëå äëÿ ñîîòâåòñòâóþùåãî ñîñòîÿíèÿ ÑÃ, à
òàêæå ïðè âîçìîæíîñòè ïðèìåíÿòü â êàæäîì óçëå ðàçëè÷íûå ïðèåìû ðåäóêöèè è äåêîì-
ïîçèöèè. Ïðîñòîòà èäåè ìåòîäà ïîðîäèëà ìíîæåñòâî ýêñïåðèìåíòàëüíûõ è òåîðåòè÷åñêèõ
èññëåäîâàíèé ïî ïîâûøåíèþ ýôôåêòèâíîñòè åãî ðåàëèçàöèè, â ÷àñòíîñòè íà ïàðàëëåëü-
íûõ ÝÂÌ [29].

Ó÷èòûâàÿ îãðîìíûé èíòåðåñ ê ðàññìàòðèâàåìûì çàäà÷àì ñî ñòîðîíû ìíîãèõ àâòîðîâ
è òùàòåëüíîñòü ïðîðàáîòêè òåìû, òðóäíî îæèäàòü ïðîðûâíûõ ðåçóëüòàòîâ â ïëàíå óñêî-
ðåíèÿ ïîëó÷åíèÿ òî÷íûõ çíà÷åíèé ðàññìàòðèâàåìûõ ïîêàçàòåëåé ñâÿçíîñòè ÑÃ, íå ñâÿ-
çàííûõ ñ íåïîñðåäñòâåííî ïðîãðàììíûìè ðåàëèçàöèÿìè. Òåì íå ìåíåå, ñäåëàåì ïîïûòêó
ïðåäëîæèòü íåêîòîðûå ïðèåìû ïóñòü íåáîëüøîãî, íî óñêîðåíèÿ ðàñ÷åòîâ çà ñ÷åò áîëåå
áûñòðîãî ñíèæåíèÿ ðàçìåðíîñòè ïðîìåæóòî÷íûõ ãðàôîâ â õîäå ïðîöåññà ôàêòîðèçàöèè.

Â ïðåäëàãàåìîé ðàáîòå ñóùåñòâåííî èñïîëüçóþòñÿ ðåçóëüòàòû Äåíèñà Ìèãîâà ïî äå-
êîìïîçèöèè ãðàôîâ ñ èñïîëüçîâàíèåì âåðøèííûõ ðàçðåçîâ, à òàêæå èäåè, èçëîæåííûå â
ðàáîòå àâòîðà [30] ïðèìåíèòåëüíî ê èñïîëüçîâàíèþ ìåòîäà ôàêòîðèçàöèè ïðè ïîëó÷åíèè
êîýôôèöèåíòîâ ïîëèíîìà íàäåæíîñòè äëÿ âñå-òåðìèíàëüíîé ñâÿçíîñòè ÑÃ (All Terminal
Reliability, ATR).

1. Îñíîâíûå ñîîáðàæåíèÿ è íà÷àëüíûå ñâåäåíèÿ.
1.1. Îñíîâíûå îáîçíà÷åíèÿ. Èñïîëüçóåì ñòàíäàðòíûå îáîçíà÷åíèÿ ãðàôîâ (G), âåðøèí

(vi, i = 1, . . . ,n), ðåáåð (ei, i = 1, . . . ,m, åñëè ïåðå÷èñëÿþòñÿ ðåáðà, eij äëÿ ðåáðà, ñîåäè-
íÿþùåãî âåðøèíû vi è vj), âåðîÿòíîñòè ïðèñóòñòâèÿ ðåáðà (pi èëè pij â çàâèñèìîñòè îò
îáîçíà÷åíèÿ ñîîòâåòñòâóþùåãî ðåáðà). Äëÿ êðàòêîñòè èíîãäà âåðøèíà ïðîñòî çàäàåòñÿ
ñâîèì íîìåðîì èëè èìåíåì. Ãðàô, ïîëó÷åííûé èç G ñòÿãèâàíèåì â íåì âåðøèí x è y,
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îáîçíà÷àåòñÿ Gxy, åñëè ñòÿãèâàåòñÿ áîëüøå âåðøèí � ïåðå÷èñëÿþòñÿ âñå. Îñòàëüíûå îáî-
çíà÷åíèÿ ÿñíû èç êîíòåêñòà.

Ñíà÷àëà íàïîìíèì ñóòü ìåòîäà ôàêòîðèçàöèè. Î÷åâèäíî, ÷òî ìàòåìàòè÷åñêîå îæèäà-
íèå ëþáîé ìåòðè÷åñêîé ôóíêöèè µ(G) ñëó÷àéíîãî ãðàôà ìîæíî ïîëó÷èòü ¾â ëîá¿ ïîëíûì
ïåðåáîðîì åãî âîçìîæíûõ ñîñòîÿíèé (äëÿ êðàòêîñòè ìû îïóñêàåì çíàê ìàòåìàòè÷åñêîãî
îæèäàíèÿ, èñïîëüçóåì èìÿ ôóíêöèè):

µ(G) =
∑
H∈Γ

P (H)µ(H), (1)

ãäå Γ � ìíîæåñòâî âñåõ âîçìîæíûõ ðåàëèçàöèé ñëó÷àéíîãî ãðàôà G, ÷èñëî ýòèõ ðåàëèçà-
öèé 2m, ãäå m � ÷èñëî ðåáåð. Âåðîÿòíîñòü ðåàëèçàöèè H ëåãêî âû÷èñëÿåòñÿ ïî ôîðìóëå

P (H) =
∏
e∈W

pe
∏
e/∈W

(1− pe), (2)

ãäå W ⊆ E � ïîäìíîæåñòâî ðåáåð ÑÃ, ïðèñóòñòâóþùèõ â ðåàëèçàöèè.
Ìåòîä ôàêòîðèçàöèè ïîçâîëÿåò îðãàíèçîâàòü ýòîò ïåðåáîð ïîèñêîì â ãëóáèíó:

µ(G) = peR(G/e) + (1− pe)R(G\e), (3)

ãäå e � ïðîèçâîëüíîå ðåáðî, G/e � ãðàô, â êîòîðîì ýòî ðåáðî ïðèñóòñòâóåò íàâåðíîå (ñ âå-
ðîÿòíîñòüþ 1, îíàäåæåíî), G\e � ãðàô, â êîòîðîì ýòî ðåáðî óäàëåíî. Âåðîÿòíîñòü êàæäî-
ãî ëèñòà äåðåâà ðàçáîðà, ò. å. óíèêàëüíîãî ñîñòîÿíèÿ ÑÃ, ëåãêî âû÷èñëÿåòñÿ ïðîèçâåäåíèåì
âåðîÿòíîñòåé ðåáåð â ïóòè îò êîðíÿ ê ýòîìó ëèñòó. Îñîáåííîñòüþ ìåòîäà ôàêòîðèçàöèè
ÿâëÿåòñÿ îòñóòñòâèå íåîáõîäèìîñòè äîõîäèòü äî ëèñòüåâ ïðè âîçìîæíîñòè âû÷èñëåíèÿ
ïîêàçàòåëÿ â óçëå: íàïðèìåð, ïðè âû÷èñëåíèè ATR ãðàôà ïîëó÷åíèå íåñâÿçíîé ðåàëèçà-
öèè îçíà÷àåò íåñâÿçíîñòü âñåõ ñîñòîÿíèé, ñîîòâåòñòâóþùèõ ëèñòüÿì-ïîòîìêàì, ò. å. ìîæíî
âîçâðàùàòü 0 ïî ðåêóðñèè. Òî æå îòíîñèòñÿ ê ãðàôàì ìàëîé ðàçìåðíîñòè èëè ãðàôàì ñïå-
öèàëüíîé ñòðóêòóðû (äåðåâî, öèêë), äëÿ êîòîðûõ ìîæíî âû÷èñëÿòü çíà÷åíèå ïîêàçàòåëÿ
ïî êîíå÷íûì ôîðìóëàì, ò. å. ïðè ñîõðàíåíèè íåïîëèíîìèàëüíîãî õàðàêòåðà àëãîðèòìà,
ìåòîä ôàêòîðèçàöèè ïîçâîëÿåò (èíîãäà ñóùåñòâåííî) ñîêðàòèòü ïðîñòðàíñòâî ïåðåáîðà.

Ðàçìåðíîñòü ãðàôîâ, äëÿ êîòîðûõ ñóùåñòâóþò òî÷íûå ôîðìóëû, âåñüìà ñóùåñòâåííà.
Òàê, ïðè âû÷èñëåíèè ATR ñóùåñòâóåò ôîðìóëà âû÷èñëåíèÿ ïîêàçàòåëÿ äëÿ ïðîèçâîëüíîãî
5-âåðøèííîãî ãðàôà, ÷òî îãðàíè÷èâàåò ïðîñòðàíñòâî ïåðåáîðà 2m−5 ñîñòîÿíèÿìè ÑÃ, ò. å.
ñîêðàùåíèå â 32 ðàçà ïî ñðàâíåíèþ ñ ïîëíûì ïåðåáîðîì.

Ñóùåñòâóþò èçâåñòíûå ôîðìóëû ðåäóêöèè ðàçìåðíîñòè ÑÃ è åãî äåêîìïîçèöèè. Ïåð-
âûå ñâÿçàíû ãëàâíûì îáðàçîì ñ íàëè÷èåì â ñòðóêòóðå ãðàôà âèñÿ÷èõ âåðøèí è öåïåé,
âòîðûå � ñ íàëè÷èåì ìîñòîâ è òî÷åê ñî÷ëåíåíèÿ. Â ðàáîòàõ [31�32] ïðèâåäåíû ôîðìóëû
äåêîìïîçèöèè ãðàôà ïðè âû÷èñëåíèè ATR ïî 2-, 3- è 4-âåðøèííûì ñå÷åíèÿì è îáùàÿ
ìåòîäèêà äëÿ ñå÷åíèé ïðîèçâîëüíîé ìîùíîñòè. k-âåðøèííîå ñå÷åíèå ñâîäèò ðàñ÷åò ê âû-
÷èñëåíèþ ATR 2k+1 ãðàôîâ ìåíüøåé (â èäåàëå � ïîëîâèííîé) ðàçìåðíîñòè. Íà ïðàêòèêå
äîñòàòî÷íî ðàññìàòðèâàòü 2- è 3-âåðøèííûå ñå÷åíèÿ.

1.2. Ïðèìåíåíèå âåðøèííûõ ñå÷åíèé â ðàñ÷åòå âåðîÿòíîñòè ñâÿçíîñòè ÑÃ. Ïðîöèòè-
ðóåì áåç äîêàçàòåëüñòâà ñëåäóþùèå ôîðìóëû âåðîÿòíîñòè ñâÿçíîñòè ÑÃ ñ 2- è 3-âåðøèí-
íûìè ñå÷åíèÿìè, çàèìñòâîâàííûå èç [32], ðÿä îáîçíà÷åíèé èçìåíåí äëÿ óíèôèêàöèè ñ
îñíîâíûì òåêñòîì ñòàòüè.
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Ðèñ. 1. 2-âåðøèííîå ñå÷åíèå è ïîðîæäåííûå ãðàôû

Ðèñ. 2. 3-âåðøèííîå ñå÷åíèå è ïîðîæäåííûå ãðàôû

Äåêîìïîçèöèÿ ïî 2-âåðøèííîìó ñå÷åíèþ.

R(G) = R(G1)R(Gxy
2 ) +R(Gxy

1 )R(G2)−R(G1)R(G2). (4)

Èëëþñòðàöèÿ ïðèâåäåíà íà ðèñ. 1.
Äåêîìïîçèöèÿ ïî 3-âåðøèííîìó ñå÷åíèþ.

R(G) =
1

2

{
R(Gyz

1 )
[
R(Gxy

2 )+R(Gxz
2 )−R(Gyz

2 )
]
+R(Gxy

1 )
[
R(Gyz

2 )+R(Gxz
2 )−R(Gxy

2 )
]
+

R(Gxz
1 )

[
R(Gxy

2 )+R(Gyz
2 )−R(Gxz

2 )
]
−R(G1)

[
R(Gxy

2 )+R(Gxz
2 )+R(Gyz

2 )
]
−

R(G2)
[
R(Gxy

1 )+R(Gyz
1 )+R(Gxz

1 )
]
+R(G1)R(C2)

}
+ (5)

R(G1)R(Cxyz
2 )+R(Gxyz

1 )R(C2).

Èëëþñòðàöèÿ ïðèâåäåíà íà ðèñ. 2.
2. Äåêîìïîçèöèÿ ïî ðàçðåçó. Ïóñòü ÑÃ G îáðàçîâàí äâóìÿ ãðàôàìè G1 è G2, ñî-

åäèíåíûìè k ⩽ 4 ðåáðàìè. Êîíöû ýòèõ ðåáåð, ïðèíàäëåæàùèå îäíîìó èç ãðàôîâ, î÷åâèä-
íî ïðåäñòàâëÿþò ñîáîé âåðøèííîå ñå÷åíèå (ðåáðà, ïðèíàäëåæàùèå ðàçðåçó, ïðèíàäëåæàò
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Ðèñ. 3. 3-ðåáåðíûé ðàçðåç è ïîðîæäåííûå ñòÿíóòûå ãðàôû

âòîðîìó ãðàôó), ìîæíî ïðèìåíÿòü ñîîòâåòñòâóþùóþ äåêîìïîçèöèþ. Åñëè k = 1, òî èìååì
ìîñò, è, åñëè íàäåæíîñòü ýòîãî ìîñòà p, ïîëó÷àåì èçâåñòíîå è î÷åâèäíîå

R(G) = pR(G1)R(G2). (6)

Â áîëåå îáùåì ñëó÷àå k > 1 ìîæíî ðàññìîòðåòü 2k âàðèàíòîâ ñîñòîÿíèÿ ðåáåð ðàçðåçà.
Ïóñòü íàäåæíîñòü ýòèõ ðåáåð ðàâíà p1, . . . ,pk, qi = 1 − pi. Ñ âåðîÿòíîñòüþ

∏k
i=1 qi ãðàô

ðàñïàäàåòñÿ íà 2 êîìïîíåíòà è òåì ñàìûì íåñâÿçåí. Åñëè îñòàëîñü îäíî ðåáðî, òî èìååì
ðàññìîòðåííûé âûøå ñëó÷àé ìîñòà è îáùèé âêëàä ýòèõ ñëó÷àåâ â âåðîÿòíîñòü ñâÿçíîñòè
ãðàôà

∆1 =
k∑

i=1

pi
∏
j ̸=i

qjR(G1)R(G2). (7)

Åñëè îñòàëàñü ïàðà ðåáåð ei è ej (âåðîÿòíîñòü òàêîãî ñîáûòèÿ ðàâíà pipj
∏

s ̸=i,j qs), òî ïðè
âû÷èñëåíèè âåðîÿòíîñòè ñâÿçíîñòè ÑÃ èõ êîíöû ñòÿãèâàþòñÿ, ìû ïîëó÷àåì 2-âåðøèííîå
ñå÷åíèå è ìîæíî ïðèìåíÿòü ôîðìóëó (4). Âñåãî òàêèõ âàðèàíòîâ C2

k = k(k − 1)/2. Àíàëî-
ãè÷íî ðàññìàòðèâàåì ñëó÷àè 3 è äàëåå íåîòêàçàâøèõ ðåáåð (ïóñòü èõ ÷èñëî ðàâíî r). Åñëè
k > 4, òî ïðîñòî ïîëó÷àåì ãðàôû ñ óìåíüøåííîé ðàçìåðíîñòüþ: ðåáåð âñåãäà ñòàíîâèòñÿ
m− k, à âåðøèí � n− r. Ðàññìîòðè ïðèìåð 3-ðåáåðíîãî ðàçðåçà (ðèñ. 3).

Ñ âåðîÿòíîñòüþ qaxqbyqcz ãðàô ðàçâàëèâàåòñÿ íà 2 êîìïîíåíòà è, ñîîòâåòñòâåííî, íåñâÿ-
çåí. Ïðè îäíîì îñòàâøåìñÿ ðåáðå èìååì ïî ôîðìóëå (7) îáùèé âêëàä ýòèõ âàðèàíòîâ:

∆1 =
(
paxqbyqcz + qaxpbyqcz + qaxqbypcz

)
R(G1)R(G2). (8)
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Ïðè ñòÿãèâàíèè ïî äâóì îñòàâøèìñÿ ðåáðàì ïîëó÷àåì 2-âåðøèííûå ñå÷åíèÿ è âîçìîæ-
íîñòü èñïîëüçîâàíèÿ ôîðìóëû (4). Ïðè ñòÿãèâàíèè ïî âñåì òðåì ðåáðàì ïîëó÷àåì 3-
âåðøèííîå ñå÷åíèå è âîçìîæíîñòü èñïîëüçîâàíèÿ ôîðìóëû (5). Îáðàòèì âíèìàíèå, ÷òî,
âûïîëíÿÿ äåéñòâèÿ èìåííî â òàêîì ïîðÿäêå, ñíà÷àëà ïîëó÷àåì R(G1) è R(G2), êîòîðûå
íåò íóæäû çàíîâî âû÷èñëÿòü äëÿ ðåàëèçàöèè ôîðìóë (4) è (5), àíàëîãè÷íî âû÷èñëåííûå
íà âòîðîì ýòàïå R(Gij

1 ), i,j ∈ {x,y,z} è R(Gst
2 s,t ∈ {a,b,c}) èñïîëüçóþòñÿ â (5), äëÿ âû-

÷èñëåíèÿ êîòîðîé òðåáóåòñÿ ïîëó÷èòü äîïîëíèòåëüíî ëèøü R(Gxyz
1 ) è R(Gabc

2 ). Îáùàÿ æå
ôîðìóëà ïîëó÷àåò ñëåäóþùèé âèä:

R(G) = R(G1)R(G2)
(
paxqbyqcz + qaxpbyqcz + qaxqbypcz − paxpbyqcz + paxpbypcz − qaxpbypcz

)
+

R(G1)
[p1p2(2q3 − p3)

2
R(Gxy

2 ) +
p1p3(2q2 − p2)

2
R(Gxz

2 ) +
p2p3(2q1 − p1)

2
R(Gyz

2 ) +

p1p2p3R(Gxyz
2 )

]
+

R(G2)
[p1p2(2q3 − p3)

2
R(Gab

1 ) +
p1p3(2q2 − p2)

2
R(Gac

1 ) +
p2p3(2q1 − p1)

2
R(Gbc

1 ) +

p1p2p3R(Gabc
1 )

]
+

p1p2p3
2

{
R(Gab

1 )
[
R(Gxz

2 ) +R(Gyz
2 )−R(Gxy

2 )
]
+R(Gac

1 )
[
R(Gxy

2 ) +R(Gyz
2 )−R(Gxz

2 )
]
+

R(Gbc
1 )

[
R(Gxy

2 ) +R(Gxz
2 )−R(Gyz

2 )
]}
. (9)

Ïðè ïðÿìîì ïðèìåíåíèè ôîðìóëû (5) ìîæíî áûëî îòíåñòè ðåáðà ðàçðåçà ê îäíîìó èç
ãðàôîâ, íàïðèìåð G1, âûïîëíèâ ñå÷åíèå ïî âåðøèíàì x,y è z. Â ýòîì ñëó÷àå ðàçìåðíîñòè
ãðàôîâ, ïîëó÷àåìûõ èç G1 ñòÿãèâàíèåì âåðøèí ñå÷åíèÿ, áûëè áû áîëüøå. Òàê, ïðè ñòÿ-
ãèâàíèè âñåõ âåðøèí ñå÷åíèÿ èìåëè áû ðåáðà ea,<xyz>, eb,<xyz> è ec,<xyz>. Â ôîðìóëå æå
(9) âñå ãðàôû ñâîáîäíû îò ðåáåð ðàçðåçà, òåì ñàìûì îáùàÿ ðàçìåðíîñòü äåðåâüåâ ðàçáîðà
äëÿ íèõ ñóùåñòâåííî ìåíüøå.

×àñòíûì ñëó÷àåì ðàçðåçà ÿâëÿåòñÿ îòñå÷åíèå âåðøèíû ñòåïåíè k (äëÿ k = 3 è k = 4
ðàññìîòðåíî àâòîðîì ðàíåå â [30]). Â ýòîì ñëó÷àå ÷èñëî ðåáåð â ïîðîæäåííûõ ãðàôàõ
óìåíüøàåòñÿ íå ìåíåå ÷åì íà k (áîëüøå, åñëè åñòü ðåáðà, ñîåäèíÿþùèå âåðøèíû, èíöè-
äåíòíûå îòñåêàåìîé), ÷òî ñàìî ïî ñåáå õîðîøî. Îäíàêî èñïîëüçîâàíèå ðàçðåçà, äåëÿùåãî
ãðàô íà ïðèìåðíî ðàâíûå ïî êîëè÷åñòâó âåðøèí êîìïîíåíòû, äàåò ñóùåñòâåííî áîëüøèé
ýôôåêò. Ïðè ýòîì íàäî îòäàâàòü îò÷åò â òîì, ÷òî ïîèñê ðàçðåçîâ òðåáóåò ãîðàçäî áîëüøå
çàòðàò, ÷åì íàõîæäåíèå âåðøèíû òðåáóåìîé ñòåïåíè. Èñïîëüçîâàíèå ðàçðåçîâ èç áîëåå
÷åì 3 ðåáåð ýôôåêòèâíî íà íà÷àëüíîé ñòàäèè: òàêèå ðàçðåçû, êàê ïðàâèëî, ñóùåñòâóþò è
èçâåñòíû â ðåàëüíûõ ñåòÿõ, èõ ìîæíî óêàçàòü âî âõîäíûõ äàííûõ.

3. Äåêîìïîçèöèÿ ïî ðàçðåçó â âû÷èñëåíèè EDP. Ïîêàçàòåëü EDP (Expected
number of Disconnected Pairs of nodes) [33] âçàèìíî-îäíîçíà÷íî ñâÿçàí ñ âåðîÿòíîñòüþ
óñòàíîâëåíèÿ ïðîèçâîëüíîãî ïàðíîãî ñîåäèíåíèÿ â ñåòè, êîòîðîå, â ñâîþ î÷åðåäü, ðàâíî
àðèôìåòè÷åñêîìó ñðåäíåìó âåðîÿòíîñòåé ñîåäèíåíèÿ âñåõ âîçìîæíûõ ïàð âåðøèí:

R̄(G) =
C2

n −N(G)

C2
n

, (10)

N(G) = C2
n

(
1− R̄(G)

)
. (11)

Ïðè èñïîëüçîâàíèè (10) íåïîñðåäñòâåííî, ìîæíî ñíîâà ñâåñòè çàäà÷ó ê ðàññìîòðåíèþ
âåðøèííûõ ñå÷åíèé, ôîðìóëû òàêæå ïîëó÷åíû Ä.À. Ìèãîâûì [32]. Ðàññìîòðèì çäåñü
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âàðèàíò îòñå÷åíèÿ âåðøèíû ñòåïè k. Ïóñòü åå íîìåð 0, íîìåðà ñìåæíûõ âåðøèí 1 . . . k,
íàäåæíîñòü ñîîòâåòñòâóþùèõ ðåáåð ðàâíà p1, . . . ,pk, qi = 1−pi. Ïóñòü âåñ ðàññìàòðèâàåìîé
âåðøèíû ðàâåí w0 (ïðî âåñà âåðøèí è íåîáõîäèìîñòü èõ ââåäåíèÿ òàêæå â [33]). Òîãäà ñ
âåðîÿòíîñòüþ ρ0 =

∏k
i=1 qi âåðøèíà îòñåêàåòñÿ îò âñåõ îñòàëüíûõ (îáîçíà÷èì Go = G\v0),

îáùèé âêëàä ýòîãî âàðèàíòà ñîñòàâëÿåò

∆1 = ρ0
{
N(Go) + w0

[
W (G)− w0

]}
. (12)

Åñëè îñòàëîñü îäíî ðåáðî, òî âåñ ñìåæíîé âåðøèíû óâåëè÷èâàåòñÿ íà w0 è ñîâîêóïíûé
âêëàä ýòèõ âàðèàíòîâ â EDP ðàâåí

∆2 =
k∑

i=1

pi
∏
j ̸=i

qjN(Gi), (13)

ãäå Gi îòëè÷àåòñÿ îò Go = G\v0 òîëüêî âåñîì âåðøèíû i, ðàâíûì wi +w0. Äëÿ êðàòêîñòè
ââåäåì îáîçíà÷åíèå ρi = pi

∏k
j=1,j ̸=i qj. Ñîãëàñíî îïðåäåëåíèþ,

N(Gi) =
k−1∑

j=1,j ̸=i

k∑
l=j+1,l ̸=i

[1−Rjl(G
o)]wjwl + (wi + w0)

k∑
j=1,j ̸=i

[1−Rij(G
o)]wj

= N(Go) + w0

k∑
j=1,j ̸=i

[1−Rij(G
o)]wj. (14)

Òîãäà èç ýòîãî ðåçóëüòàòà è (13) ïîëó÷àåì

∆2 =
k∑

i=1

ρiN(Gi) (15)

=
( k∑

i=1

ρi

){
N(Go) + 2w0

k−1∑
i=1

k∑
j=i+1

[
1−Rij(G

o)
]}

. (16)

Â (12) è (16) ïðèñóòñòâóåò N(Go). Îáúåäèíÿÿ, ïîëó÷àåì

∆1+∆2 =
( k∑

i=0

ρi

)
N(Go)+

( k∑
i=1

ρi

){
2w0

k−1∑
i=1

k∑
j=i+1

[
1−Rij(G

o)
]}

+ρ0w0

[
W (G)−w0

]
. (17)

Òàêèì îáðàçîì, äëÿ ýòèõ âàðèàíòîâ íåîáõîäèìî ðàññ÷èòàòü C2
k çíà÷åíèé âåðîÿòíîñòè ïàð-

íîé ñâÿçíîñòè âåðøèí, èíöèäåíòíûõ óäàëÿåìîé, è EDP ãðàôà Go. Îòìåòèì, ÷òî ðàñ÷åò
âåðîÿòíîñòè ñâÿçíîñòè ïàðû âåðøèí, êàê ïðàâèëî, òðåáóåò ìåíüøå îïåðàöèé, ÷åì îïðåäå-
ëåíèå âåðîÿòíîñòè ñâÿçíîñòè ãðàôà, à Go èìååò íà k ðåáåð è îäíó âåðøèíó ìåíüøå, ÷åì G.
Ïðè ïîëíîì ïåðåáîðå êîëè÷åñòâî âàðèàíòîâ ðàçðóøåíèÿ ãðàôà Go, ðàññìîòðåíèå êîòîðûõ
ïîçâîëÿåò âû÷èñëèòü è åãî EDP, è âñå íåîáõîäèìûå Rij(G

o), ñîñòàâëÿåò 2m−k ïðîòèâ 2m,
ò. å. ñîêðàùåíèå â 2k ðàç. Ïîñêîëüêó èñïîëüçóþòñÿ ðàçëè÷íûå ïðèåìû ðåäóêöèè è äåêîì-
ïîçèöèè, ïîçâîëÿþùèå èçáåæàòü ïîëíîãî ïåðåáîðà, îöåíèòü ðåàëüíîå óñêîðåíèå ìîæíî
òîëüêî ýêñïåðèìåíòàëüíî, íî íàëè÷èå óñêîðåíèÿ î÷åâèäíî.
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Äëÿ îñòàëüíûõ âàðèàíòîâ ñîñòîÿíèÿ ðåáåð, èíöèäåíòíûõ v0, ïðîâîäèì ñòÿãèâàíèÿ èõ
îêîíå÷íûõ âåðøèí è çàïóñêàåì îáùèé àëãîðèòì. Âñå ðåçóëüòèðóþùèå ãðàôû áóäóò èìåòü
êàê ìàêñèìóì m− k ðåáåð è n− 2 âåðøèí, ò. å. òàêæå îæèäàåòñÿ óñêîðåíèå ðàñ÷åòîâ.

4. Äåêîìïîçèöèÿ ïî ðàçðåçó â âû÷èñëåíèè MENC. MENC (Mathematical
Expectation of the Number of nodes in Connected subgraph) � ìàòåìàòè÷åñêîå îæèäàíèå
ðàçìåðà ñâÿçíîãî ïîäãðàôà, ñîäåðæàùåãî âûäåëåííóþ (öåíòðàëüíóþ) âåðøèíó (ïî óìîë-
÷àíèþ ïåðâóþ, â íàøåì ñëó÷àå � íóëåâóþ). Ìèíèìàëüíûé ðàçìåð òàêîãî ïîäãðàôà ðàâåí
w0 (âåñ ñàìîé öåíòðàëüíîé âåðøèíû) Ïî îïðåäåëåíèþ

C = w0 +
n∑

i=1

R0iwi. (18)

Êàê è â ïðåäûäóùåì ðàçäåëå, áóäåì ðàññìàòðèâàòü âàðèàíòû ðàçðóøåíèÿ ðåáåð, èí-
öèäåíòíûõ v0. Ñ âåðîÿòíîñòüþ

∏k
i=1 qi âåðøèíà îòñåêàåòñÿ è èìååì ðàçìåð ïîäãðàôà w0.

Ñ âåðîÿòíîñòüþ ρi öåëåâàÿ âåðøèíà ïåðåìåùàåòñÿ â ñìåæíóþ ïî îñòàâøåìóñÿ i-ìó ðåáðó,
îáîçíà÷èì òàêîé ãðàô êàê G

(1)
i . Ïîìíèì, ÷òî âåñ âåðøèíû v0 äîëæåí áûòü ó÷òåí. Äëÿ

ýòîãî âåñ âåðøèíû i â G
(1)
i óâåëè÷èâàåòñÿ íà w0. Â ýòîì ñëó÷àå îáùèé âêëàä âñåõ G

(1)
i â

MENC ãðàôà G áóäåò ðàâåí

∆1 =
k∑

i=1

ρi
[
N(G

(1)
i ) + w0

]
. (19)

Àíàëîãè÷íî ïîñòóïàåì ñ ïàðàìè, òðîéêàìè è ò. ä. ðåáåð, èíöèäåíòíûõ öåíòðàëüíîé
âåðøèíå, ïîëó÷àÿ ãðàôû G

(2)
i , G

(3)
i è ò. ä. ñ âåðîÿòíîñòÿìè ρ

(2)
i , ρ

(3)
i è ò. ä. Â öåëîì

C(G) = ρ0w0 +
k∑

i=1

Ci
k∑

j=1

ρ
(i)
j N(G

(i)
j ). (20)

Ìîæíî çàìåòèòü, ÷òî, ïîñêîëüêó ðàçëè÷íûå ñîñòîÿíèÿ ðàññìàòðèâàåìûõ ðåáåð îáðàçó-
þò ïîëíóþ ãðóïïó ñîáûòèé, ïðè ïðèâåäåíèè ïîäîáíûõ ïîëó÷àåì w0 ñ âåðîÿòíîñòüþ 1.
Ïîýòîìó ìîæíî íå âêëþ÷àòü ýòîò âåñ â âåñà îáúåäèíåííûõ âåðøèí ïðè ñòÿãèâàíèè. Òîãäà

C(G) = w0 +
k∑

i=1

Ci
k∑

j=1

ρ
(i)
j N(G

(i)
j ). (21)

Çàêëþ÷åíèå. Òàêèì îáðàçîì, âîçìîæíî îáðåçàòü äåðåâî ðàçáîðà íå òîëüêî ñ íèæ-
íèõ, íî è ñ âåðõíèõ óðîâíåé. Äàëüíåéøèå èññëåäîâàíèÿ ñâÿçàíû ñ âûáîðîì ñòðàòåãèè
îïðåäåëåíèÿ ðàçðåøàþùèõ ýëåìåíòîâ èëè èõ ìíîæåñòâ è ïîðÿäêà èõ ðàññìîòðåíèÿ, à
òàêæå èçáåæàíèÿ ïîâòîðîâ â âû÷èñëåíèÿõ.
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Îí ÿâëÿåòñÿ ðóêîâîäèòåëåì ëàáîðàòîðèè
¾Ñèñòåìíîãî ìîäåëèðîâàíèÿ è îïòèìèçàöèè¿
ÈÂÌèÌÃ ÑÎ ÐÀÍ. Àëåêñåé Ñåðãååâè÷ ÷èòà-
åò ëåêöèè ïî êîìïüþòåðíîìó ìîäåëèðîâàíèþ
â êà÷åñòâå ïðîôåññîðà Íîâîñèáèðñêîãî ãîñó-
äàðñòâåííîãî óíèâåðñèòåòà è Ñèáèðñêîãî ãîñó-
äàðñòâåííîãî óíèâåðñèòåòà òåëåêîììóíèêàöèé
è èíôîðìàòèêè.

Åãî îñíîâíûå íàó÷íûå èíòåðåñû � êîìïüþ-
òåðíîå ìîäåëèðîâàíèå è íàäåæíîñòü ñåòåé. Ñ

2016 ãîäà ïî íàñòîÿùåå âðåìÿ îí ÿâëÿåòñÿ ïðåä-
ñåäàòåëåì ñåêöèè R8 IEEE Ðîññèè ïî Ñèáèðè.
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