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We consider a possible modi�cation of a neural network approach to numerical solving of nonlinear
partial di�erential equations (PDE), describing physical systems with integrals of motion. In this
approach, we approximate solutions of the equations by deep neural networks, using physics-informed
method.

Physics-informed neural network (PINN) approach proposes nonlinear function approximators that
integrate the observational data, initial and boundary conditions and description of physical system
in form of PDE by embedding the corresponding residuals into the loss function of a neural network.
Therefore, the problem of solving nonlinear di�erential equations turns into the problem of minimizing
the squared residuals over domain which is achieved by automatic di�erentiation and stochastic gradient
descent.

The proposed modi�cation of this method means consideration and implementation of
corresponding conservation laws for training of the neural networks, and is expected to improve the
physical properties of the trained nonlinear regression models. The purpose of this work is to modify a
neural network using the conservation law constraint, such that the predicted solution will satisfy the
continuity equation better and faster as well as speed up the rate of convergence and provide better
accuracy. Improvement of the conservative properties of the approximation is provided by the speci�c
loss function regularization: addition of the conserved quantities' residuals to the loss function to train
the neural network.

To test this method, we considered one-dimensional nonlinear Schr�odinger equation and its
conservation laws in integral form. Number of quants and energy were used as conserved physical
quantities. In our experiments, their values were calculated in several equidistant time moments and
compared with reference to �nd the corresponding residuals and implement the conservation constraint
in the loss function. Therefore, the average residuals of number of quants and energy for the prediction
are considered as quality metrics in the problem, as well as pointwise di�erence from the predicted and
reference solution (validation error). Reference functions for validation datasets are derived from the
analytical expressions for the exact solutions.

This modi�ed neural network approach is applied to the di�erent classes of analytic solutions of the
nonlinear Schr�odinger equation: one soliton, interaction of two solitons (in breather form), �rst-order
rogue wave. For each solution, we apply three forms of the conservative regularization: quants' number
constraint, energy constraint and the sum of them. The training curves and predictions are compared
with the solution obtained with the initial loss function (baseline).

It is shown that introduction of the additional conservative constraints to loss function reduces
the conserved quantities' residuals for training and prediction in all cases. For the simplest one-soliton
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solution, the regularizations improve not only conservation quality metrics, but also pointwise di�erence
with the reference in the same training time. The best result was obtained by the combination of
constraints: validation error is reduced by more than three times. However, for more complex solution
forms, such as two solitons and rogue wave, the results are not as good. The conservative constraints
signi�cantly change the form of loss function, so the training curves start to plateau, and the training
process becomes more unstable. For the most complex two soliton interaction, it requires about two
times more optimization steps to converge. The validation error is improved only for the energy
constraint for both cases: for two-soliton solution, validation error is reduced by 13 %; for rogue wave,
it is reduced by 67 %. Therefore, the e�ect of conservative modi�cation of the deep learning approach
for nonlinear partial di�erential equations is individual for di�erent systems and conserved quantities.
Generalization ability of such neural networks should be further investigated and tested for di�erent
problems.

Key words: deep learning, neural networks, nonlinear Schr�odinger equation, conservation laws,
solitons.
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Â ðàáîòå ðàññìàòðèâàåòñÿ îäèí èç âîçìîæíûõ âàðèàíòîâ ìîäèôèêàöèè íåéðîñåòåâîãî ïîäõîäà
ê ÷èñëåííîìó ðåøåíèþ íåëèíåéíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ, ó êîòîðûõ áëàãîäàðÿ
ôèçè÷åñêèì ñâîéñòâàì îïèñûâàåìûõ ÿâëåíèé èìåþòñÿ èíòåãðàëû äâèæåíèÿ. Ïðåäñòàâëåííûé
ìåòîä ïîäðàçóìåâàåò ó÷åò è íåïîñðåäñòâåííîå èñïîëüçîâàíèå ñîîòâåòñòâóþùèõ çàêîíîâ ñîõðà-
íåíèÿ ïðè ïîñòðîåíèè è îáó÷åíèè íåéðîííûõ ñåòåé, àïïðîêñèìèðóþùèõ ðåøåíèÿ òàêîãî êëàññà
çàäà÷, ÷òî ïîçâîëÿåò óëó÷øèòü õàðàêòåðèñòèêè è êà÷åñòâî ïîëó÷àåìûõ íåëèíåéíûõ ðåãðåñ-
ñèîííûõ ìîäåëåé. Áîëåå òî÷íîå âûïîëíåíèå êîíñåðâàòèâíûõ ñâîéñòâ ôèçè÷åñêèõ ñèñòåì äëÿ
àïïðîêñèìàòîðà îáåñïå÷èâàåòñÿ ðåãóëÿðèçàöèåé ôóíêöèè ïîòåðü: äîáàâëåíèåì íåâÿçêè ñîõðà-
íÿþùåéñÿ âåëè÷èíû íåéðîñåòåâîãî ðåøåíèÿ. Äàííàÿ êîíöåïöèÿ ðàññìîòðåíà è àïðîáèðîâàíà
íà ïðèìåðå íåëèíåéíîãî óðàâíåíèÿ Øðåäèíãåðà è äâóõ åãî èíòåãðàëîâ äâèæåíèÿ, îòâå÷àþùèõ
çàêîíàì ñîõðàíåíèÿ ÷èñëà êâàíòîâ è ýíåðãèè. Äëÿ âû÷èñëåíèÿ íåâÿçêè ýòèõ ñîõðàíÿþùèõ-
ñÿ âåëè÷èí è ðåàëèçàöèè êîíñåðâàòèâíîé ðåãóëÿðèçàöèè ôóíêöèè ïîòåðü áûë èñïîëüçîâàí
ìåòîä ïëîñêîñòåé íåïðåðûâíîñòè (âû÷èñëåíèå âåëè÷èí â ôèêñèðîâàííûå ìîìåíòû âðåìåíè).
Ïîëó÷åííûå ðåçóëüòàòû ïîêàçûâàþò óëó÷øåíèå êîíñåðâàòèâíûõ ñâîéñòâ, à òàêæå â íåêîòîðûõ
ñëó÷àÿõ òî÷íîñòè íåéðîñåòåâîãî ðåøåíèÿ ïî ñðàâíåíèþ ñ ðåãðåññèîííîé ìîäåëüþ, ïîñòðîåííîé
ñ ïîìîùüþ ãëóáîêîãî îáó÷åíèÿ áåç ó÷åòà ïðåäëîæåííîé â ðàáîòå ìîäèôèêàöèè.

Êëþ÷åâûå ñëîâà: ãëóáîêîå îáó÷åíèå, íåéðîííûå ñåòè, íåëèíåéíîå óðàâíåíèå Øðåäèíãå-
ðà, çàêîíû ñîõðàíåíèÿ, ñîëèòîíû.

Ââåäåíèå. Íåëèíåéíîå óðàâíåíèå Øðåäèíãåðà (ÍÓØ) ïðåäñòàâëÿåò ñîáîé îäíî èç
êëþ÷åâûõ óðàâíåíèé, îïèñûâàþùåå âîëíîâûå ïðîöåññû â ðàçëè÷íûõ îáëàñòÿõ ôèçèêè,
âêëþ÷àÿ ðàñïðîñòðàíåíèå ýëåêòðîìàãíèòíûõ âîëí â íåëèíåéíûõ îïòè÷åñêèõ âîëîêíàõ è
âîëíîâîäàõ, äèíàìèêó âîçáóæäåíèé êîíå÷íîé àìïëèòóäû â ïëàçìå è áîçå-ýéíøòåéíîâñêîì
êîíäåíñàòå è äð. Äëÿ ìîäåëèðîâàíèÿ ðàñïðîñòðàíåíèÿ îïòè÷åñêîãî èìïóëüñà â íåëèíåé-
íîì âîëîêíå íà îñíîâå ÍÓØ áûë ðàçðàáîòàí öåëûé ðÿä ÷èñëåííûõ ñõåì. Îäíèì èç íàè-
áîëåå ïîïóëÿðíûõ è ýôôåêòèâíûõ àëãîðèòìîâ ÿâëÿåòñÿ ïñåâäîñïåêòðàëüíûé ìåòîä ðàñ-
ùåïëåíèÿ [1]. Òåì íå ìåíåå, äàííàÿ çàäà÷à îñòàåòñÿ äîñòàòî÷íî ñëîæíîé ñ òî÷êè çðåíèÿ

Ðàáîòà ïðîâåäåíà ïðè ïîääåðæêå Ïðîåêòà � 0729-2021-013, â ðàìêàõ Ãîñóäàðñòâåííîãî çàäàíèÿ íà
âûïîëíåíèå íàó÷íî-èññëåäîâàòåëüñêèõ ðàáîò ëàáîðàòîðèÿìè, ïðîøåäøèõ êîíêóðñíûé îòáîð â õîäå ðåà-
ëèçàöèè íàöèîíàëüíîé ïðîãðàììû ¾Íàóêà è óíèâåðñèòåòû¿.
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âû÷èñëåíèé, îñîáåííî êîãäà â ñèñòåìå ïîÿâëÿþòñÿ âñå áîëåå ìåëêèå õàðàêòåðíûå ìàñøòà-
áû, íàïðèìåð, âñëåäñòâèå ñàìîôîêóñèðîâêè âîëíîâîãî ïîëÿ.

Îäíî èç îñíîâíûõ îãðàíè÷åíèé, âîçíèêàþùèõ ïðè ìîäåëèðîâàíèè äèíàìèêè íåëèíåé-
íûõ ñèñòåì, ñîñòîèò â òîì, ÷òî â êàêîé-òî ìîìåíò ðàçìåðû íåîäíîðîäíîñòåé âîëíîâîãî
ïîëÿ ìîãóò ñòàòü ñîïîñòàâèìû ñ øàãîì äèñêðåòèçàöèè ïðîñòðàíñòâåííîé êîîðäèíàòû, êî-
òîðûé, â ñâîþ î÷åðåäü, îãðàíè÷èâàåò øàã ïî âðåìåíè â êîíå÷íî-ðàçíîñòíûõ ñõåìàõ [2].
Ïîýòîìó âî èçáåæàíèå ÷èñëåííîé íåóñòîé÷èâîñòè íåîáõîäèìûé îáúåì îáðàáàòûâàåìûõ
äàííûõ è ÷èñëî èòåðàöèé ïî ýâîëþöèîííîé ïåðåìåííîé ñèëüíî âîçðàñòàþò. Òàêèì îáðà-
çîì, ñóùåñòâóåò ïîòðåáíîñòü â àëüòåðíàòèâíûõ ìåòîäàõ ðàñ÷åòà íåëèíåéíûõ âîëíîâûõ
ïðîöåññîâ â ðàçëè÷íûõ îáëàñòÿõ ôèçèêè. Íåéðîñåòåâîé ïîäõîä ïîçâîëÿåò ñíÿòü îãðàíè-
÷åíèÿ êëàññè÷åñêèõ àëãîðèòìîâ ðåøåíèÿ äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðî-
èçâîäíûõ, êîòîðûå ïîäðàçóìåâàþò äèñêðåòèçàöèþ ïðîñòðàíñòâåííî-âðåìåííîé îáëàñòè.

Ìåòîäû ìàøèííîãî îáó÷åíèÿ ïðåäñòàâëÿþòñÿ ïåðñïåêòèâíîé àëüòåðíàòèâîé ïðÿìîìó
÷èñëåííîìó ìîäåëèðîâàíèþ áëàãîäàðÿ ñâîåé ýôôåêòèâíîñòè äëÿ ìíîãîìåðíûõ, îáðàòíûõ
è íåêîððåêòíî ïîñòàâëåííûõ çàäà÷ [3]. Ìåòîäû ãëóáîêîãî îáó÷åíèÿ, â ÷àñòíîñòè, ïîçâîëÿ-
þò âûäåëÿòü çàêîíîìåðíîñòè èç áîëüøîãî îáúåìà íåîäíîðîäíûõ äàííûõ è äåëàòü ïðåä-
ñêàçàíèÿ äèíàìèêè âîëíîâûõ ïîëåé íà îñíîâå ôèçè÷åñêèõ çàêîíîâ (äèôôåðåíöèàëüíûõ
óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ) è îãðàíè÷åíèé (â òîì ÷èñëå çàêîíîâ ñîõðàíåíèÿ: ìàñ-
ñû, èìïóëüñà, ýíåðãèè è äð.).

Ìåòîä ãëóáîêîãî îáó÷åíèÿ Physics-Informed Neural Network (PINN) áûë ðàçðàáîòàí
è ïðèìåíåí äëÿ ðåøåíèÿ ïðÿìûõ è îáðàòíûõ (âîññòàíîâëåíèå ïàðàìåòðîâ óðàâíåíèé ïî
äàííûì) çàäà÷ íåëèíåéíîé äèíàìèêè [4]. Ïîñòðîåííàÿ ïðè ýòîì íåéðîííàÿ ñåòü àãðåãè-
ðóåò íàáëþäàåìûå äàííûå, íà÷àëüíûå è ãðàíè÷íûå óñëîâèÿ, à òàêæå îïèñàíèå ôèçè÷å-
ñêîé ñèñòåìû (óðàâíåíèÿ), âêëþ÷àÿ ñîîòâåòñòâóþùèå îñòàòêè â ôóíêöèþ ïîòåðü. Â èòî-
ãå çàäà÷à ÷èñëåííîé àïïðîêñèìàöèè ðåøåíèÿ íåëèíåéíîãî äèôôåðåíöèàëüíîãî óðàâíå-
íèÿ â ÷àñòíûõ ïðîèçâîäíûõ ñâîäèòñÿ ê ìèíèìèçàöèè ñóììû êâàäðàòîâ íåâÿçîê â òî÷êàõ
ïðîñòðàíñòâåííî-âðåìåííîé îáëàñòè [3, 4]. Îòìåòèì, ÷òî â íàñòîÿùåå âðåìÿ ïðèìåíèìîñòü
è ýôôåêòèâíîñòü PINN àêòèâíî èçó÷àåòñÿ â ðàìêàõ ìîäåëüíûõ óðàâíåíèé, ê êîòîðûì, â
÷àñòíîñòè, îòíîñèòñÿ ÍÓØ. Íàïðèìåð, ðàññìàòðèâàëèñü âîçìîæíîñòü ïðåäñêàçàíèÿ ðàç-
íûõ ñöåíàðèåâ ïîâåäåíèÿ êîìïëåêñíûõ âîëíîâûõ ïîëåé [5], â òîì ÷èñëå ðàçëè÷íûå âàðèàí-
òû âçàèìîäåéñòâèÿ ñâåòëûõ è òåìíûõ ñîëèòîíîâ [6], à òàêæå âîçíèêíîâåíèå âîëí-óáèéö [7].

Áûëî ïðåäëîæåíî ìíîæåñòâî óëó÷øåíèé îðèãèíàëüíîé âåðñèè PINN [4], îñíîâàííûõ
íà çàêîíàõ ñîõðàíåíèÿ, ñ öåëüþ óëó÷øèòü êà÷åñòâî è õàðàêòåðèñòèêè àïïðîêñèìàöèè ðå-
øåíèé íåëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ. Â ÷àñòíîñòè,
áûëà ïðåäëîæåíà êîíñåðâàòèâíàÿ ìîäèôèêàöèÿ ìåòîäà PINN c ðàçäåëåíèåì îáëàñòè (ãåî-
ìåòðèè) çàäà÷è íà ÷àñòè [8]. Äîïîëíèòåëüíàÿ ðåãóëÿðèçàöèÿ ôóíêöèè ïîòåðü èñïîëüçóåò
çàêîí ñîõðàíåíèÿ ïîòîêà íà ñîïðèêàñàþùèõñÿ ãðàíèöàõ îáëàñòåé è óëó÷øàåò òî÷íîñòü ðå-
øåíèÿ. Â [9] íàðÿäó ñ îñíîâíûìè äèíàìè÷åñêèìè óðàâíåíèÿìè ðàññìàòðèâàëîñü âêëþ÷å-
íèå çàêîíîâ ñîõðàíåíèÿ â äèôôåðåíöèàëüíîé ôîðìå â ôóíêöèþ ïîòåðü. Â ïðåäñòàâëåííîé
íàìè ðàáîòå âûáðàí ñïîñîá ó÷åòà çàêîíîâ ñîõðàíåíèÿ â èíòåãðàëüíîé ôîðìå [10, 11].

Öåëüþ äàííîãî èññëåäîâàíèÿ ÿâëÿåòñÿ ïðîâåðêà ãèïîòåòè÷åñêîé âîçìîæíîñòè óëó÷øå-
íèÿ ôóíäàìåíòàëüíûõ ôèçè÷åñêèõ ñâîéñòâ íåéðîñåòåâîãî ðåøåíèÿ ÍÓØ ñ ïîìîùüþ êîí-
ñåðâàòèâíîé ìîäèôèêàöèè ôóíêöèè ïîòåðü, ñîñòîÿùåé â ñïåöèôè÷åñêîé ðåãóëÿðèçàöèè
ñ èñïîëüçîâàíèåì èíòåãðàëîâ äâèæåíèé. Ñîîòâåòñòâóþùèé àíàëèç ïðîâåäåí äëÿ çàêîíîâ
ñîõðàíåíèÿ ÷èñëà êâàíòîâ è ýíåðãèè, à íåéðîñåòåâûå ðåøåíèÿ ÍÓØ, ïîëó÷åííûå ìåòîäîì
PINN, ñðàâíèâàëèñü ñ èçâåñòíûìè àíàëèòè÷åñêèìè ðåøåíèÿìè â âèäå îäíîãî ñîëèòîíà, ñó-
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Ðèñ. 1. Îáùàÿ ñõåìà íåéðîñåòåâîãî ïîäõîäà ïðè ïîñòðîåíèè àïïðîêñèìàöèè ðåøåíèÿ íåëèíåéíîãî

äèíàìè÷åñêîãî óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ

ïåðïîçèöèè äâóõ ñîëèòîíîâ â ôîðìå áðèçåðà, à òàêæå âîëíû-óáèéöû ïåðâîãî ïîðÿäêà [12].
Ïîêàçàíî, ÷òî äëÿ ìîäèôèöèðîâàííîé íà îñíîâå èíòåãðàëîâ äâèæåíèÿ íåëèíåéíîé ðåãðåñ-
ñèîííîé ìîäåëè êà÷åñòâî âûïîëíåíèÿ çàêîíîâ ñîõðàíåíèÿ óëó÷øàåòñÿ, áëàãîäàðÿ ÷åìó â
íåñêîëüêèõ ñëó÷àÿõ òî÷íîñòü ïðåäñêàçàíèÿ (ïî ìåòðèêå ñðåäíåêâàäðàòè÷íîãî îòêëîíåíèÿ
îò òî÷íîãî ðåøåíèÿ) âîçðàñòàåò ïðè óâåëè÷åíèè äëèòåëüíîñòè îáó÷åíèÿ.

1. Íåéðîñåòåâîé ïîäõîä ê ÷èñëåííîìó ðåøåíèþ íåëèíåéíîãî óðàâíåíèÿ

Øðåäèíãåðà.
1.1. Ãëóáîêîå îáó÷åíèå äëÿ ïîñòðîåíèÿ àïïðîêñèìàöèè ðåøåíèé íåëèíåéíûõ äèíàìè÷å-

ñêèõ óðàâíåíèé. Â äàííîé ðàáîòå ðàññìàòðèâàþòñÿ ïîëíîñâÿçíûå íåéðîííûå ñåòè, ïîñòðî-
åííûå ñ ïîìîùüþ ìåòîäîâ ãëóáîêîãî îáó÷åíèÿ è ïîçâîëÿþùèå ïðåäñêàçûâàòü â óêàçàííîé
îáëàñòè Ω ïî çàäàííûì íà÷àëüíûì óñëîâèÿì ψ0(x) ðåøåíèå ÍÓØ ñ ãðàíè÷íûìè óñëîâè-
ÿìè Äèðèõëå: 

i
∂ψ

∂t
+ α

∂2ψ

∂x2
+ β|ψ|2ψ = 0, x ∈ Ω, t ∈ [tmin, tmax]

ψ(x, tmin) = ψ0(x),

ψ(x, t) = ψ1(x, t), x ∈ ∂Ω,

(1)

ãäå α è β � äåéñòâèòåëüíûå ïîñòîÿííûå, êîòîðûå îïðåäåëÿþòñÿ ñâîéñòâàìè îïèñûâà-
åìîé ñ ïîìîùüþ (1) ôèçè÷åñêîé ñèñòåìû, à ψ(x,t) � êîìïëåêñíàÿ âîëíîâàÿ ôóíêöèÿ,
õàðàêòåðèçóþùàÿ ðàñïðåäåëåíèå ïîëÿ. Ñîîòâåòñòâåííî, íåâÿçêà óðàâíåíèÿ îïðåäåëÿåòñÿ
âûðàæåíèåì

f := i
∂ψ

∂t
+ α

∂2ψ

∂x2
+ β|ψ|2ψ. (2)

Íåéðîííàÿ ñåòü èìååò äâà âõîäà x, t è äâà âûõîäà, àïïðîêñèìèðóþùèå äåéñòâèòåëüíóþ è
ìíèìóþ ÷àñòü ðåøåíèÿ ψ(x, t) = u(x, t) + iv(x, t).

Äëÿ çàäà÷è (1) ôóíêöèÿ ïîòåðü â îðèãèíàëüíîì ìåòîäå PINN èìååò ñëåäóþùèé âèä:
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L = Ld + Lf . (3)

Çäåñü Ld îáîçíà÷àåò ñóììó íåâÿçîê íà÷àëüíîãî è ãðàíè÷íûõ óñëîâèé:

Ld =
1∑

j=0

1

Nj

Nj∑
i=1

∣∣ψ(xj i, tj i) −−− ψj(xj i, tj i)
∣∣2 , (4)

ãäå
(
xj i, tj i

)Nj

i=1
� íàáîð íà÷àëüíûõ (j = 0, t0i = tmin) è ãðàíè÷íûõ (j = 1, x1i ∈ ∂Ω)

òî÷åê. Â ñâîþ î÷åðåäü, âòîðîå ñëàãàåìîå Lf â (3) åñòü ñóììà êâàäðàòîâ îñòàòêîâ óðàâíå-

íèÿ â ñëó÷àéíî ñãåíåðèðîâàííûõ òî÷êàõ
(
xf i, tf i

)Nf

i=1
ïðîñòðàíñòâåííî-âðåìåííîé îáëàñòè

çàäà÷è:

Lf =
1

Nf

Nf∑
i=1

|f
(
xf i, tf i

)
|2. (5)

Îòäåëüíî îòìåòèì òî, ÷òî â ýòîì ñëó÷àå íàáîð äàííûõ ôàêòè÷åñêè ñîñòîèò èç ìíîæå-

ñòâà òî÷åê
(
xf i, tf i

)Nf

i=1
, ñëó÷àéíî ñãåíåðèðîâàííûõ â ïðîñòðàíñòâåííî-âðåìåííîé îáëàñòè

Ω× T , äëÿ êîòîðûõ âû÷èñëÿþòñÿ çíà÷åíèÿ f(x, t) è ñ÷èòàåòñÿ íåâÿçêà óðàâíåíèÿ. Òàêèì
îáðàçîì, íàëè÷èå Ld â (3) ïîçâîëÿåò îòñëåæèâàòü êîððåêòíîñòü çàäàííûõ ïðè ïîñòàíîâêå
çàäà÷è (1) íà÷àëüíûõ è ãðàíè÷íûõ óñëîâèé äëÿ íåéðîñåòåâîãî ðåøåíèÿ, à Lf îòâåòñòâåííî
çà âûïîëíåíèå ñàìîãî óðàâíåíèÿ âíóòðè Ω×T . Ïàðàìåòðû íåéðîííîé ñåòè, àïïðîêñèìèðó-
þùåé ðåøåíèå ψ(x, t), îïðåäåëÿþòñÿ àëãîðèòìîì ìèíèìèçàöèè ñóììû êâàäðàòîâ îñòàòêîâ
(3). Äëÿ âû÷èñëåíèÿ íåâÿçîê óðàâíåíèÿ (2) èñïîëüçóåòñÿ àâòîìàòè÷åñêîå äèôôåðåíöèðî-
âàíèå âûõîäîâ ñåòè ïî âõîäàì. Îáùàÿ ñõåìà PINN äëÿ îäíîìåðíîãî ÍÓØ â ïîñòàíîâêå
(1) ïîêàçàíà íà ðèñ. 1.

1.2. Êîíñåðâàòèâíàÿ ìîäèôèêàöèÿ íåéðîííîé ñåòè. Îñíîâíàÿ èäåÿ ìîäèôèöèðîâàííî-
ãî ïîäõîäà PINN äëÿ ðåøåíèÿ íåëèíåéíûõ äèíàìè÷åñêèõ óðàâíåíèé ñîñòîèò âî ââåäåíèè
îãðàíè÷åíèé íà èíâàðèàíòíîñòü ñîõðàíÿþùèõñÿ âåëè÷èí ñ ïîìîùüþ äîáàâëåíèÿ ñîîòâåò-
ñòâóþùèõ îñòàòêîâ â îðèãèíàëüíóþ ôóíêöèþ ïîòåðü ïðè îáó÷åíèè íåéðîííîé ñåòè. Äëÿ
ðàññìàòðèâàåìîé íàìè çàäà÷è çàâåäîìî èìååòñÿ öåëûé ðÿä ïåðâûõ èíòåãðàëîâ (ñîõðàíÿ-
þùèõñÿ âåëè÷èí) ïðè óñëîâèè, ÷òî ψ1(x ∈ ∂Ω, t) = 0. Â ÷àñòíîñòè, ê íèì îòíîñÿòñÿ ÷èñëî
êâàíòîâ (ìîùíîñòü):

I =

∫
Ω

|ψ(x, t)|2 dx (6)

è ýíåðãèè âîëíîâîãî ïîëÿ:

E =

∫
Ω

(
α

∣∣∣∣∂ψ∂x
∣∣∣∣2 − β

2
|ψ(x, t)|4

)
dx. (7)

Ìîäèôèêàöèÿ PINN äëÿ ÍÓØ (1), îñíîâàííàÿ íà çàêîíå ñîõðàíåíèÿ (6) è (7), ïîä-
ðàçóìåâàåò âêëþ÷åíèå â ôóíêöèè ïîòåðü ñîîòâåòñòâóþùèõ íåâÿçîê: (I(t) − Iexact(t))

2,
(E(t)−Eexact(t))

2. Äëÿ âêëþ÷åíèÿ çàêîíîâ ñîõðàíåíèÿ â ôóíêöèþ ïîòåðü íåéðîííîé ñåòè
âûáèðàåòñÿ íåñêîëüêî ìîìåíòîâ âðåìåíè tk ∈ [tmin, tmax], k = 1, . . . ,K , äëÿ íèõ âû÷èñ-
ëÿþòñÿ çíà÷åíèÿ ñîõðàíÿþùåéñÿ âåëè÷èíû â òåêóùåì íåéðîñåòåâîì ðåøåíèè. Â äàííîé
ðàáîòå âçÿòî K = 5 ýêâèäèñòàíòíûõ ìîìåíòîâ âðåìåíè, ïî àíàëîãèè ñ çàäà÷åé [13], ãäå
ðàññìîòðåíû èíòåãðàëüíûå óñëîâèÿ íà ãèäðîäèíàìè÷åñêîå óðàâíåíèå íåïðåðûâíîñòè. Ðå-
ãóëÿðèçàöèÿ â êîíñåðâàòèâíîé ìîäèôèêàöèè PINN ïðèáëèæàåò âû÷èñëåííûå çíà÷åíèÿ
ê ýòàëîííûì Iexact(tk), Eexact(tk) çà ñ÷åò ìèíèìèçàöèè ôóíêöèè ïîòåðü. Ñëåäîâàòåëüíî,
âûðàæåíèå äëÿ ôóíêöèè ïîòåðü îðèãèíàëüíîãî PINN èçìåíÿåòñÿ:
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L1 = Ld + Lf +ϖI∆I +ϖE∆E. (8)

Çäåñü ϖI è ϖE � âåñîâûå êîýôôèöèåíòû ïðè ñîîòâåòñâóþùèõ âåëè÷èíàõ

∆I =
1

K

K∑
k=1

(I(tk)− Iexact(tk))
2, (9)

∆E =
1

K

K∑
k=1

(E(tk)− Eexact(tk))
2, (10)

ãäå I(tk) è E(tk) âû÷èñëÿþòñÿ â ïðîöåññå îáó÷åíèÿ äëÿ âûõîäîâ íåéðîííîé ñåòè, ïðè ýòîì
èíòåãðàëû â (6) è (7) çàìåíÿþòñÿ ñóììàìè íà ýêâèäèñòàíòíîé ðåøåòêå, à ïðîèçâîäíûå
ðàññ÷èòûâàþòñÿ ñ ïîìîùüþ àâòîìàòè÷åñêîãî äèôôåðåíöèðîâàíèÿ âûõîäîâ ðåãðåññèîí-
íîé ìîäåëè ïî âõîäàì. Îòêëîíåíèÿ ÷èñëà êâàíòîâ è ýíåðãèè íà ïðåäñêàçàííîì ðåøåíèè
îò òî÷íûõ çíà÷åíèé òàêæå ÿâëÿþòñÿ ìåòðèêîé â äàííîé çàäà÷å, ïîìèìî ïîòî÷å÷íîãî îò-
êëîíåíèÿ ñàìîé àïïðîêñèìàöèè îò òî÷íîãî ðåøåíèÿ.

2. Âû÷èñëèòåëüíûé ýêñïåðèìåíò. Â äàííîé ðàáîòå îáñóæäàþòñÿ òðè âèäà êîí-
ñåðâàòèâíîé ìîäèôèêàöèè PINN ÷åðåç ðåãóëÿðèçàöèþ ôóíêöèè ïîòåðü, ðåçóëüòàòû êî-
òîðûõ ñîïîñòàâëÿþòñÿ ñ èñõîäíûì íåéðîñåòåâûì ðåøåíèåì ñ ôóíêöèåé ïîòåðü (3). Îíè
ïîëó÷àþòñÿ èç ôîðìóëû (8), åñëè ðàññìîòðåòü îãðàíè÷åíèå òîëüêî íà ÷èñëî êâàíòîâ
LI = L0 + ϖI∆I; òîëüêî íà ýíåðãèþ LE = L0 + ϖE∆E; è îáà îãðàíè÷åíèÿ âìåñòå LIE =
L0 +ϖI∆I +ϖE∆E. Â äàííîé ðàáîòå çíà÷åíèÿ âåñîâûõ êîýôôèöèåíòîâ ϖI = ϖE = 10−2

áûëè îïðåäåëåíû ýìïèðè÷åñêè (èñõîäÿ èç ñêîðîñòè îáó÷åíèÿ è ïîëó÷àåìûõ ðåçóëüòàòîâ).
Â äàëüíåéøåì ìîæíî ðàññìàòðèâàòü êîíñåðâàòèâíóþ ìîäèôèêàöèþ PINN ñîâìåñòíî ñ
ïðèìåíåíèåì èçâåñòíûõ ñòðàòåãèé âçâåøèâàíèÿ êîìïîíåíò ëîññ-ôóíêöèè.

2.1. Îäíîñîëèòîííîå ðåøåíèå. Íàèáîëåå ïðîñòûì àíàëèòè÷åñêèì ðåøåíèåì ñèñòåìû
ÍÓØ ñ çíà÷åíèÿìè ïàðàìåòðîâ α = 1, β = 2 ÿâëÿåòñÿ îäíîñîëèòîííîå ðåøåíèå, êî-
òîðîå ïðåäñòàâëÿåò ñîáîé ëîêàëèçîâàííûé èìïóëüñ, ðàñïðîñòðàíÿþùèéñÿ ñ ïîñòîÿííîé
ñêîðîñòüþ è ñîõðàíÿþùèé ñâîþ ôîðìó. Âîçüìåì äëÿ ïðèìåðà ñëåäóþùåå ðàñïðåäåëåíèå
âîëíîâîãî ïîëÿ [5, 12]:

ψ = 2 cosh(8t+ 2x)e−2ix. (11)

Èñïîëüçóÿ âûðàæåíèå (11), ìîæíî ïîëó÷èòü äàòàñåò íà÷àëüíûõ è ãðàíè÷íûõ óñëîâèé
äëÿ îáó÷åíèÿ ñåòè. Ñëó÷àéíûì îáðàçîì ãåíåðèðóåòñÿ N0 = 150 íà÷àëüíûõ è ãðàíè÷íûõ
òî÷åê. Â êà÷åñòâå òðåíèðîâî÷íîé âûáîðêè âíóòðåííèõ òî÷åê èñïîëüçóåòñÿ âûáîðêà Nf =
10000 ëàòèíñêîãî ãèïåðêóáà (Latin hypercube sampling, LHS) [14] äëÿ ãåíåðàöèè ñëó÷àéíûõ
çíà÷åíèé âíóòðè îáëàñòè [(xmin, xmax), (tmin, tmax)]. Äëÿ ñðàâíåíèÿ íåéðîñåòåâîãî ðåøåíèÿ
ñ àíàëèòè÷åñêèì âíóòðè îáëàñòè èñïîëüçóåòñÿ äèñêðåòèçàöèÿ (11) íà ðàâíîìåðíîé ñåòêå
200× 200 (âàëèäàöèîííûé äàòàñåò).

Äëÿ ìîäåëèðîâàíèÿ îäíîñîëèòîííîãî ðåøåíèÿ èñïîëüçóåòñÿ ïîëíîñâÿçíàÿ ñåòü ñ äâóìÿ
âõîäàìè (ïàðàìåòðû x è t), 4 ñêðûòûìè ñëîÿìè ïî 100 íåéðîíîâ â êàæäîì ñëîå, è âûõîä-
íîé ñëîé ñ äâóìÿ âûõîäàìè (äåéñòâèòåëüíàÿ è ìíèìàÿ ÷àñòè ðåøåíèÿ u(x, t), v(x, t)), â
êà÷åñòâå ôóíêöèè àêòèâàöèè èñïîëüçóåòñÿ ãèïåðáîëè÷åñêèé òàíãåíñ. Çäåñü è äàëåå âûáîð
ïàðàìåòðîâ ñäåëàí íà îñíîâå ðàáîò [4�5, 9].

Äëÿ ðåãóëÿðèçàöèè ôóíêöèè ïîòåðü (8) è êîíòðîëÿ íàä çàêîíîì ñîõðàíåíèÿ áåðåòñÿ
K = 5 ýêâèäèñòàíòíûõ ìîìåíòîâ âðåìåíè, â êîòîðûõ èíòåãðàëû (6), (7) àïïðîêñèìèðó-
þòñÿ ñóììàìè ïî 100 òî÷êàì íà (xmin, xmax). Äëÿ ìèíèìèçàöèè ôóíêöèè ïîòåðü âûáðàí
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Ðèñ. 2. Òî÷íîå îäíîñîëèòîííîå ðåøåíèå (ñëåâà) è ðàñïðåäåëåíèå îøèáêè ïðåäñêàçàíèÿ íåéðîííîé ñåòè

(ñïðàâà)

Òàáëèöà 1

Çíà÷åíèÿ ìåòðèê êà÷åñòâà îäíîñîëèòîííîãî ðåøåíèÿ
äëÿ êîíñåðâàòèâíûõ ìîäèôèêàöèé PINN

Ìåòðèêà Baseline Quants Energy Quants + Energy

MSE(∆Ival) 0.0316 0.0088 0.0412 0.0044
MSE(∆Eval) 0.1095 0.1095 0.0035 0.0023

∆|ψ| 0.0136 0.0112 0.0109 0.0044

àëãîðèòì îïòèìèçàöèè L-BGFS [15]. Âñå ýêñïåðèìåíòû â äàííîé ðàáîòå ïðîâîäèëèñü ñ
èñïîëüçîâàíèåì Python 3.8 è áèáëèîòåêè ãëóáîêîãî îáó÷åíèÿ PyTorch 1.13.

Äàëåå ïðåäñòàâëåíû ðåçóëüòàòû îáó÷åíèÿ ìîäåëè äëÿ îäíîñîëèòîííîãî ðåøåíèÿ. Íà
ðèñ. 2 ïîêàçàíû òî÷íîå ðåøåíèå (ñëåâà) è ðàçíîñòü ëó÷øåãî ïðåäñêàçàííîãî è òî÷íîãî
ðåøåíèé (ñïðàâà). Íà ðèñ. 3, a, b, ïîêàçàíà äèíàìèêà íåâÿçîê (9), (10) ÷èñëà êâàíòîâ è
ýíåðãèè, óñðåäíåííûõ ïî âûáðàííûì K ìîìåíòàì âðåìåíè, âî âðåìÿ îáó÷åíèÿ ñåòè. Òàê-
æå ïðåäñòàâëåíà ðàçíîñòü çàâèñèìîñòåé ÷èñëà êâàíòîâ è ýíåðãèè îò âðåìåíè äëÿ ïðåä-
ñêàçàííîãî è òî÷íîãî ðåøåíèé (I(t) − Iexact(t)), (E(t) − Eexact(t)) íà âàëèäàöèîííîì ìàñ-
ñèâå. Îáîçíà÷åíèÿ íà ðèñóíêàõ è òàáëèöàõ ñëåäóþùèå: Baseline � îáó÷åíèå ñ èñõîäíîé
ôóíêöèåé ïîòåðü L0, Quants/Energy conservation law � îáó÷åíèå ñ ðåãóëÿðèçàöèÿìè âèäà
L0 +ϖI∆I è L0 +ϖE∆E, ñîîòâåòñòâåííî, Quants + Energy � îáó÷åíèå ñ ðåãóëÿðèçàöèåé
L0 +ϖI∆I +ϖE∆E.

Êàê è îæèäàëîñü, ïðè äîïîëíèòåëüíûõ îãðàíè÷åíèÿõ â ôóíêöèè ïîòåðü çàêîí ñîõðà-
íåíèÿ âûïîëíÿåòñÿ ëó÷øå, ÷òî íàáëþäàåòñÿ è â ïðîöåññå îáó÷åíèÿ, è äëÿ ïðåäñêàçàííîãî
ðåøåíèÿ. Çàâèñèìîñòü ñðåäíåé íåâÿçêè ýíåðãèè îò èòåðàöèè ñóùåñòâåííî ìåíåå ñòàáèëüíà,
÷åì äëÿ ÷èñëà êâàíòîâ, ÷òî ìîæåò îáúÿñíÿòüñÿ áîëåå ñëîæíûì âûðàæåíèåì äëÿ ýíåðãèè
è íàëè÷èåì ïðîèçâîäíûõ â íåì.

Â êà÷åñòâå ìåòðèêè êà÷åñòâà ðåøåíèÿ ðàññìàòðèâàþòñÿ: îòíîøåíèå íîðìû ðàçíîñòè
|ψ(xval, tval)| ñ òî÷íûì ðåøåíèåì ê íîðìå òî÷íîãî ðåøåíèÿ, ãäå (xval,tval) � âàëèäàöèîí-
íûé äàòàñåò; ñðåäíåêâàäðàòè÷íîå îòêëîíåíèå çàâèñèìîñòåé I(t) è E(t) îò ýòàëîííûõ. Ïî
ðåçóëüòàòàì îáó÷åíèÿ áûëè ïîëó÷åíû ñëåäóþùèå çíà÷åíèÿ ìåòðèê êà÷åñòâà (òàáë. 1).
Âèäíî, ÷òî â äàííîì ñëó÷àå êîíñåðâàòèâíàÿ ðåãóëÿðèçàöèÿ ôóíêöèè ïîòåðü óëó÷øàåò
ðåçóëüòàò îáó÷åíèÿ ñåòè íå òîëüêî ïî ìåòðèêå çàêîíîâ ñîõðàíåíèÿ, íî è óìåíüøàåò ñðåä-
íåêâàäðàòè÷íîå îòêëîíåíèå îò òî÷íîãî ðåøåíèÿ. Ïðè ýòîì âî âñåõ ñëó÷àÿõ ðàñïðåäåëåíèå
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Ðèñ. 3. Ñâåðõó: çàâèñèìîñòü óñðåäíåííûõ íåâÿçîê ÷èñëà êâàíòîâ (a) è ýíåðãèè (b) îò èòåðàöèè îáó÷åíèÿ.

Âíèçó: êà÷åñòâî âûïîëíåíèÿ çàêîíà ñîõðàíåíèÿ äëÿ ïðåäñêàçàííîãî ðåøåíèÿ: ÷èñëî êâàíòîâ (ñ), ýíåðãèÿ

(d)

ïîãðåøíîñòè ïðåäñêàçàíèÿ â ïðîñòðàíñòâåííî-âðåìåííîé îáëàñòè ïîêàçûâàåò íàêîïëåíèå
îøèáêè âî âðåìåíè (ðèñ. 2). Èç ðèñ. 3 ìîæíî ñäåëàòü âûâîä, ÷òî îáó÷åíèå ñ äîïîëíè-
òåëüíîé ðåãóëÿðèçàöèåé çàíèìàåò ïðèìåðíî ñòîëüêî æå âðåìåíè (êîëè÷åñòâî èòåðàöèé
îïòèìèçàòîðà ñîïîñòàâèìî). Èç òàáë. 1 òàêæå âèäíî, ÷òî ïðèìåíåíèå îáîèõ çàêîíîâ ñî-
õðàíåíèÿ äàåò íàèáîëåå òî÷íîå ïðåäñêàçàíèå ïî âñåì ìåòðèêàì.

2.2. Äâóõñîëèòîííîå ðåøåíèå. Äàëåå ðàññìîòðåíî áîëåå ñëîæíîå äâóõñîëèòîííîå ðå-
øåíèå, òî÷íàÿ àíàëèòè÷åñêàÿ ôîðìà êîòîðîãî çàäàåòñÿ ñëåäóþùèì âûðàæåíèåì [5], [12]:

ψ =
1.848e1.96it cosh(0.8x)− 1.056e0.64it cosh(1.4x)

−2.24 cos(1.32t) + 2.42 cosh(0.6x) + 0.18 cosh(2.2x)
. (12)

Äàííîå òî÷íîå áðèçåðíîå ðåøåíèå è ðàñïðåäåëåíèå îøèáêè íàèëó÷øåãî ïðåäñêàçàíèÿ íåé-
ðîííîé ñåòè ïîêàçàíû íà ðèñ. 4. Â ëåâîé ÷àñòè ðèñ. 4 ìîæíî îò÷åòëèâî âèäåòü äâà ñîëèòîíà
îäèíàêîâîé øèðèíû è àìïëèòóäû (â îáùåì ñëó÷àå îíè îòëè÷àþòñÿ), âçàèìîäåéñòâèå êîòî-
ðûõ ñîõðàíÿåò ýíåðãèþ ñèñòåìû è äàåò ïèê áîëüøåé àìïëèòóäû â öåíòðå, êîòîðûé çàòåì
ñèììåòðè÷íî ðàçäåëÿåòñÿ ñíîâà íà äâà îäèíàêîâûõ ñîëèòîíà.

Óñëîâèÿ âû÷èñëèòåëüíîãî ýêñïåðèìåíòà îñòàþòñÿ ïðåæíèìè, çà èñêëþ÷åíèåì àðõè-
òåêòóðû ñåòè: äëÿ íàõîæäåíèÿ ðåøåíèÿ áîëåå ñëîæíîé ôîðìû íóæíî óñëîæíÿòü ìîäåëü.
Áûëî âçÿòî 6 ñêðûòûõ ñëîåâ ïî 100 íåéðîíîâ íà ñëîå. Óíèâåðñàëüíûé àëãîðèòì ïîäáîðà
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Ðèñ. 4. Òî÷íîå äâóõñîëèòîííîå ðåøåíèå (ñëåâà) è ðàñïðåäåëåíèå îøèáêè ïðåäñêàçàíèÿ íåéðîííîé ñåòè

(ñïðàâà)

Òàáëèöà 2

Çíà÷åíèÿ ìåòðèê êà÷åñòâà äâóõñîëèòîííîãî ðåøåíèÿ
äëÿ êîíñåðâàòèâíûõ ìîäèôèêàöèé PINN

Ìåòðèêà Baseline Quants Energy Quants + Energy

MSE(∆Ival) 0.0237 0.0016 0.0050 0.0011
MSE(∆Eval) 0.0374 0.0152 0.0039 0.0024

∆|ψ| 0.0053 0.0079 0.0046 0.0079

àðõèòåêòóðû íà äàííûé ìîìåíò íà ñòàäèè èññëåäîâàíèé, ïîýòîìó ýìïèðè÷åñêè âûáèðàåò-
ñÿ âàðèàíò, ïîäõîäÿùèé ñ òî÷êè çðåíèÿ òî÷íîñòè è âðåìåíè îáó÷åíèÿ. Àíàëîãè÷íî òîìó,
êàê ýòî áûëî ñäåëàíî â ðàçäåëå 2.1, ðàññìîòðèì äèíàìèêó îòêëîíåíèÿ ÷èñëà êâàíòîâ (6)
è ýíåðãèè (7) îò èñòèííûõ çíà÷åíèé äëÿ íåéðîñåòåâîãî ðåøåíèÿ âî âðåìÿ îáó÷åíèÿ è çà-
âèñèìîñòè ýòèõ ôèçè÷åñêèõ âåëè÷èí îò âðåìåíè äëÿ èòîãîâîãî ïðåäñêàçàíèÿ (ñì. ðèñ. 5).
Ïî êðèâûì îáó÷åíèÿ ìîæíî âèäåòü, ÷òî äîïîëíèòåëüíûå ðåãóëÿðèçàöèè ñèëüíî ìåíÿþò
ñòðóêòóðó ôóíêöèè ïîòåðü, âñëåäñòâèå ÷åãî çàâèñèìîñòü ëîññ-êîìïîíåíò, ñîîòâåòñòâóþ-
ùèõ çàêîíàì ñîõðàíåíèÿ, íåñòàáèëüíà: íåâÿçêè âåëè÷èí ñóùåñòâåííî óâåëè÷èâàþòñÿ áëè-
æå ê 20000 èòåðàöèè, çàòåì ñíîâà ñïàäàþò. Ïðè èñïîëüçîâàíèè îäíîâðåìåííî äâóõ çàêîíîâ
ñîõðàíåíèÿ, ∆I + ∆E, êðèâàÿ îáó÷åíèÿ âûõîäèò íà ó÷àñòîê ïëàòî, è çàòåì ôóíêöèÿ âñå
æå ñïàäàåò, íî ïðè çíà÷èòåëüíîì óâåëè÷åíèè ÷èñëà èòåðàöèé (îáó÷åíèå ïî÷òè â 2 ðàçà
äîëüøå èñõîäíîé âåðñèè). Òàêèì îáðàçîì, â îòëè÷èå îò ìîäåëèðîâàíèÿ ðàñïðîñòðàíåíèÿ
ñîëèòîíà, äëÿ êîíñåðâàòèâíîé ìîäèôèêàöèè PINN îáó÷åíèå çàìåäëÿåòñÿ, ÷òî áûëî îæè-
äàåìî äëÿ ñóùåñòâåííî áîëåå ñëîæíîãî ðåæèìà âçàèìîäåéñòâèÿ äâóõ ñîëèòîíîâ.

Çíà÷åíèÿ âåëè÷èí ïîãðåøíîñòåé äëÿ ðàññìàòðèâàåìûõ âåëè÷èí ïðèâåäåíû â òàáë. 2.
Â äàííîé ñåðèè ýêñïåðèìåíòîâ äëÿ äâóõ ñîëèòîíîâ óëó÷øåíèå ïî âñåì ìåòðèêàì áûëî
ïîëó÷åíî òîëüêî äëÿ ðåãóëÿðèçàöèè LE = L0 + ϖE∆E. Ïðè ýòîì äèíàìèêà êîìïîíåíò
ôóíêöèè ïîòåðü âî âðåìÿ îáó÷åíèÿ î÷åíü íåñòàáèëüíà (èëè âûõîäèò íà ïëàòî), ÷òî çà-
ìåäëÿåò îáó÷åíèå è ïðèâîäèò ê óëó÷øåíèþ òî÷íîñòè òîëüêî ïî ìåòðèêàì çàêîíîâ ñîõðà-
íåíèÿ. Ñëåäîâàòåëüíî, ðàññìàòðèâàåìûå ðåãóëÿðèçàöèè íå ÿâëÿþòñÿ óíèâåðñàëüíûìè äëÿ
ðàçíûõ ñèñòåì è çàêîíîâ ñîõðàíåíèÿ.

2.3. Âîëíà-óáèéöà. Èññëåäîâàíèå âîëí-óáèéö àêòóàëüíî äëÿ ìíîãèõ ðàçäåëîâ ôèçèêè.
Òàêàÿ âîëíà îáëàäàåò ìíîãèìè õàðàêòåðíûìè ñâîéñòâàìè, íàïðèìåð, ïèêîâîé àìïëèòó-
äîé, áîëåå ÷åì äâóõêðàòíî ïðåâîñõîäÿùåé îáùèé ôîí. Íàëè÷èå âîëí-óáèéö òàêæå õàðàêòå-
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Ðèñ. 5. Ñâåðõó: çàâèñèìîñòü óñðåäíåííûõ íåâÿçîê ÷èñëà êâàíòîâ (a) è ýíåðãèè (b) îò èòåðàöèè îáó÷åíèÿ.

Âíèçó: êà÷åñòâî âûïîëíåíèÿ çàêîíà ñîõðàíåíèÿ äëÿ ïðåäñêàçàííîãî ðåøåíèÿ: ÷èñëî êâàíòîâ (ñ),

ýíåðãèÿ (d)

ðèçóåò ñòåïåíü íåóñòîé÷èâîñòè â ñèñòåìå, ïîýòîìó èõ èññëåäîâàíèå ïðåäñòàâëÿåò áîëüøîé
ïðàêòè÷åñêèé èíòåðåñ. Ôîðìà âîëí-óáèéö â ðàìêàõ ÍÓØ îïèñûâàåòñÿ ðàöèîíàëüíûìè
ôóíêöèÿìè. Äëÿ ÍÓØ ñ êîýôôèöèåíòàìè α=0.5, β=1 íàèáîëåå ïðîñòîå ðåøåíèå ïåðâî-
ãî ïîðÿäêà èìååò ñëåäóþùèé âèä [5], [12]:

ψ(x, t) =

(
1− 4(1 + 2it)

4t2 + 4x2 + 1

)
eit. (13)

Íà ðèñ. 6 ïîêàçàíû òî÷íîå ðåøåíèå (13) è ðàçíîñòü ëó÷øåãî ïðåäñêàçàííîãî è òî÷íîãî
ðåøåíèé. Íà ëåâîì ôðàãìåíòå ðèñ. 6 âèäíî, ÷òî ðàñïðåäåëåíèå ïîëÿ ïðîùå ïî ñðàâíåíèþ
ñ áðèçåðíûì ðåøåíèåì (12), íî ñëîæíåå ïî ñðàâíåíèþ ñî ñëó÷àåì ðàñïðîñòðàíåíèÿ ñîëè-
òîíà (11). Ñ èñïîëüçîâàíèåì (13) ñîñòàâëÿåòñÿ íàáîð äàííûõ äëÿ ìîäåëèðîâàíèÿ âîëíû-
óáèéöû ïåðâîãî ïîðÿäêà íåéðîííîé ñåòüþ ñ 4 ñëîÿìè ïî 100 íåéðîíîâ íà ñëîé.

Àíàëîãè÷íî ìîäåëèðîâàíèþ îäíîãî è äâóõ ñîëèòîíîâ ðàññìîòðèì äèíàìèêó îòêëîíå-
íèÿ ÷èñëà êâàíòîâ è ýíåðãèè îò èñòèííûõ çíà÷åíèé âî âðåìÿ îáó÷åíèÿ è çàâèñèìîñòè
I(t), E(t) äëÿ èòîãîâîãî ïðåäñêàçàíèÿ (âàëèäàöèÿ) (ñì. ðèñ. 7). Ïî êðèâûì îáó÷åíèÿ âèä-
íî, ÷òî, êàê è ïðè ìîäåëèðîâàíèè äâóõñîëèòîííîãî ðåøåíèÿ, êîìïîíåíòû ôóíêöèè ïîòåðü



Þ.Â. Ãóðüåâà, Å.Ï. Âàñèëüåâ, Ë.À. Ñìèðíîâ 13

Ðèñ. 6. Òî÷íîå ðåøåíèå âèäà ¾âîëíà-óáèéöà¿ (ñëåâà) è ðàñïðåäåëåíèå îøèáêè ïðåäñêàçàíèÿ íåéðîííîé

ñåòè (ñïðàâà)

Òàáëèöà 3

Çíà÷åíèÿ ìåòðèê êà÷åñòâà äâóõñîëèòîííîãî ðåøåíèÿ
äëÿ êîíñåðâàòèâíûõ ìîäèôèêàöèé PINN

Ìåòðèêà Baseline Quants Energy Quants + Energy

MSE(∆Ival) 0.0188 0.0084 0.0265 0.0152
MSE(∆Eval) 0.0187 0.0591 0.0021 0.0061

∆|ψ| 0.0029 0.0057 0.0010 0.0048

âûõîäÿò íà ïëàòî ïðè ââåäåíèè äîïîëíèòåëüíûõ îãðàíè÷åíèé íà ñîõðàíÿþùèåñÿ âåëè-
÷èíû. Îñîáåííî ñèëüíî ïëàòî ïðîÿâëÿåòñÿ ïðè èñïîëüçîâàíèè îãðàíè÷åíèÿ íà ýíåðãèþ.
Â îòëè÷èå îò ðåçóëüòàòîâ ìîäåëèðîâàíèÿ äâóõ ñîëèòîíîâ, â äàííîì ñëó÷àå îáó÷åíèå çà-
ìåäëÿåòñÿ òîëüêî äëÿ ðåãóëÿðèçàöèè ñ íåâÿçêîé ýíåðãèè, ïðè ýòîì óâåëè÷åíèå ÷èñëà èòå-
ðàöèé íåñóùåñòâåííî (ðèñ. 7, b). Äëÿ îñòàëüíûõ äâóõ ñëó÷àåâ äåëàåòñÿ ìåíüøå èòåðàöèé
îïòèìèçàòîðà, ÷åì ïðè ìèíèìèçàöèè èñõîäíîé ôóíêöèè ïîòåðü (baseline, L0).

Çíà÷åíèÿ ìåòðèê êà÷åñòâà äëÿ ìîäåëèðîâàíèÿ âîëíû-óáèéöû ïðèâåäåíû â òàáë. 3. Êàê
è îæèäàëîñü, íàèëó÷øèé ðåçóëüòàò ïîêàçàëà ðåãóëÿðèçàöèÿ ñ îãðàíè÷åíèåì íà ýíåðãèþ,
ïîñêîëüêó äëÿ ôóíêöèè ïîòåðü áîëåå ñëîæíîãî âèäà ñäåëàíî áîëüøåå ÷èñëî èòåðàöèé
îïòèìèçàòîðà. Äëÿ äâóõñîëèòîííîãî ðåøåíèÿ ðåçóëüòàòû ñ èñïîëüçîâàíèåì çàêîíà ñîõðà-
íåíèÿ ýíåðãèè òàêæå áûëè íàèëó÷øèìè, íåñìîòðÿ íà ñîïîñòàâèìîå ÷èñëî èòåðàöèé äëÿ
âñåõ êîíñåðâàòèâíûõ ìîäèôèêàöèé, ïðåâîñõîäÿùåå èñõîäíîå â äâà ðàçà.

Çàêëþ÷åíèå. Â äàííîé ðàáîòå ïðè ãëóáîêîì îáó÷åíèè PINN íåéðîííûõ ñåòåé,
àïïðîêñèìèðóþùèõ ðåøåíèÿ ÍÓØ ðàçëè÷íîé ñëîæíîñòè, áûëè ïðèìåíåíû çàêîíû
ñîõðàíåíèÿ ôèçè÷åñêèõ õàðàêòåðèñòèê ñèñòåìû: ÷èñëà êâàíòîâ è ýíåðãèè. Íà èõ îñíîâå
ðàññìîòðåíû òðè ðåãóëÿðèçàöèè ôóíêöèè ïîòåðü: îãðàíè÷åíèå òîëüêî íà ÷èñëî êâàíòîâ,
îãðàíè÷åíèå òîëüêî íà ýíåðãèþ è ñîâìåñòíîå îãðàíè÷åíèå íà ÷èñëî êâàíòîâ è ýíåðãèþ.
Áûëè ðàññìîòðåíû òðè êà÷åñòâåííî ðàçíûõ àíàëèòè÷åñêèõ ðåøåíèÿ ÍÓØ: îäíîñîëèòîí-
íîå è äâóõñîëèòîííîå (áðèçåðíîå) ðåøåíèå, âîëíà-óáèéöà ïåðâîãî ïîðÿäêà. Öåëüþ ðàáîòû
áûëî óëó÷øåíèå ôèçè÷åñêèõ ñâîéñòâ ðåøåíèÿ ñ òî÷êè çðåíèÿ âûïîëíåíèÿ çàêîíîâ ñîõðà-
íåíèÿ. Ïîêàçàíî, ÷òî ââåäåíèå äîïîëíèòåëüíûõ êîíñåðâàòèâíûõ îãðàíè÷åíèé â ôóíêöèþ
ïîòåðü óìåíüøàåò îòêëîíåíèå çíà÷åíèé ÷èñëà êâàíòîâ è ýíåðãèè îò ýòàëîííûõ. Îäíàêî
äëÿ áîëåå ñëîæíûõ ñèòóàöèé (âçàèìîäåéñòâèå äâóõ ñîëèòîíîâ è âîëíà-óáèéöà) îáó÷åíèå
íåéðîííîé ñåòè çàìåäëÿåòñÿ, è ðåçóëüòàòû ïðåäñêàçàíèé ïî ìåòðèêå ñðåäíåêâàäðàòè÷íîãî
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Ðèñ. 7. Ñâåðõó: çàâèñèìîñòü ∆I (a) è ∆E (b) îò èòåðàöèè îáó÷åíèÿ. Âíèçó: êà÷åñòâî âûïîëíåíèÿ çàêîíà

ñîõðàíåíèÿ äëÿ ïðåäñêàçàííîãî ðåøåíèÿ: I(t) (ñ), E(t) (d)

îòêëîíåíèÿ ðåøåíèÿ îò ýòàëîííîãî èìåþò îäíîçíà÷íóþ òåíäåíöèþ ê óëó÷øåíèþ äëÿ
ðåãóëÿðèçàöèè, ó÷èòûâàþùåé òîëüêî çàêîí ñîõðàíåíèÿ ýíåðãèè. Ñëåäîâàòåëüíî, ýôôåêò
îò êîíñåðâàòèâíîé ìîäèôèêàöèè ïîäõîäà PINN ÿâëÿåòñÿ îòíîñèòåëüíî èíäèâèäóàëüíûì
äëÿ ðàçíûõ ñèñòåì è ðàçíûõ ñîõðàíÿþùèõñÿ âåëè÷èí, à îáîáùàþùèå ñïîñîáíîñòè òàêèõ
ìåòîäîâ ãëóáîêîãî îáó÷åíèÿ, ïðèíèìàþùèõ âî âíèìàíèå èíòåãðàëû äâèæåíèÿ, òðåáóþò
äîïîëíèòåëüíîãî èçó÷åíèÿ è àíàëèçà äëÿ äðóãèõ çàäà÷ (íàïðèìåð, ÍÓØ ñ íåëèíåéíîé
äèñïåðñèåé èëè ìíîãîìåðíûõ âàðèàíòîâ ïîñòàíîâêè ïðîáëåìû).
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